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The aim of this paper is to provide a complete description of the bifurcation scenario of
a uniform flow past a rotating circular cylinder up to Re = 200. Linear stability theory
is used to depict the neutral curves and analyse the arising unstable global modes. Three
codimension-two bifurcation points are identified, namely a Takens–Bogdanov, a cusp
and generalised Hopf, which are closely related to qualitative changes in orbit dynamics.
The occurrence of the cusp and Takens–Bogdanov bifurcations for very close parameters
(corresponding to an imperfect codimension-three bifurcation) is shown to be responsible
for the existence of multiple steady states, as already observed in previous studies. Two
bistability regions are identified, the first with two stable fixed points and the second
with a fixed point and a cycle. The presence of homoclinic and heteroclinic orbits,
which are classical in the presence of Takens–Bogdanov bifurcations, is confirmed by
direct numerical simulations. Finally, a weakly nonlinear analysis is performed in the
neighbourhood of the generalised Hopf, showing that above this point the Hopf bifurcation
is subcritical, leading to a third range of bistability characterised by both a stable fixed
point and a stable cycle.
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1. Introduction

The flow past a circular cylinder is a classical configuration which has been widely
adopted in the fluid dynamics community as a canonical model to investigate vortex
shedding behind bluff bodies. In the case of a fixed cylinder, i.e. without rotation, the
dynamics and the corresponding bifurcations are well known (Williamson 1996). The case
of a rotating cylinder, which has implications for flow control using wall motion (Modi
1997; el Hak 2000), has recently received attention. A number of numerical studies in a
two-dimensional framework have been conducted (Kang, Choi & Lee 1999; Stojković,
Breuer & Durst 2002, 2003; Mittal 2004) and have revealed the existence of several
steady and unsteady regimes. Linear stability approaches (Pralits, Brandt & Giannetti
2010; Pralits, Giannetti & Brandt 2013) have shown the existence of two separated regions
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of instability in the (Re, α) plane, where α is the dimensionless rotation rate and Re is
the Reynolds number. The so called Mode I becomes unstable via a supercritical Hopf
bifurcation and it is present for 0 ≤ α ≤ 2. This mode is the one associated with the
classical Bénard–von-Kármán vortex street, and characterised by the alternate shedding of
vortices of opposite sign. At higher rotation rates, around 4.5 ≤ α < 6 another unsteady
mode exists, denoted as Mode II. The physical mechanism driving this mode is rather
different, as it corresponds to a slow-frequency shedding of vortices with the same
vorticity sign. Its onset is less well characterised than Mode I from the point of view
of bifurcation theory: the fact that the frequency is very low suggests a more complex
bifurcation scenario and its supercritical or subcritical nature is still unclear. The full
characterisation of Mode II is complicated by the fact that, in approximately the same
range of (Re, α) parameter space, a region where three steady-state solutions coexist has
been evidenced (Pralits et al. 2010; Rao et al. 2013a). A more thorough characterisation
of this phenomenon has been carried out by Thompson et al. (2014) who observed that the
region of existence of multiple steady-state solutions grows with the Reynolds number.
Note also that the picture is further complicated by the existence of three-dimensional
(3-D) instabilities in this range. This point is outside of the range of the present paper
which restricts to 2-D dynamics, but a brief review on 3-D stability properties of this flow
can be found in appendix E.

To explain the existence of multiple steady states, Rao et al. (2013a) conjectured that
they emerge from a cusp bifurcation point. Indeed, a cusp correctly explains the change in
the number of steady states from one to three. However, a cusp is not generally associated
with the existence of a Hopf bifurcation in the same range of parameters, so it cannot
explain, alone, all the features discussed above. The fact that the frequency of Mode II
is very small is an indicator of a second kind of codimension-two bifurcation, namely a
02 or Takens–Bogdanov bifurcation (Kuznetsov 2013, chapter 8, p. 314) This bifurcation
typically occurs when the frequency of a limit cycle vanishes. However, in the vicinity of
a standard Takens–Bogdanov bifurcation, only two steady states generally exist, not three.
This combination of features suggests that the picture could hide a codimension-three
bifurcation point, also known as a generalised Hopf bifurcation. The unfolding of this
generalised Takens–Bogdanov bifurcation has been studied by Dumortier et al. (2006)
and Kuznetsov (2005) from a mathematical point of view, but to our knowledge such a
feature has not yet been evidenced in a fluid dynamics system such as the one considered
here.

