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The vortex-induced vibration of multiple spring-mounted bodies free to move in the
orthogonal direction of the flow is investigated. In a first step, we derive a Linear Arbitrary
Lagrangian Eulerian (L-ALE) method to solve the fully coupled linear problem as well as a
forced problem where a harmonic motion of the bodies is imposed. We then propose an low
computational-cost impedance-based criterion to predict the instability thresholds. A global
stability analysis of the fully coupled system is then performed for a tandem of cylinders and
the instability thresholds obtained are found to be in perfect agreement with the predictions
of the impedance-based criterion. An extensive parametric study is then performed for a
tandem of cylinders and the effects of mass, damping and spacing between the bodies are
investigated. Finally we also apply the impedance-based method to a three-body system to
show its validity to a higher number of bodies.

Key words: vortex shedding, parametric instability, flow–structure interactions, impedance-
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1. Introduction
Fluid-induced vibrations (FIV) are of great interest to many fields of engineering. They
are generally classified either as vortex-induced vibrations (VIV), wake-induced vibrations
(WIV) or galloping. In the field of engineering, we find twomain design philosophies. On the
one hand, the design of structures that prevent such vibrations to avoid damage is an obvious
example. Griffin & Ramberg (1982) reviewed studies on vortex-induced vibrations of marine
risers and listed means to suppress such oscillations. On the other hand, we find the design
of oscillating/deformable structures that are conceived to harvest energy. Here, one aims to
optimise the motion of the submerged rigid body or deformation of the flexible structure in
order to harvest the most energy. Some examples include submerged oscillating/deformable
structures that are able to convert energy from marine currents and waves (see review from
Bernitsas (2016)). TheWave Carpet project developed by Alam (2012) aims to extract energy
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fromwaves using a deformable carpet. In contrast, the VIVACE concept from Bernitsas et al.
(2008) proposes to convert kinetic energy from marine currents to electricity using vortex-
induced vibrations of multiple oscillating cylinders. Energy harvesting strategies also find
applications in microfluidics: for instance, Lee et al. (2019) proposed a MEMS energy
harvester based on the oscillation of a cylinder mounted on a piezoelectric chip. In this
context, at low Reynolds numbers, they found that the efficiency of the device was greater
when placed in a dense field of oscillating cylinders.
The canonical case of a single freely-oscillating cylinder has been extensively studied

with heavy focus on the lock-in phenomenon (Williamson et al. 2004). It is defined as a
synchronisation between the frequency associated to the oscillation of the rigid body and
the one of the vortex shedding in the wake of the cylinder. Outside of the lock-in regime,
however, the frequency tends to the vortex shedding frequency of a fixed cylinder. Mittal
et al. (2016) found that the lock-in phenomenon induces high amplitude vibrations of the
cylinder. It has also been shown that a decrease in the reduced mass ratio between density of
the body and the fluid leads to a wider synchronisation regime.
In addition, a few configurations involving multiple freely oscillating bodies have been

explored. Authors have first focused on wake-induced vibrations (WIV). King & Johns
(1976) first explored WIV of flexible cylinders in tandem, either rigidly connected or not,
for spacings of !/� = [0.25 − 6], where � is the diameter of the cylinders and ! is the
distance between the centres, at Reynolds numbers '4 = [103 − 2× 104]. Bokaian & Geoola
(1984) focused on the transversal WIV of the rear body by fixing the front one. In the
interval '4 = [2900, 5900], they found that the vortex shedding behind the front cylinder
is suppressed for spacings of !/� 6 2. Later studies explored in detail the WIV of a rear
oscillating body (Brika & Laneville 1999; Assi et al. 2006, 2010). Assi et al. (2010) found
that for high separation between bodies, the amplitude of the rear body is decreased and
resembles a VIV amplitude. Assi et al. (2013) developed the concept of wake stiffness in
the galloping of cylinders placed in tandem. The steady lift across the wake is defined as a
restoring force towards the center line, acting as a fluid dynamic spring. The Strouhal number
associated with the wake stiffness was found to be constant with the Reynolds number. Mittal
& Kumar (2001) numerically studied the tandem and staggered configurations with a two
degrees-of-freedom configuration (2DOF) for low Reynolds number ('4 = 100) in the wake
interference regime (!/� = 5.5). For this large spacing the front body behaves like an
isolated cylinder with trajectories resembling an eight shape. Soft lock-in was observed and
the vortex-shedding frequency of the bodies is detuned from the natural frequency. The rear
body displays trajectories in a shape of an eight or a tilted ovoid wether it is placed in tandem
or in staggered configuration. Papaioannou et al. (2008) used an Arbitrary Lagrangian-
Eulerien (ALE) method to further explore the effect of spacing on the 2DOF tandem. For
a '4 = 160 and reduced mass <∗ = 10, they explored spacings (!/� = [2.5, 3.5, 5.0])
corresponding to different flow regimes in the fixed tandem case (Zdravkovich 1987). Small
values of the spacing leads to stronger oscillations of the upstream cylinder over a wider
reduced velocity range and shifts the response curves to higher reduced velocities. Response
frequencies depend on the spacing and the flow regime, the spectral peaks linked to the
natural frequency and the vortex shedding frequencies of the single or tandem fixed-body
configuration. Borazjani & Sotiropoulos (2009) directly simulated a tandem of cylinders for
a low reduced mass, !/� = 1.5 and '4 = 200. For low values of the reduced velocity
(*∗), they found that the oscillation amplitudes are small and therefore outside of the lock-in
region. The front cylinder exhibits larger oscillation amplitudes than the rear one. The effect
of an increase of the reduced velocity is to bring the cylinders’ oscillations out of phase, thus
increasing their amplitudes of motion. At a critical reduced velocity, the cylinders continue
to oscillate out of phase but the rear cylinder’s amplitude becomes greater than the front one.
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In particular, the authors found a wider lock-in region than for an isolated cylinder. Besides,
a structure that would be outside of the lock-in region can be brought into it by placing it in
a tandem with a similar structure.
Kim et al. (2009b) experimentally studied the VIV of the tandem configuration with a one

degree-of-freedom (1DOF) transversal to the fluid flow for several spacings (!/� = 0.1−3.2)
at '4 = 4365 − 74200. Five distinct regimes were identified. Regime I (0.1 < !/� <

0.2) features negligible vibrations due to minimal fluctuating lift forces, while Regime II
(0.2 < !/� < 0.6) exhibits strong vibrations, particularly in the upstream cylinder, for
higher reduced velocities. Regime III (0.6 < !/� < 2.0) shows significant vibrations of
both bodies, with the upstream cylinder’s response being influenced by the downstream
cylinder. In Regime IV (2.0 < !/� < 2.7), vibrations are again minimal; the downstream
cylinder stabilises the wake. Finally, Regime V (!/� > 2.7) displays higher vibrations in the
downstream cylinder, attributed to periodic Karman vortex shedding. In a subsequent study,
Kim et al. (2009a) used tripping wire to suppress vortex-induced vibrations. They found that
placing the wires at an optimal position effectively suppressed vibrations in flow regimes
I–IV by altering the shear layer behaviour and preventing vortex formation.
Prasanth & Mittal (2009b,a) numerically examined the free vibrations of two cylinders in