The main purpose of the present work is to review the classification of the possible
2-D states in the (Re, α) ∈ [0, 200] × [0, 10] parameter plane with the point of view of
dynamical system theory. Firstly, we will characterise the nature of the codimension-one
bifurcation curves (Hopf or saddle nodes). We give a cartography of the regions where
multiple steady states exist and give a detailed description of these multiple states as well
as their stability properties. We further identify three codimension-two points, namely
a Takens–Bogdanov (TB) bifurcation, a cusp and a generalised Hopf (GH) bifurcation.
We show that the two first are effectively located very close to each other and that the
whole dynamics in this range of parameters is effectively described by the unfolding of a
codimension-three bifurcation point.

The article is organised as follows: in § 2 the formulation of the problem is discussed
together with the methodology adopted in the present analysis. Section 3 begins with a
characterisation of the multiple steady states. A complete bifurcation diagram covering the
range (Re, α) ∈ [0, 200] × [0, 10] is then presented. The next subsections aim at clarifying
the picture in the vicinity of the identified codimension-two points.
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FIGURE 1. Sketch of a rotating cylinder immersed in a uniform flow.

2. Problem formulation and investigation methods

2.1. Geometrical configuration and general equations

The two-dimensional flow past a rotating circular cylinder is controlled by two parameters:
the Reynolds number Re = U∞D/ν and the rotation rate α = ΩD/2U∞. Here, Ω is the
dimensional cylinder angular velocity, U∞ is the free stream velocity, D the diameter of
the cylinder and ν the dynamic viscosity of the fluid. The fluid motion inside the domain
is governed by the two-dimensional incompressible Navier–Stokes equations,

∂U

∂t
+ U · ∇U = −∇P + ∇ · τ(U), (2.1a)

∇ · U = 0, (2.1b)

where U is the velocity vector whose components are (U, V), P is the reduced pressure and
the viscous stress tensor τ(U) can be expressed as ν(∇U + ∇UT). The incompressible
Navier–Stokes equations (2.1) are complemented with the following boundary conditions:
on the cylinder surface, no-slip boundary conditions are set by U · t = ΩD/2 and U · n =
0, where (t, n) are the director vectors of the surface in the plane (x, y); in the far field,
uniform boundary conditions are set U → (U∞, 0) when r → ∞, where r is the distance
to the cylinder centre (see figure 1). In the discussion we consider clockwise rotation of
the cylinder surface (α > 0).

In the following, Navier–Stokes equations (2.1) and the associated boundary conditions
will be written symbolically under the form B(∂Q/∂t) = N S(Q), where Q = (U, P) is
the state vector and B is a linear projection operator, meaning that the time derivatives
apply only on the velocity components.

2.2. Linear stability analysis

Under the framework of linear stability analysis, we first need to identify base-flow
solutions defined as the steady solutions Qb of the (two-dimensional) Navier–Stokes
equations, namely the solutions of NS(Qb) = 0. We then characterise the dynamics of
small-amplitude perturbations around this base flow by expanding them over the basis of
linear eigenmodes, i.e.

Q(x, y, t) = Qb(x, y) + ǫ
∑

j

q̂j(x, y) exp(λjt). (2.2)
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Here, ǫ is a small parameter, λj the eigenvalues and q̂j the eigenmodes. The eigenpairs
[λj, q̂j] have to be determined as the solutions of the following eigenvalue problem:

λû + ub · ∇û + û · ∇ub = −∇p̂ + ∇ · τ(û) (2.3a)

∇ · û = 0. (2.3b)

Which will be written in the following under the symbolic form λjBq̂j + LNS q̂j = 0. In
the following we consider that eigenmodes q̂(x, y) have been normalised, see appendix C
for further details. Note that in (2.2), to fully represent the dynamics, the summation over
eigenmodes may involve a continuous sum over the spectrum, i.e. the discrete and the
continuous or essential spectra of the operator (see Kapitula & Promislow (2013) for a
rigorous discussion). However, to determine global stability we only need to consider a
limited number of eigenmodes, so we keep the summation as a discrete sum indexed by j.

Owing to the eigenvalues, two cases can be distinguished:

(i) If all eigenvalues λj have negative real part the considered base flow is a stable
solution.