the staggered and tandem configurations at '4 = 100 for <∗ = 10, !/� = 5.5 and compared
the dynamic responses to that of a single cylinder. In the staggered configuration, the upstream
cylinder behaves similarly to a single cylinder but with slightly higher oscillation amplitudes,
while the downstream cylinder exhibits significantly larger transverse oscillations. Lock-in
occurs over a range wider than for a single cylinder, with shared vortex shedding frequencies.
The downstream cylinder in the staggered case displays both and eight-shape and orbital
motions, influenced by complex vortex interactions and asymmetrical flow patterns. For the
tandem configuration, the upstream cylinder shows early lock-in and significant influence
from the downstream cylinder, despite having a qualitatively similar transverse response to
an isolated one. The downstream cylinder experiences much larger oscillations that are twice
that of a single cylinder in the laminar regime. Its behaviour mimics high Reynolds number
responses, including the presence of an upper branch in vibration response. Both cylinders
undergo synchronisation, with frequency and phase shifts tied to vortex shedding and lift
forces. Phase differences and hysteresis effects are observed, and the flow regime is divided
into different regions based on flow-structure interactions.
Griffith et al. (2017) investigated the dynamic response of staggered cylinders at '4 = 200,

with a fixed stream-wise spacing (!/� = 1.5). They found that gap flow, which reverses
direction as the cylinders oscillate, plays a critical role. A regime map was developed,
categorising major vortex sheddingmodes and temporal behaviours. Unlike a single cylinder,
matched natural and shedding frequencies do not produce synchronised oscillations; instead,
quasi-periodic and chaotic responses emerge. For rigid cylinders, three base modes were
observed: no gap flow, gap pair dominated, and wake pair dominated—shifting with cross-
stream offset. Near the gap/wake pair transition, more complex flow states appear. When
cylinders are free to oscillate, low reduced velocities yield minimal motion and rear-
cylinder vortex shedding. At intermediate velocities, out-of-phase oscillations enlarge the
gap and produce an irregular vortex street. At higher velocities, the rear cylinder chases the
front, with joint vortex shedding. As the spacing increases, vortex pairs dominate and the
system approaches single-cylinder behaviour. Huera-Huarte & Gharib (2011) conducted an
experimental study of VIV andWIV of a tandem of flexible cylinders in the wake interference
regime. They found that both flexible cylinders in a tandem arrangement exhibit classical
VIV near lock-in reduced velocities, regardless of the gap distance. At higher reduced
velocities, their dynamic responses diverge depending on the spacing between the bodies.
The upstream cylinder shows stronger VIV for smaller gaps, while the downstream cylinder
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may experience WIV at larger gaps, from the presence of vortex shedding in the gap region.
Zhang et al. (2024a) investigated fluid-induced vibrations of two square cylinders in tandem
through simulations and reduced-order modelling. Multiple vibration branches, such as VIV,
biased oscillation, and galloping, are identified depending on reduced velocity and spacing
ratio and their link to wake and structural modes is analysed. Some other authors explored
configurations with more bodies as for instance a tandem of three cylinders oscillating
transversely at low Reynolds number (Chen et al. 2018; Zhu et al. 2024). Tirri et al. (2023)
and Zhang et al. (2024b) conducted a Linear Stability Analysis (LSA) at low Reynolds
number of the tandem configuration over a very limited range of structural parameters. They
both found two leading unstable eigenmodes, one being associated to the classical vortex
shedding behaviour in the wake of a tandem of fixed bodies and the other being linked to
the elastic nature of the bodies displacement. The consequent number of parameters in a
multi-body system renders exhaustive parametric studies time-consuming, which justifies
the determination of new methodologies that enables a systematic scanning of the problem’s
parameters.
Conciauro & Puglisi (1981) found that an electrical system that exhibits an impedance of

negative real part is conditionally stable and might lead to instability. Following the concept
of the electrical impedance, Sabino et al. (2020) defined a mechanical impedance as the ratio
between the lift force and the cylinder’s displacement. An impedance-based criterion was
derived for the prediction of stability thresholds and was found to be in very good agreement
with LSA results. A similar concept of impedance can be applied to acoustic systems, as was
done by Fabre et al. (2019) for an oscillating flow through a thin circular aperture. It was
then applied for the stability prediction of the flow through a circular aperture in a thick plate
(see Fabre et al. 2020; Sierra-Ausin et al. 2022)
The objective of this study is to extensively explore the stability of the flow past a tandem

of transversely oscillating cylinders. The instability of the tandem is first investigated through
the fully coupled problem in an Arbitrary Lagrangian Eulerian frame and a Linear Stability
Analysis is performed for several ('4, <∗,*∗). Secondly, we derive an impedance-based
criterion from calculations of the forced case, i.e., where the cylinders are forced to oscillate
sinusoidally in the transverse direction of the flow. The results of the coupled case and the
impedance-based predictions are compared and we then use the impedance-based method to
explore the stability of the tandem for a vast range of parameters.

2. Problem formulation
We consider # spring-mounted cylinders immersed in a Newtonian, incompressible fluid.
Let Ω̃(C) denote the (deformable) fluid domain, Γ̃8 (C) its interface with the cylinders. The
flow is physically parametrized by dynamic viscosity a, density d, incoming velocity *∞,
diameter � and spacing ! between the cylinders, yielding two dimensionless parameters,
the Reynolds number '4 = *∞�

a
and the spacing ration !/�. The fluid flow is described by

the velocity and pressure fields ũ, ?̃, which are governed, in non-dimensional form, by the
following set of equations and boundary conditions at the cylinder walls:

mũ

mC

����
x̃

+ (∇̃ũ) · ũ − ∇̃ · 2̃(ũ, ?̃) = 0 in Ω̃(C), (2.1)

∇̃ · ũ = 0 in Ω̃(C), (2.2)
ũ · eH = ¤.8 on Γ̃8 (C). (2.3)
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Figure 1: Array of # spring mounted cylinders with densities, spring stiffness and damping
parameters: d8 , :8 and W8 . The cylinders are immersed in a fluid domain Ω̂ of density d 5 . The
domain is delimited by inlet and outlet boundaries, Γ8= and Γ>DC as well as lateral boundaries
Γ; .

Here .8 (C) is the instantaneous displacement if the 8-th cylinder in the transverse direction.
The cylinders are physically parametrized by their their masses <28 , spring stiffnesses :8
and damping parameters 68 . In a nondimensional way, this yields three nondimensional
parameters for each cylinder, namely a mass ratio <∗

8
=
4<28

c�2
, a reduced velocity *∗

8
=

2c*∞
√
<28/:8/�, and a damping coefficient W8 = 68/(2

√
<28 :8). The equation governing

the motion of the 8-th cylinder is, in a non-dimensional form:

¥.8 +
4cW8
*∗
8

¤.8 +
(
2c
*∗
8

)2
.8 =

�H8 (C)
c<∗

8

, for 8 = 1, . . . , #, (2.4)

with �H8 =
∫
Γ̃8

eH · 2̃ · n 3Γ̃8 . (2.5)

In eqs. (2.1) to (2.4), the symbol ( ˜ ) is used for time dependant quantities as well as time
and spacial derivatives evaluated in the time dependant domain. ( ¤ ) refers to time derivatives.
The stress tensor is defined as 2̃(ũ, ?̃) = −?̃I + 1

'4

(
∇̃ũ + ∇̃ũT

)
.

2.1. Arbitrary Lagrangian Eulerian formulation
2.1.1. General formalism
The Arbitrary Lagrangian Eulerian method is a conforming method that allows to treat
interfaces in a Lagrangian frame of reference while the fluid is treated in an Eulerian frame
of reference. We consider a fixed reference domain Ω̂ where unknowns are evaluated in an
Eulerian frame of reference. Lagrangian variables on the other hand are evaluated on the
actual physical domain Ω̃(C), which is time dependant. Let us define the diffeomorphism A
that allows us to express the position x̃(C) of the actual domain with respect to the position
x̂ of the reference domain:

A : Ω̂ × R+ −→ Ω̃ × R+,
(x̂, C) ↦−→ (x̃(C), C) .