(ii) If n eigenvalues have positive real part, the considered base flow will be referred to
as a n-unstable solution. Note that 1-unstable solutions are commonly referred to as
saddle points because a projection of their dynamics in a 2-D plane (phase portrait)
has an attractive direction and another repulsing one, while 2-unstable solutions are
either unstable nodes or unstable foci depending if the leading eigenvalues are both
real or complex conjugates.

The transition from stable to unstable (or from n-unstable to n + 1-unstable) is called
a local bifurcation. The simplest bifurcations (such as saddle nodes and Hopf) are said
to be codimension-one and occur along given curves in the parameter plane (Re, α). The
intersection of two such curves tangentially is called a codimension-two bifurcation and
generally leads to a rich dynamics in the vicinity of the intersection point.

2.3. Notions of bifurcation theory

From the viewpoint of dynamical system theory, the expression (2.2) can be generalised
as a decomposition of the perturbations over the leading modes of the system

Q(x, y, t) = Qb(x, y) +
∑

j

Aj(t)q̂j(x, y). (2.4)

Then, the problem can be reduced to a low-dimensional system governing the amplitudes
Aj(t)

d

dt
Aj = λjAj + (NL), (2.5)

where (NL) represent the nonlinear interactions between modes. Investigation of these
nonlinear terms allows us to predict the dynamics in the vicinity of bifurcation points.
Systematic methods exist to compute these nonlinear terms (such as weakly nonlinear
expansions, centre manifold reduction or Lyapunov–Schmidt reduction). However,
restricting ourselves to a qualitative point of view (up to a continuous change of
coordinates with continuous inverse), it is also possible to predict a number of features
by examining the generic normal form of the bifurcation, namely, a standard form to
which the dynamical system can be reduced by a series of elementary manipulations
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(see Wiggins (2003) for details). Particular forms of codimension-two bifurcations
encountered in the rotating cylinder are discussed in §§ 3.5 and 3.6.

2.4. Numerical methodology

In the present manuscript, we adopt the same numerical methodology used in Fabre
et al. (2020) and described in Fabre et al. (2019). The computation of the steady-state
solutions, the resolution of the linear problems and the time stepping techniques are
implemented using the open-source finite element software FreeFem++. Parametric studies
and generation of figures are performed using Octave/Matlab thanks to the generic drivers
of the StabFem project (see a presentation of these functionalities in Fabre et al. 2019).
According to the philosophy of this project, codes reproducing parts of the results of
the present paper are available from the StabFem website (https://gitlab.com/stabfem/
StabFem). On a standard laptop, all the computations discussed below can be obtained
in a few hours, except time stepping simulations which take longer. Results presented in
§ 3 are obtained with a computational domain Lx = 120 and Ly = 80 in the streamwise
and cross-stream directions, respectively. The cylinder centre is located 40 diameters
downstream of the inlet, symmetrically between the top and bottom boundaries. Numerical
convergence issues are discussed in appendix D by a meticulous comparison between
results obtained with different meshes, where domain dimension and grid density were
varied.

Steady nonlinear Navier–Stokes equations are solved by a Newton method. In the
degenerated cases, pseudo-arc length continuation is performed to be able to compute
multiple steady-state solutions, as described in appendix A. The generalised eigenvalue
problem (2.3) is solved by the Arnoldi method or by a simple inverse iteration algorithm.
Finally, nonlinear unsteady Navier–Stokes equations are integrated forward in time with a
second-order time scheme (Jallas, Marquet & Fabre 2017).

3. Results

3.1. Characterisation of multiple steady-state solutions

To introduce the existence of multiple steady states, we first characterise them by plotting
in figure 2 the associated lift as function of the rotation rate α, for four different values of
α. In these plots, stable solutions are indicated by continuous lines and unstable ones by
dashed lines, following the usual convention in dynamical systems theory.

For Re = 60, as illustrated in figure 2(a), only one steady state exists for all values of α,
for Re = 60. This state is stable except in the ranges α � 2 (corresponding to the existence
of Mode I), and 5.2 � α � 5.5 (corresponding to the existence of Mode II).

For higher Reynolds numbers, a small region of multiple solutions arises in a small-scale
interval around α ≈ 5. This phenomenon is illustrated in figure 2(b) for Re = 100 and is
associated with an ‘s’ shape of the curve, featuring two successive folds. Note that, before
the first fold, the steady solution is 2-unstable (focus type); at the first fold it turns into
1-unstable (saddle type) and at the second fold it turns into stable. To detect these folds,
pseudo-arc length continuation is carried out with α as a parameter and the horizontal
force exerted on the cylinder surface Fx as a monitor to track and distinguish multiple
steady states (see appendix A for a more detailed discussion).