(2.6)
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This diffeomorphism allows a mapping of the actual domain through the position

x̃ = x̂ + /̂4 (x̂, C), (2.7)

where /̂4 is an extension displacement field that propagates the Lagrangian interface
deformation to the fluid domain (as schematised in figure 2). This field is arbitrary and
it is determined as a solution of an elliptic equation, −∇̂ · �4

(
/̂4

)
= 0, which ensures a

smooth distribution over the whole domain. Following the methodology employed by Pfister
et al. (2019), we apply the diffeomorphism to the Lagrangian variables and we substite
them into eqs. (2.1) and (2.2) which yields the ALE formulation of the incompressible
Navier-Stokes equation in a stress-free configuration:

�̂

(
/̂4

) mû
mC
+

(
(∇̂û)�̂

(
/̂4

)) (
û − m/̂4

mC

)
− ∇̂ · �̂

(
û, ?̂, /̂4

)
= 0 in Ω̂, (2.8)

−∇̂ · �4
(
/̂4

)
= 0 in Ω̂, (2.9)

−∇̂ ·
(
�̂

(
/̂4

)
û
)
= 0 in Ω̂. (2.10)

In the previous expression, �̂
(
/̂e

)
= �̂

(
/̂e

)
F̂

(
/̂e

)−1
denotes the deformation operator

introduced by the change of variables, with �̂

(
/̂e

)
= det

(
F̂

(
/̂e

))
the Jacobian of the

deformation gradient F̂
(
/̂e

)
= I+ ∇̂/̂e. The ALE fluid stress tensor expressed in the reference

configuration writes as

�̂
(
û, ?̂, /̂e

)
= 2̂

(
û, ?̂, /̂e

)
�̂

(
/̂e

)T
, (2.11)

where 2̂ = −?̂I + 1
'4

D̂, with the viscous dissipation tensor defined as

D̂
(
û, /̂e

)
=
1
2
1

�̂

(
/̂e

) (
(∇̂û)�̂

(
/̂e

)
+ �̂

(
/̂e

)T
(∇̂û)T

)
. (2.12)

Hereinafter, we particularize the elliptic operator �4 = ∇, that is, the extension displace-
ment field is determined by solving a Laplace equation. The complete formulation used to
determine the extension field is as follows,{

Δ/̂4 = 0, (2.13)
/̂4 = .8eH on Γ̂8 . (2.14)

2.1.2. The discrete-ALE ansatz
Equation 2.13 is linear, and the number of cylinders is finite, thus we can look for a solution
of the extension field as a function of the cylinders’ vertical displacement:

/̂4 =
#∑
8=1
.8 (C)/̂48 , (2.15)
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+
H
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/̂4
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Figure 2: Sketch of the geometrical transformations involved in the ALE approach: (a) Actual
time dependant domain and (b) reference domain.

where /̂48 is an elementary field associated to the displacement of the 8-th cylinder, namely
the solution of the elementary problem

Δ/̂48 = 0, (2.16)
/̂48 = eH on Γ̂8 , (2.17)
/̂48 = 0 on Γ̂ 9 ,8≠ 9 . (2.18)

We call (2.15) the discrete-ALE ansatz. The main advantage of this expression is that it is
sufficient to solve # elementary problems at once to reconstruct the deformation field for all
possible values of .8 , allowing for a reduction of the computational time required to solve
the entire system.

2.2. Linearized VIV problem
Following the usual approach, both the fluid and structural variables are decomposed into
a steady component and a small-amplitude perturbation which is searched under a modal
form. Namely, for the fluid part of the problem, we start with the expansion

q̂ 5 (x̂, C) = q̂ 5 ,0(x̂) + Yq(x̂)4−8lC (2.19)

were q̂ 5 ,0 is the so-called base flow, corresponding to the steady solution of the Navier-Stokes
equations in the reference domain, Y � 1, q is the fluid part of the eigenmode, and l is an
a-priori complex eigenvalue.
Similarly, for the structural part of the problem, we parametrize the displacement of the

cylinders by

.8 (C) = YH84−8lC ; ¤.8 (C) = YI84−8lC with I8 = −8lH8 . (2.20)

The eigenmode of the fully coupled problem is thus defined as q =
(
q 5 , H1, ..., H# , I1, ..., I#

)
,

where q 5 = (u, ?) denotes its "fluid" part and [H1, ..., H# , I1, .., I# ] its "solid part".

2.2.1. ALE fluid-structure coupled formulation
Substituting the ansatz eq. (2.19) into eqs. (2.1) to (2.4) and writing the equations in the
steady deformed configuration (see Pfister et al. 2019, for more details) leads to the following
formulations:
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− 8l
©­­­« u︸︷︷︸
H 5 5 q 5

+
#∑
8=1

H8 (−/̂48 · ∇0û0︸        ︷︷        ︸
HD8q 5

)
ª®®®¬ = − (u · ∇0û0 + û0 · ∇0u) + 2`∇0 · J (u)︸                                              ︷︷                                              ︸

GDDq 5

−∇0?︸︷︷︸
GD?q 5

+
#∑
8=1

[
−û0 ·

(
(∇0û0)

(
(∇0 · /̂48 )I − ∇0/̂48

) )
− ∇0 ·

[
?̂0I

(
(∇0 · /̂48 )I − ∇0/̂48

)) ] ]
H8︸                                                                                                ︷︷                                                                                                ︸

G(1)
D8
H8

+
#∑
8=1

[
−`∇0 ·

(
(∇0û0)

(
∇0/̂48

)
+

(
∇0/̂48

))
(∇0û0))

)
− 2`∇0 ·

(
J0(û0)

(
(∇0 · /̂48 )I − ∇0/̂48

)) )]
H8︸                                                                                                                        ︷︷                                                                                                                        ︸

G(2)
D8
H8

,

(2.21)

0 = ∇0 · u︸︷︷︸
G?Dq 5

+
#∑
8=1
∇0 ·

( (
∇0 · /̂48 I − ∇0/̂48

)
û0

)
H8︸                                 ︷︷                                 ︸

G?8H8

. (2.22)

The boundary conditions on the objects surface are{
u · eH = I8 on Γ̂8 , (2.23)
u · eH = 0 on Γ̂ 9 ,8≠ 9 . (2.24)

They are symbolically noted as −8l∑
H∗
5 8
H8 + G∗5 5 q 5 = 0, where H

∗
5 8

G∗
5 5

are restriction
operators extracting the degrees of freedom localized along the boundaries of the cylinders.
The linearization of eqs. (2.8) and (2.10) thus introduces the operators G 5 5 = GDD +

GD? + G?D + G∗
5 , 5

and H 5 5 that are purely driven by fluid variables, and the operators
G 5 8 = G(1)

D8
+ G(2)

D8
+ G?8 and H 5 8 = HD8 + H∗

5 8
that arise from the interaction of fluid

and ALE variables. In this way, eqs. (2.8) and (2.10) can be symbolically written with the
previously defined operators as

− 8l
(
H 5 5 q 5 +

#∑
8=1

H 5 8H8

)
= G 5 5 q 5 +

#∑
8=1

G 5 8H8 , in Ω̂ 5 . (2.25)

2.2.2. Cylinder’s equations
The lift force �H8 acting on the 8-th cylinder was defined previously in primitive coordinates
by 2.5. Using the ALE ansatz and the definition 2.11 of the stress tensor, one is led to an
expression of with the form

�H8 = L8 5 q 5 +
#∑
9=1

�∗8 9 H 9 (2.26)