For larger values of the Reynolds number, as illustrated in figure 2(c) for Re = 170,
the interval of existence of multiple states for α ≈ 5 expands to α ∈ [4.75, 5.12]. In
addition, we observe a second range displaying multiple states for α > 5.87. This second
interval is associated with a fold bifurcation at α = 5.87, giving rise to two additional and
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FIGURE 2. Evolution of the horizontal force Fx as a function of the rotation rate α for four
Reynolds numbers, (a) Re = 60, (b) Re = 100, (c) Re = 170 and (d) Re = 200. Solid lines
denote stable steady states, dashed-dotted lines denote unstable steady states of focus type
or nodes, dashed lines are used for steady states of saddle type. Solid circles denote Hopf
bifurcations and solid squares denote saddle-node bifurcations.

disconnected steady solutions. Note that both these solutions are unstable, respectively of
node and saddle types.

Finally, for Re = 200, as illustrated in figure 2(d), we observe that the two ranges
of multiple steady states are merged into a single one. In this case there is a single
saddle-node bifurcation around α = 4.75 leading to two branches of steady states which
are disconnected from the branch existing for lower values of α. Here, one of these
branches is stable and the second is unstable (saddle type).

3.2. Topological description of steady-state solutions

We now illustrate the spatial structure of some steady-state solutions, with emphasis on
the topological structure of the corresponding flows. We restrict ourselves to the case Re =
200, as previously considered in figure 2(d).

Figure 3(a) corresponds to α = 1.8, the value at which Mode I is re-stabilised. The
corresponding flow is characterised by a stagnation point located beneath the cylinder
axis, on the left side of the y-cylinder axis. Compared to the steady flow in the non-rotating
case, which is characterised by a symmetrical recirculation region, the upper recirculating
bubble is reduced whereas the lower one is moved downwards.

Further increasing the rotation speed, both recirculation bubbles shrink and eventually
vanish. At α = 4.35 (figure 3b) corresponding to the lower threshold for the existence
of Mode II, recirculating bubbles have already disappeared and the vorticity wraps the
cylinder. Stagnation point is located on the opposite side but downstream the cylinder
vertical axis.
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FIGURE 3. Steady flow around a rotating cylinder (vorticity levels and streamlines) for selected
parameters. (a) α = 1.8, Re = 200 (at the supercritical Hopf bifurcation threshold); (b) α =
4.35, Re = 200 (at the Hopf bifurcation); (c) α = 4.75, Re = 200 (at the fold bifurcation). (d–f )
Correspond to three base-flow solutions existing in the range of multiple solutions, namely for
α = 5.25 and Re = 200. The circled dot shows the position of the hyperbolic stagnation point.

Figure 3(c) corresponds to the steady-state flow at the fold bifurcation observed for
α = 4.75 and giving rise to the disconnected states observed in figure 2(d). Compared to
the previous state, the flow is topologically different as no stagnation point is observed
along the wall of the cylinder. On the other hand, two stagnation points are observed
within the flow. One of them is elliptic and located at the centre of the detached
recirculation bubble. The other is hyperbolic and located along the streamline bounding
the recirculation bubble.

Figure 3(d–f ) displays the three coexisting steady states at α = 5.25 and Re = 200. The
topology of the streamlines of unstable and stable steady states differs. In the stable case
(panel d) there is a single recirculation region encircling the cylinder and bounded by a
hyperbolic stagnation point, as in the classical potential solution existing in this range
of rotation rates. On the other hand, for both unstable states, the topology is similar
to the case of figure 3(c). The recirculation region is detached from the cylinder and
contains an elliptic stagnation point located approximately in the midpoint between the
hyperbolic point and the bottom point of the cylinder surface. In the unstable steady state,
the recirculating region is more stretched, as it can be seen in figure 3(d–f ).

We highlight that even though topological changes in the streamlines of the steady
states and bifurcations of the velocity field are in general independent events (see Brøns
2007), in some cases these two events occur in a small neighbourhood of the space of
parameters (see Heil et al. 2017). In the current situation it has been confirmed that
there is not a one-to-one relation between both phenomena. For instance, the transition
between detached recirculation bubble (as in panel c) and recirculation bubble encircling
the cylinder (as in panel d) along the stable branch occurs at some value of α in the range
[4.75–5.25] where no dynamical bifurcation occurs. Yet, for larger Reynolds numbers,
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i.e. Re � 190, successive creation and destruction of vortices seems to be relevant in the
preservation of the disconnected branch of steady states.

3.3. Analysis of the spatial structure of direct and adjoint eigenmodes

To explain why the steady state displayed in figure 3( f ) is unstable, the two corresponding
unstable modes (both associated with real eigenvalues) are displayed in figure 4 for Re =
200 and α = 5.25. Direct modes are characterised by two recirculating regions of opposite
vorticity. Vorticity is stronger and more localised in Mode IIa while Mode IIb displays a
larger region with non-zero vorticity. Adjoint eigenvectors q̂

† for Mode IIa and Mode IIb
are also displayed in figure 4. Adjoint fields (Luchini & Bottaro 2014) can be interpreted
as a kind of Green’s function for the receptivity of the global mode. Scalar product of the
adjoint field with a forcing function or an initial condition provides the amplitude of the
instability mode (see Giannetti & Luchini 2007). Therefore, Mode IIa is highly receptive
in the upper right side of the near wake of the cylinder. The region of maximum receptivity
extends from the close upper right region of the cylinder to a larger region at the bottom
right of the cylinder and it is weaker than Mode IIa. Both modes present weak sensitivity
to forcing upstream of the cylinder.

3.4. Bifurcation diagram in the parameter plane (Re, α)

The bifurcation curves detected in the α < 10, Re < 200 range by linear stability analysis
of all steady-state solutions are depicted in figure 5.

Three Hopf bifurcation curves are detected and plotted with full lines. The first one
encircles the range of existence of unsteady Mode I. The second one delimits the range
of existence of unsteady Mode II in its lower and left parts, but not on its upper part. The
third one (in grey) occurs along a steady state which is already unstable, and hence is not
likely to be related to a bifurcation observable in DNS or experiments.

In addition, we have identified two bifurcation curves associated with saddle nodes
or ‘folds’, here denoted F+ and F−. These curves delimit the range of existence of
multiple two-dimensional steady states, displayed as a grey region in figure 5. Note that the
extension of this region explains the difference between the cases Re = 170 and Re = 200
discussed in the previous paragraph; according to the figure a single interval of α is found
for Re � 190.

In figure 5, the two fold curves seem to merge with the Hopf curve existing for lower Re

at a point with coordinates Re ≈ 75, α ≈ 5.4. Inspection shows that there are actually
both a 02 or TB bifurcation and a cusp (C) bifurcation in very close vicinity in this
range of parameters. This region will be studied in § 3.5. Additionally, in another range of
parameters located at the lower threshold of existence of the Mode II, we have identified
the existence of a Bautin or GH bifurcation which splits the Hopf curve into supercritical
(Re < ReGH) and subcritical (Re > ReGH). This region will be studied in § 3.6.

3.5. Cusp–Takens–Bogdanov region

3.5.1. Qualitative study of the normal form

The transition occurring for Re ≈ 75 and α ≈ 5.4 is characterised by the end of the Hopf
curve (H−) at a fold curve (F+) (characteristic of a Takens–Bogdanov bifurcation), and a
transition between one and three steady states (characteristic of a cusp). This suggests
that the present situation is actually very close to a codimension-three bifurcation. The
dynamical behaviour of the system can thus be expected to be well predicted using
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FIGURE 4. Contour plot of vorticity ωz of Mode IIa and Mode IIb at α = 5.25 and Re = 200
of the unstable steady state (a,b). The magnitude of adjoint modes (c,d).

the normal form describing the universal unfolding of the codimension-three planar
bifurcation, also called a generalised TB bifurcation. This normal form has been studied
by both Dumortier et al. (2006) and Kuznetsov (2013, chapter 8.3). The normal form can
be written as follows:

dy1

dt
= y2, (3.1a)

dy2

dt
= β1 + β2 y1 + β3 y2 + ǫy

3
1 + c1 y1 y2 − y

2
1 y2, (3.1b)

where β1, β2 and β3 are unfolding parameters (mapped from the physical parameters
(Re, α)), c1, ǫ (which can be rescaled to ±1) are fixed coefficients which depend on
the nonlinear terms of the underlying system. Note that this normal form generalises both
the normal form of the standard TB bifurcation (which is recovered for β1(Re, α) = 0)
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FIGURE 5. Bifurcation curves in the range Re ∈ [0, 200] and α ∈ [0, 10]. Black and grey lines
are used to denote local bifurcations. Solid lines indicate the presence of a Hopf bifurcation,
dashed line designates the first fold bifurcation curve, F−, and dashed dotted line
denotes the second fold bifurcation, F+. Grey region indicates the coexistence of three steady
states. Solid grey line inside the grey region denotes a secondary Hopf bifurcation occurring on
one of the unstable steady states.