This expression is composed of two terms. The first is found by integrating on the boundary
the stress which is purely linked to the fluid motion:

L8 5 q 5 =

∫
Γ̂8

(
− ?In + 2`J0(u)n

)
· eH 3Γ̂8 . (2.27)
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The second component contains the effect of the deformation of the domain associated to
the ALE method, and thanks to the discrete-ALE ansatz it depends only upon the elementary
extension fields / 9 associated to each of the cylinders:

�∗8 9 =

∫
Γ̂8

(
− ?̂0I + 2`J0(û0)

) (
∇0 · / 9I − ∇0/ 9

))
n · eH 3Γ̂8

−
∫
Γ̂8

`
(
(∇0û0) (∇0/ 9) + (∇0/ 9)) (∇0û0))

)
n · eH 3Γ̂8 . (2.28)

Introducing eq. (2.19) in eq. (2.4), we obtain the following system for 8 = 1, . . . , #

−8lH8 = I8 , (2.29)

−8lI8 = −
4cW8
*∗
8

I8 −
( 2c
*∗
8

)2
H8 +

4
c<∗

8

©­«L8, 5 q 5 +
#∑
9=1

�∗8, 9 H 9
ª®¬ (2.30)

2.2.3. Eigenvalue formulation for the coupled problem
Considering the coupled problem formulated in terms of the state-vector q containing both
the fluid part qf and the solid part [H1, ...H# , I1, .., I# ], the equations detailed in the two
previous subsections can be written in the following matricial system

− 8lHq = Gq, (2.31)
with matrices

H =



H 5 5 H 5 1 . . . H 5 # . . . 0
1

. . . (0)
1

1

(0) . . .

1


, (2.32)

and

G =



G 5 5 G 5 1 . . . G 5 # 0 . . . 0
1

(0) . . .

1
4
c<∗ L1 5

4
c<∗ �

∗
11 − (

2c
* ∗1
)2 4

c<∗ �
∗
1# − 4cW1

* ∗1
...

...
. . .

...
. . .

4
c<∗ L1#

4
c<∗ �

∗
# 1

4
c<∗ �

∗
##
− ( 2c

* ∗
#

)2 − 4cW#
* ∗

#


.

(2.33)

2.3. Forced problem & Impedance
Besides the resolution of the coupled problem as an eigenvalue problem as just described,
we will also make use of an alternative method which consists of first considering the forced
problem in which the motion of the cylinders are imposed to behave harmonically, i.e.
.8 (C) = H84−8lC with imposed amplitudes H8 and real frequency l. Thanks to the linearity of
the problem 2.25, we can express its solution, in compact form as
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q 5 =
#∑
9=1

q 5 9 H 9 , with q 5 9 = −
[
G 5 5 + 8lH 5 5

]−1 [
G 5 9 + 8lH 5 9

]
. (2.34)

In practice, each q 5 9 is the solution of the forced problem considering a unitary displacement
of the 9 th cylinder, namely

H 9 = 1; I 9 = −8l; H8≠ 9 = I8≠ 9 = 0. (2.35)

One can now introduce the decomposition 2.34 into the definition 2.26, of the lift forces
acting on the 8 body. Using the operators defined in 2.27 and 2.28, this leads to

�H8 =
∑

�8 9 H 9 where �8 9 = L8 5 q 5 9 + �∗8 9 (2.36)

Each of the terms �8 9 can be considered as a transfer function , corresponding to the ratio
of the force exerted on the body 8 to the displacement of the body 9 . Note that each term �8 9
depends only upon the elementary displacement field b4, 9 and the elementary solution q 5 , 9
of the forced problem, both calculated by imposing H 9 = 1, I 9 = −8l, H8≠ 9 = 0 and I8≠ 9 = 0.
In other words, we impose the movement of the 9-th cylinder and fix all others in order to
calculate �8 9 .
Rather than this definition as a transfer function, it turns out to be more physically

significant to define an impedance /8 9 relating the force on body 8 to the opposite of the
velocity of body 9 , hence /8 9 = (8l)−1�8 9 . Note that this definition is equivalent to the
one used in Sabino et al. (2020), except for a factor 2 due to the fact that they funded their
definition upon the lift coefficient �H instead of the dimensionless force �H = �H/2.
In a compact form, the impedance /8 9 can also be expressed in terms of the previously

introduced operators as

/8 9 = (8l)−1
{
L8 5

[
G 5 5 + 8lH 5 5

]−1 [
G 5 9 + 8lH 5 9

]
+ �∗8 9

}
. (2.37)

2.4. Generalised impedance criterion for a tandem of cylinders
We will now focus on the case of a tandem of cylinders (# = 2). Solving the forced problem
for the front and rear cylinder will respectively give the impedances /11, /21 and /12, /22.
We can plug equation 2.28 along with the definition of the impedances into the harmonic
oscillator equations 2.29 of the fully coupled problem, which yields:



(
−l2 − 4cW1

*∗1
8l +

(
2c
*∗1

)2)
H1 =

8l

c<∗1
(/11H1 + /21H2) ,(

−l2 − 4cW2
*∗2

8l +
(
2c
*∗2

)2)
H2 =

8l

c<∗2
(/12H1 + /22H2) .

(2.38)

Building the matrix

/) =


−l2 − 4cW1

*∗1
8l +

(
2c
*∗1

)2
− 8l/11
c<∗1

− 8l/21
c<∗1

− 8l/12
c<∗2

−l2 − 4cW2
*∗2

8l +
(
2c
*∗2

)2
− 8l/22
c<∗2


, (2.39)

Rapids articles must not exceed this page length
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the equations 2.38 can be condensed as the following system

/) ·
(
H1
H2

)
= 0, (2.40)

Finally, we define a generalised impedance function as

� (l) = det(/) ). (2.41)

It is an analytical function of the complex frequency l = lA + 8l8 .
At this point, we can remark that complex roots of 2.41, corresponding to nontrivial

solutions of the two-dimensional system 2.40, also correspond to solutions of the fully
coupled eigenvalue problem 2.31. We thus have replaced the resolution of a matricial
eigenvalue problem of large dimension by the sole inspection of a 2 × 2 matrix. This is
however a non-linear eigenvalue problem since l appears quadratically in /) and most
importantly because /8 9 depends on l. In practice, the computation of all physically relevant
eigenvalues requires the knowledge of the functions /8 9 in the whole complex l-plane.
However, if one is only interested in localizing the marginally stable states, it is only required
to know the values of these functions along the real l axis. This property is at the origin of
a very efficient method which will be explained and validated in section 3, and subsequently
used to perform parametric instabilities in section 4.
The advantage of the criterion described here is that a limited number of calculations is

required in order to get the stability prediction of a vast number of different cases. Once a set
of forced problems are calculated for a fixed '4 and !, the stability of systems with any*∗1 ,
*∗2 , <

∗
1, <

∗
2, W
∗
1, W
∗
2 is acquired by the simple inspection of the determinant of 2× 2 matrices.

2.5. Numerical implementation
The equations are rewritten in a variational formulation, spatially discretised and solved with
the FreeFem++ open-source software (Hecht 2012). The problem is necessarily formulated
along a truncated domain of sufficient dimension (see figure 1), and thus the equations are
complemented with suitable boundary conditions for the external boundaries (Γ8=, Γ; , Γ>DC ).
For the fluid variables, a Dirichlet boundary condition is imposed at the inflow boundary Γ8=:
û0 |Γ8= = *∞eG with*∞ ≡ 1, and a stress-free condition is imposed on the lateral and outflow
boundaries. For the ALE variables, Dirichlet boundary conditions are imposed on all outer
boundaries. Following the classical procedure, the base-flow is computed using a Newton
method, and the eigenproblems are solved using a shift-invert method as implemented in the
SLEPc library.
Two additional tricks are employed to lighten the resolution and/or improve the precision.

First, mesh adaptation is intensively used to increase the mesh density in regions of strong
gradientswhile decreasing it in other regions. Secondly, for the linearised problem,we employ
the complex mapping method (Sierra et al. 2020) to characterise the stability properties of
the problem and to suppress artificial unstable modes arising due to the strongly convective
nature of the wake. Such a method has been successfully employed in the past in other fluid
configurations, for instance, the jet flow past a circular aperture (Sierra-Ausin et al. 2022),
a flow of two coaxial jets (Corrochano et al. 2023) or the wake flow past a rotating particle
(Sierra-Ausín et al. 2022). When using the complex mapping method, the spatial structure
of the global mode near the boundary becomes evanescent and do not have an influence on
the stability properties of the problem.
Monitoring of all computations and post-processing is done thanks to the StabFem interface
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Fabre et al. (2018). Following to the philosophy of this project, sample codes reproducing
key results of the present paper are available on the website of the project †.
Regarding the method for threshold detection in terms of the impedance concept explained

in Sec. 2.4, the numerical resolution procedure consists, in a first step, in generating a
tabulation of the impedance functions as function ofl and '4. Then, zeros of the generalised
impedance 2.41 are computed by considering it as two functions (real and imaginary parts
of � (l) as function of the two variables l, *∗, and a Lewenberg-Mackardt method is used
to solve it, using interpolation along the range of tabulated l to evaluate the impedances /8 9
and their l-derivatives.

3. Validation
Throughout this article, we will consider a tandem of spring mounted cylinder’s, with the
exception of section 5. The Reynolds numbers investigated range up to '4 = 100 and the
damping parameters of the cylinders are considered to be the same and noted W = W1 = W2.
The damping ratios are set to 0, except for section 4.2.3. The reduced velocity and reduced
mass of both cylinders will be considered to be the same and will be noted as*∗ = *∗1 = *

∗
2

and <∗ = <∗1 = <
∗
2, except for part of section 4.2.4.

3.1. Linear coupled problem
Figure 3 shows the real and imaginary parts of the leading eigenvalues against*∗ for ! = 1.5
at a Reynolds number of '4 = 100 and for <∗ = 2.546 and <∗ = 20. Two leading unstable
modes are found and the evolution of their growth rate and frequency are in very good
agreement with Zhang et al. (2024b). For <∗ = 2.546, we observe a slight discrepancy with
results from Tirri et al. (2023). These authors used an immersed boundary method which
was shown to yield incorrect results when the added-mass effect is not properly taken into
account (Suzuki & Inamuro 2011).

3.2. Impedance-based stability predictions
The generalised impedance provides a criterion of instability: the system is unstable if
there exists a non-trivial solution of eq. (2.40), for which l8 > 0, as described in Fabre
et al. (2020). The link between impedance and instability can be formulated using Nyquist
diagrams. Figure 4 shows an example of the threshold detection based on impedance criterion
for ! = 1.5, '4 = 100 and<∗ = 2.546. Figure 4(b) shows the zero isolines of both the real and
imaginary part of the function � in the l−*∗ plane. The intersection of these lines give the
predictions of*∗ andl at witch the system is neutrally stable (noted as ). These predictions
are reported in figure 3(a) and 3(c) as points P1 and P2, and are in perfect agreement with
the results from linear stability. Figure 4(a) is the Nyquist diagrams, i.e., the imaginary part
of the function � against its real part for different values of*∗. For the first point of neutral
stability (at*∗ = 4.38), one eigenvalue switches from stable to unstable when increasing the
reduced velocity*∗, as the Nyquist curve transitions from encircling the origin to having the
origin lying at the right of the curve’s trajectory, relative to its parametrization from l = 0 to
l→∞ (see figure 4(a-i)). However, for the second point of neutral stability (at*∗ = 5.94),
one eigenvalue goes from unstable to stable when increasing the reduced velocity*∗, and the
Nyquist curve transitions from having the origin lying at the right of the curve’s trajectory
to the curve encircling the origin (see figure 4(a-ii)). The impedance based detection for
<∗ = 20 is also in perfect agreement with LSA results as shown in figure 3(b) and 3(d) by
the points P3 and P4.

† https://stabfem.gitlab.io/StabFem/

https://stabfem.gitlab.io/StabFem/
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Figure 3: Real and imaginary parts of the leading eigenvalues with respect to*∗ at '4 = 100
and ! = 1.5 for <∗ = 2.546 (a,c) and <∗ = 20 (b,d). Plain lines are the results from the
current study. Results from Tirri et al. (2023) are shown by and . Results from Zhang et al.
(2024b) are shown by and . The unstable region is depicted as the grey zone. The natural
frequency of a spring mounted cylinder in vacuum l= =

2c
* ∗=

is shown as . The growth
rate and frequency of the fluid mode behind two fixed cylinders are displayed as . The
predictions from the impedance criterion are shown as .

4. Results and discussion
4.1. Description of the modes

Let us first comeback to the cases ! = 1.5; '4 = 100;<∗ = 2.546 and ! = 1.5; '4 = 100;<∗ = 20
which were previously used for validation and plotted in figure 3, and comment them from a
physical point of view. As reported in Tirri et al. (2023) and Zhang et al. (2024b), the results
of linear stability analysis for <∗ = 2.546 introduces two leading eigenmodes classified
as FEMI ( ) and FEMII ( ), following the denomination introduced by Mittal et al.
(2016) for a single oscillating cylinder. Each eigenmode has been normalised by setting the
highest velocity I8 to 1. The transversal fluid velocity DH and the vertical velocities of each
cylinder I1 and I2 are shown fig. 5 for '4 = 100 and for <∗ = 2.546. The real and imaginary
part of the velocities I8 are respectively plotted as an arrow with a triangle ( ) and circle
head ( ). For the sake of readability, these amplitudes have been doubled when plotted
on the following figures. With this choice of normalisation, large values of the transversal
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Figure 4: Illustration of the threshold detection based on the impedance criterion. (a) Plot
of the imaginary part of the impedance function � with respect to its real part (Nyquist
curve) for several values of *∗. Nyquist curves around the points of neutral stability at (a-i)
*∗ = 4.28 and (a-ii)*∗ = 5.94. (b) Zero isolines of the real ( ) and imaginary ( ) parts
of the impedance function � in the l −*∗ plane. The symbols show the zeros of �.

velocity DH implies that the transversal motion of the cylinder associated with the mode is
much weaker than the transversal fluid motion. On the other hand, a low maximum in the
transversal fluid velocity implies a strong transversal motion of the cylinder.
The FEMI mode is unstable at low reduced velocities with its growth rate matching the

one of the leading mode behind the fixed tandem of cylindersl 58 = 0.039 ( in figure 3). It
becomes stable at a reduced velocity of*∗ = 5.94 and its frequency varies little and matches
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Figure 5: Transversal velocity DH fields of the flow past a tandem of cylinder spaced of
! = 1.5 for '4 = 100 and <∗ = 2.546: mode FEMII (a,b,c) and FEMI (d,e,f) at reduced
velocities*∗ = 3 (a,d),*∗ = 5 (b,e) and*∗ = 8 (d,f).

the frequency of the fixed tandem mode l 5A = 0.76 ( ), with a small decrease towards the
highest values of the reduced velocity. This mode has been classified as a purely fluidic mode
in the literature. We show however in sections 4.2.2 and 4.2.3 that it is influenced by the
cylinder’s mass and damping ratio and is therefore of elastic nature. The fluid-elastic mode
FEMII has a more complex structure arising from the fluid-structure interaction. The mode
becomes unstable at *∗ = 4.28 with a maximum growth rate at *∗ = 7. For low reduced
velocities, the frequency of themodematches the natural frequency of a structure-only system
(l= = 2c

* ∗=
, shown as in figure 3). For higher reduced velocities, its frequency tends to

the one of the fixed tandem mode. Both cylinders display transverse motion throughout the
whole range of reduced velocities, confirming the structural nature of the mode. Accordingly
to the results of Tirri et al. (2023), the flow field of the FEMI mode resembles the one of the
wake of two fixed cylinders as can be seen figures 5(d), 5(e) and 5(f). The large values of the
transversal velocity confirm the fluidic nature of this mode. The region of high transversal
velocity is shifted downstream with increasing reduced velocities. On the other hand,
the wake of the FEMII mode includes a high transversal velocity region localised around
the bodies, especially at low reduced velocities (as seen in figure 5(a)). At higher reduced
velocity however, the high transversal velocity region is shifted downstream, resembling the
structure behind a fixed tandem of cylinders. Correspondingly, for low reduced velocity, the
low values of the transversal velocity shows that the transversal motion of the cylinder is
dominant compared to the fluid’s motion (figure 5(a)). Increasing the reduced velocity, the
value of the transversal velocity increases slightly as the mode transitions to a more fluidic
nature (figures 5(b) and 5(c)). We can also note that generally, the motion of the rear cylinder
is greater than of the front, except at low reduced velocity (figure 5(a)). Mittal et al. (2016)
found, for a single oscillating cylinder, that the high frequency of the fluid-elastic modes at
low *∗ was linked to a high vorticity region close to the body. On the other hand, a low
frequency induced a shift of the high vorticity region downstream of the body. We observe
the same link between frequency and structure of the wake for the tandem system.
For <∗ = 20 at '4 = 100, the FEMI mode remains unstable for all reduced velocities

investigated. Its growth rate matches the one of the fixed tandem mode only to depart from
it around 7 < *∗ < 10 with a maximum at *∗ = 8.2. Its frequency is the same as the one
of the fixed tandem mode l 5A and the displacement of both cylinders is null. Concerning
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Figure 6: Regions of instability (shaded colors) in the '4 −*∗ plane for (a,b) ! = 1.5 and
(c,d) ! = 3; and for (a,c) <∗ = 2.5 and (b,d) <∗ = 20. Full lines are the results from the
impedance based predictions and markers are results from linear stability analysis.

FEMII, the mode is unstable for 5.425 < *∗ < 7.6 with a maximum in growth rate at 7.15.
at '4 = 100. Its frequency follows very closely that of the natural structural-only system l=,
as shown in figure 3. The structure of the transversal velocity of the different modes is very
similar to the one at a lower mass ratio. As the Reynolds number decreases, some exchanges
of stability between the modes are observed, as reported section 4.2.2.

4.2. Parametric study
4.2.1. Neutral curves for <∗ = 2.5 and 20; ! = 1.5 and 3.
Figure 6 details the neutral stability curves in the '4−*∗ plane, obtained for two values of<∗
and two values of !. Note that the figure displays both results obtained through the resolution
of the eigenvalue problem ( , and ), and results obtained thanks to the impedance
method ( , and ). The excellent agreement of the two methods gives a further
validation of the impedance method, which will be mostly used in the subsequent section for
further parametric studies in larger range of parameters, since, as already explained, once
the impedance functions have been previously calculated and tabulated, allows to generate
results for all values of the structural parameters with no additional cost than simply solving
a 2 × 2 linear system.
Consider, first, the situation for ! = 1.5;<∗ = 2.5 (figure 6(a)) At this spacing and for a
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Figure 7: Transversal velocity DH fields of the flow past a tandem of cylinder spaced of ! = 3
for '4 = 100 and <∗ = 2.5: mode FEMI (a,b,c), mode FEMII (d,e,f) and FEMIII (g,h,i) at
reduced velocities*∗ = 4 (a,d,g),*∗ = 8 (b,e,h) and*∗ = 12 (d,f,i).

low reducedmass of<∗ = 2.5, the FEMImode ( ) is stable for all*∗ below '4 = 75. Above
that Reynolds number, the mode is unstable for values of the reduced velocity below*∗ = 6.
Concerning FEMII ( ), it is unstable for Reynolds numbers above '4 = 18, spanning a
broad range of reduced velocities from *∗ ≈ 4 to *∗ ≈ 18. For Reynolds numbers above
'4 = 80, FEMII is unstable for all reduced velocities above*∗ ≈ 4.
Consider, now, the case ! = 1.5, <∗ = 20 (figure 6(b)). For this set of parameters, the

mapping of the instability regions is more complex to describe, since an exchange occurs
between the two leading branches. Namely, for the largest values of '4 considered in the
figure, a FEMI mode exists for the whole range of *∗ and a FEMII exists in a range of
*∗ centred around the value *∗ = 7. This is consistent with the results previously shown
in figure 3(d) for '4 = 100 where the FEMI branch is displayed in blue while the FEMII
is displayed in red. When decreasing the Reynolds number, a topological transition occurs,
leading to a situations where the FEMI branch for small *∗ becomes connected with what
was previously the FEMII branch and vice-versa, leading to a situation similar to what was
displayed in figure 3(b). This transition occurs for '4 = 81, at which value one finds a double
root of the eigenvalue problem. Note that this exceptional point is codimension-2 but does
not correspond to a bifurcation point, since the coincidence occurs in the unstable region.
Due to this exchange of branches, it becomes difficult to distinguish the two modes in the
whole range of parameters, hence no color shading was used in figure 6(b). When decreasing
further the Reynold number, an other peculiar feature appears in the stability map. Namely,
the right part of the neutral curve displays a small loop, between the values '4 = 80 and
'4 = 75. In this small range, the mode FEMI, which was stabilized above *∗ & 8, becomes
unstable again in a small range of *∗ centered around *∗ ≈ 11. In this small range, two
unstable modes indeed exist.
Similarly, neutral cuves for ! = 3;<∗ = 2.5 and ! = 3;<∗ = 20 are respectively plotted
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Figure 8: Curves of neutral stability in the '4 −*∗ plane for (a) ! = 1.5 and (b) ! = 3. The
colour codes for the different modes are similar to figure 6. The colour intensity is going
from light to dark for increasing masses whose values are reported in corresponding colours.

in figures 6(c) and 6(d). Three leading eigenmodes are found: FEMI ( ), FEMII ( )
and FEMIII ( ). Figure 7 shows the transversal velocity field of the leading eigenmodes at
<∗ = 2.5 and '4 = 100 at different reduced velocities, following the normalisation explained
previously. For <∗ = 2.5, FEMI is unstable for '4 > 80 in the low reduced velocity range.
At '4 = 100, the frequency of the mode is the one of the fixed tandem configuration and
the shape of the mode also resembles the wake mode behind the fixed tandem configuration
(see figs. 7(a) to 7(c)). Moreover, the displacement of both of the cylinders is negligible as
can be seen from the values of the transversal velocity . Mode FEMII on the other hand is
unstable over a wide range of reduced velocities (above *∗ ≈ 4), for '4 > 18. At '4 = 100
and for low reduced velocities, the high transversal velocity region is localised around the
front body. Both cylinders exhibit high displacement as seen in figure 7(d). At the same
time, the frequency of the mode follows that of the natural frequency of the structure-
only spring mounted system. Increasing the reduced velocities, the displacement of the rear
cylinder becomes greater than the front one and the high transversal velocity region is shifted
downstream (see figs. 7(b) and 7(c)). The frequency of the mode then tends to the one of the
fixed tandem configuration. Mode FEMIII is unstable for '4 > 48, over a limited range of
reduced velocities, between 6 < *∗ < 11. At '4 = 100, its frequency is the one of the fixed
tandem configuration. For low reduced velocities, the shape of the mode also resembles the
wake mode behind the fixed tandem configuration (see figure 7(g)). However, towards higher
reduced velocities, the rear cylinder exhibits large vertical displacement as can be seen from
the low values of the transversal velocity in figs. 7(h) and 7(i). For <∗ = 20, the branch
of neutral stability of FEMI is shifted towards higher reduced velocities and the ranges of
reduced velocities over witch FEMII and FEMIII are unstable are reduced.

4.2.2. Effect of the mass
After having computed the forced problem for ! = 1.5 and ! = 3 over a range of Reynolds
number '4 = [5 − 100] (by steps of '4 = 1), we apply the impedance-based criterion for
a range of reduced masses going from <∗ = 0.01 to <∗ = 100. The damping parameter
of both cylinders is set to zero. Figure 8 shows the neutral curves in the '4 − *∗ plane
predicted by the impedance-based criterion. For ! = 1.5 (see figure 8(a)), increasing the
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reduced mass of the bodies decreases the range of reduced velocities over witch FEMII is
unstable. The stability threshold of mode FEMI is shifted towards higher reduced velocities
when increasing the reduced mass, extending the range over which the mode is unstable. The
exchange of stability observed at '4 = 85 for <∗ = 20 described section 4.1 is also observed
for higher masses. For ! = 3 (see figure 8(b)), the stability threshold of mode FEMI is also
shifted towards higher reduced velocities and the range over which FEMII is unstable is
decreased. Concerning mode FEMIII, increasing the reduced mass also restricts the range of
reduced velocities over which the mode is unstable. Generally speaking, increasing the mass
has a stabilising effect on mode FEMII and FEMII and a destabilising effect on mode FEMI.

4.2.3. Effect of the damping ratio
From the same calculations of the forced problem, the impedance-based criterion is used for
a range of damping ratios going from W = 0 to W = 1, keeping the reduced mass fixed to
<∗ = 2.5. Figure 9 shows the neutral curves in the '4−*∗ plane predicted by the impedance-
based criterion. For ! = 1.5 (see figure 9(a)), the FEMI mode remains largely unaffected
by light damping (W = 0.1). On the other hand, the range of reduced velocities over witch
FEMII is unstable gets narrower with increasing damping. The onset of instability of FEMII
is also shifted towards higher Reynolds numbers, going from '4 = 18 for W = 0 to '4 = 60
for W = 1. The system exhibits a critical transition at between W = 0.1 and W = 0.13 at around
*∗ ≈ 6 and '4 ≈ 81, where the branches coalesce. Figures 10(a) and 10(b) respectively
show the growth rates and frequencies of the modes before and after the higher codimension
point, for a fixed '4 number. The frequency of the coalescing modes being different at the
exceptional point, the latter corresponds to a codimension-3 point and is plotted as in figure
9(a).
For ! = 3 (figure 9(b)), the threshold of FEMI mode is slightly shifted towards higher

reduced velocities by light damping and the ranges over which FEMII and FEMIII are
unstable are reduced by increasing the damping. Two transitions are observed which are
similar to the one observed for ! = 1.5. Between W = 0.1 and W = 0.25, around '4 = 95 and
*∗ = 5, mode FEMI and the low-*∗ branch of FEMIII coalesce. Similarly, between W = 0.45
and W = 0.5, around '4 = 75 and *∗ = 7, we observe the coalescence of mode FEMII with
the low-*∗ branch of the previously merged FEMI-FEMIII modes. These exceptional points
are also of codimension-3 and are plotted as in figure 9(b).

4.2.4. Effect of the spacing
Figure 11 shows maps the stability of the tandem of cylinders in the ! − *∗ plane for
'4 = 80 and <∗ = 2.5. Increasing the distance between the bodies shows dynamics similar
to what has been noticed for the fixed tandem configuration by Zdravkovich (1987) or by
Papaioannou et al. (2008) for the 2DOF tandem configuration. Mainly the evolution of mode
FEMI, which is foremost a fluid mode, seems to follow different wake interference regimes.
For 1.5 < ! < 1.8, mode FEMI is unstable in the low *∗ range, as described section 3.2.
This coincides with "slender body" regime of the fixed tandem, where free shear layer of the
upstream body does not reattach to the downstream one. The vortex shedding comes from
the detachment of the upstream body shear layers. For 1.8 < ! < 3, mode FEMI is stable
and mode FEMIII becomes unstable. For the fixed tandem, the shear layers of the front body
reattach to the rear one. The vortex street is only formed in the wake of the rear body. In the
3 < ! < 4.5 region, FEMI is unstable. This region could correspond to the "intermittent-
regime" where the vortex street of the upstream body intermittently reattaches to the rear
one. In this region, the eigenmodes were found to be highly sensitive to variations in the
base flow within the gap. Since the computational mesh had to be adapted for each value of
the length ! in order to solve the forced problem, the resulting neutral curve exhibited some
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Figure 9: Curves of neutral stability in the '4−*∗ plane for a low reduced mass of <∗ = 2.5
and for (a) ! = 1.5 and (b) ! = 3. The colour codes for the different modes are similar to
figure 6. The colour intensity is going from light to dark for increasing damping ratios whose
values are reported in corresponding colours.
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Figure 10: Growth rates (c) and frequencies (d) of the leading eigenmodes for ! = 1.5 and
<∗ = 2.5 at '4 = 81. The modes for W = 0.1 are plotted with ( ) and ( ) and the
coalesced mode for W = 0.13 is plotted with ( ).

oscillations. To address this, a quadratic fit was applied to smooth the curve. As of ! > 4.5,
the dynamics correspond to the binary vortex street regime where vortex streets are being
shed in the wake of both bodies. Up to ! = 4.5, the modes behave in the same way described
for ! = 3 and '4 = 100 in section 3.2. Mainly, mode FEMI induces no displacement of
the bodies and mode FEMII and FEMIII induce the displacement of both bodies depending
on *∗. For spacings above ! = 4.5, however, a change of dynamics is observed. For mode
FEMI, both cylinders display motions which are of comparable amplitudes. Mode FEMII
induces higher displacement of the front cylinder than of the rear. Finally FEMIII induces
higher displacement of the rear cylinder than of the front. Mode FEMII and FEMIII start to
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Figure 11: Curves of neutral stability in the ! −*∗ plane for a low reduced mass of <∗ = 2.5
at '4 = 80, computed with the impedance-criterion. The colour codes for the different modes
are similar to figure 6.

exhibit a decoupling of the bodies motion whereas mode FEMI arises from the coupling of
both cylinder’s motion. This phenomenon is confirmed for higher distances.
Figure 12 shows results from LSA and from the impedance-based method for '4 = 60 and

<∗ = 2.5 at ! = 10. Figures 12(a) and 12(b) respectively show the growth rate and frequency
with respect to *∗ for different configurations. Calculations where both bodies are spring
mounted are represented with plain lines. Calculations where either the front or rear cylinder
was fixed are respectively shown with circles and rectangles. As it can be seen, mode FEMII
( ) of the full problem (both cylinders free to oscillate) is identical to the mode arising
from the configuration where the rear cylinder is fixed ( ). On the other hand, mode FEMIII
( ) is almost identical to the mode arising from the configuration where the front cylinder
is fixed ( ). Finally, mode FEMI ( ) only follows the mode of the fixed rear cylinder case
( ) for low*∗. For*∗ > 5.5, neither mode nor account for FEMI’s dynamics.
The coupled and decoupled nature of the different modes can also be seen by examination

of the terms present in the impedancematrix. Let us define the diagonal terms of /) (equation
2.39) as 

�1 = −l2 −
4cW1
*∗1

8l +
(
2c
*∗1

)2
−
8l/1,1

c<∗1
,

�2 = −l2 −
4cW2
*∗2

8l +
(
2c
*∗2

)2
−
8l/2,2

c<∗2
.

(4.1)

Figure 12(c) shows the zero isolines of the real and imaginary parts of �1 (respectively
and ) and�2 (respectively and ) in thel−*∗ plane. The points of neutral stability
of the full linear problem are reported in figure 12(c) as dashed circles. One can note that the
zeros of �1 approximate relatively well points P1 and P2. As shown from the LSA results,
mode FEMII and FEMI are linked to the rear-fixed configuration at these reduced velocities.
Similarly, P5 and P6 are relatively well approximated by the zeros of �2. Correspondingly,
mode FEMIII is linked to the front-fixed configuration at these reduced velocities. On the



22
(a)

4 5 6 7 8 9 10 11 12 13 14
−0.04

0

0.04

0.08

0.12

P1 P2 P3 P4
P5

P6

U*

l
8

(b)

4 5 6 7 8 9 10 11 12 13 14
0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22
:

:

:

P1

P2 P3
P4

P5
P6

U*

(
C
=
l
A
/2
c

(c)

4 4.5 5 5.5 6 6.5 7 7.5 8 8.5 9 9.5 10 10.5 11 11.5 12 12.5 13 13.5 14 14.5 15

0.4

0.5

0.6

0.7

0.8

0.9

1

P1

P2 P3

P4

P5

P6

*∗

l

Figure 12: Results from LSA of cases with both freely oscillating cylinders ( , and
), front cylinder fixed ( , and ) and rear cylinder fixed ( , and ). Real and imaginary

parts of the leading eigenvalues with respect to*∗ at '4 = 60 and ! = 10 for <∗ = 2.5 (a,b).
Correspondingly, zero isolines of the real and imaginary parts of �1 (respectively and

) and �2 (respectively and ) in thel−*∗ plane (c). The points of neutral stability
of the different modes for the fully coupled problem (both cylinders freely oscillating) are
reported in both figures as , and .

other hand, the neutral points P3 and P4 are not detected by the sole zeros of �1 or �2,
showing there the coupled nature of mode FEMI. Accordingly, the LSA results show that in
that range of reduced velocities, FEMI cannot be described from the front-fixed or rear-fixed
configurations.
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Figure 13: Real part of the leading eigenvalues (a) and their frequencies (b) with respect to
*∗ at '4 = 60 for <∗1 = <

∗
2 = <

∗
3 = 2.5. The unstable region is depicted as the grey zone.

The natural frequency of a spring mounted cylinder in vacuum l= =
2c
* ∗=

is shown as .
The two leading eigenvalues of the corresponding fixed tandem case are displayed as
and . The predictions from the impedance criterion are shown as . Vorticity fields of
the eigenmodes (c,d,e,f,g) are showed for*∗ = 7.

5. Impedance-based criterion of a 3-body system
The impedance-based stability prediction can be applied to any number = of bodies. We show
here the validity of the method for the prediction of the stability of a cluster of three cylinders
that are centred on the vertices of an equilateral triangle of side length 3�/2. The cylinders
are free to oscillate in the transverse direction of the flow. For fixed cylinders, Chen et al.
(2020) showed that the flow dynamics were highly sensitive to the spacing ! and Reynolds
number '4. This configuration is also known as the fluidic pinball when the cylinders are
rotatable. The linear stability analysis at '4 = 60 for <∗ = 2.5 introduces five leading
eigenmodes, three of them being fluid-elastic modes and two being purely fluidic modes.
Figure 13 shows the real and imaginary parts of the leading eigenvalues against*∗ as well as
the vorticity field of the different modes at a reduced velocity of *∗ = 7. Modes FMI ( )
and FMII ( ) are both unstable over the whole range of reduced velocities investigated
and their frequencies respectively match the frequencies of the two unstable modes found
in the corresponding fixed tandem case (displayed as and ). These modes do not
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induce displacement of any of the three bodies. Their vorticity fields are respectively plotted
in figures 13(d) and 13(f) at reduced velocity*∗ = 7. Modes FEMI ( ), FEMII ( ) and
FEMIII ( ) respectively become unstable at reduced velocities *∗ = 5.88, *∗ = 5.13 and
*∗ = 7.67. All three modes follow the natural frequency of the structure-only springmounted
system. Mode FEMI and FEMIII induce the displacement of all cylinders. Both eigenmodes
are symmetric and the zone of high vorticity is localised around the bodies as well as in the
outer regions of the wake in proximity to the bodies, as seen in figures 13(c) and 13(g). Mode
FEMII on the other hand induces the displacement of both rear cylinders, leaving the front
one stationary. The structure of the mode is similar to the one of the other fluid elastic modes
but it is antisymmetric, as can be seen in figure 13(e) We computed the forced problem for
that configuration and generalised the impedance-based criterion described in section 2.4
to a three-body problem. The stability prediction from the impedance-based criterion are
plotted as in figures 13(a) and 13(b). The model correctly predicts the reduced velocities
at which the growth rates of the fluid-elastic modes become neutral. The prediction of the
modes frequencies is also in very good agreement with the results from the linear stability.

6. Conclusion
This paper describes the stability of the flow past a tandem of elastically-mounted cylinders.
In the first step, we derive a Linearised Arbitrary Lagrangian Eulerian (L-ALE) method to
solve the fully coupled problem. For the parameters investigated, three fluid-elastic unstable
eigenmodes are found.
On the basis of the forced problem, we then propose a novel impedance-based method to

predict the onset of instability. Both methods are compared and the results are found to be in
very good agreement. Using the impedance-based stability criterion, an extensive parametric
study is conducted.
The effect of increasing the mass and the damping ratio are found to be generally

stabilising, except for FEMI which is destabilised by the increase of the mass. Multiple
higher codimension points are found, hinting a rich non-linear dynamic which calls for
further investigations. The stability analysis in the ! −*∗ plane for '4 = 80 and <∗ = 2.5
reveals that the tandem cylinder dynamics evolve with spacing, showing similarities to
previously observed wake interference regimes. Mode FEMI dominates in certain regions
and aligns with fluid instabilities, while transitions between regimes reflect changing in wake
interactions, from slender body behaviour to binary vortex shedding. For ! > 4.5, a shift
in dynamics occurs, with modes FEMII and FEMIII showing decoupled motions of the
cylinders, while FEMI remains a coupled mode. This is confirmed by further analysis at
'4 = 60 and ! = 10, where comparison with fixed-body configurations shows that FEMII
and FEMIII align with the rear-fixed and front-fixed cases, respectively. FEMI, however,
cannot be captured by either configuration alone at higher reduced velocities, underscoring
its coupled nature, as supported by the impedance matrix analysis.
Finally, the impedance based method is validated for a 3-body system, proving to be a

powerful tool for studying the stability of multiple freely oscillating bodies.
Future work will focus on a higher number of bodies placed in tandem or even a periodic

configuration, as well as the exploration of the side-by-side configuration. In the context
of energy harvesting, the linear model reaches some limitations and non-linear simulations
should be performed for a set of interesting cases.
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