and the one of the fold bifurcations (which is recovered for β3(Re, α) = 0). The occurrence
of both these codimension-two conditions for very close values of the parameters is
characteristic of an imperfect codimension-three bifurcation and justifies the relevance
of the associated normal form.

The dynamics of the normal form (3.1) has been explored by Dumortier et al. (2006)
who classified the possible phase portraits and the associated bifurcation diagrams as
functions of the unfolding parameters (β1, β2, β3) along a spherical surface. They showed
that all possible bifurcation diagrams fall into three possible categories, called focus,
saddle and node according to the values of the coefficients c1 and ǫ. The situation

0 < c1 < 2
√

2 and ǫ = −1 corresponds to the stable focus case and is found to lead to
a bifurcation diagram consistent with the present situation, so we concentrate on this case.

Figure 6 illustrates all the possible behaviours of the dynamical system, sketched by
sample phase portraits, along with their range of existence in the (β1, β2) plane. This
figure corresponds to a subset of the complete diagram displayed in Dumortier et al.

(2006, chapter 1, pp. 6–8), restricted to a range of parameters which is sufficient to explain
all the dynamical features of the present problem. The bifurcation diagram displays two
codimension-two points, a cusp C and a TB. These codimension-two points result from
the tangential intersection of two codimension-one curves: the cusp point C occurs when
the two fold curves F+ and F− collide, while the TB point arises from the intersection
of the supercritical H− Hopf curve and the F+ fold. In addition, the bifurcation diagram
predicts a homoclinic global bifurcation along a curve H∞ originating from the TB point
and terminating along the F− fold on a point denoted SNL (for saddle-node loop). Left
from this point, the F− curve corresponds to a local saddle node while right from this
point it corresponds to a homoclinic saddle-node bifurcation (appearance of two fixed
points along a previously existing cycle). Note that the SNL point and the intersection of
H− and F− are formally not codimension-two points (see Dumortier et al. 2006).

Phase portraits obtained in the various regions delimited by bifurcation boundaries
are displayed in the panels of figure 6. One of the most interesting predictions is the
existence of two regions characterised by the existence of two stable states, a bistability
phenomenon. The first region (3), in the vicinity of the cusp, is characterised by two stable
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FIGURE 6. Bifurcation diagram predicted using the normal form 3.1 in the stable focus case
(adapted from Dumortier et al. 2006), and qualitative phase portrait in regions (1), (2), (3), (4),
(5) and along curve H∞. Note that in the qualitative phase portraits, focus and node points are
not distinguished.

Type Re α

TB 77.6 5.36
C 75.6 5.38
GH 160 4.46

TABLE 1. Position of codimension-two bifurcation points.

steady states. The third region (4) is characterised by both a stable steady state and a stable
cycle. In all other regions, there is a single stable solution which is either a steady state (in
regions 1 and 5) or a cycle (in region 2).

Note that in these phase portraits nodes and foci are not distinguished. Distinguishing
between these cases (Dumortier et al. 2006) leads to consideration of a larger number of
subcases (for instance region 1 could be split in two subregions corresponding to a stable
node and a stable focus . . . ) but the transitions between these subcases are not associated
with bifurcations.

3.5.2. Numerical results in the C–TB region

In order to check the predictions of the normal form approach, we have conducted an
accurate exploration of the range of parameters corresponding to the C–TB region. The
exploration allowed us to confirm the existence of both a cusp and a Takens–Bogdanov
point. The locations in the (α, Re) plane are given in table 1.

Figure 7 displays ‘zooms’ of the full bifurcation diagram (figure 5) in two narrow ranges
centred on the C and TB codimension-two points. The bifurcation curves and the regions
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FIGURE 7. Zooms of figure 5 in the vicinity of the C and TB codimension-two points. Black
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line H− and short dashed (red) curve denotes the local change from stable focus to stable node.
Numbers correspond to each phase portrait of figure 6(a). (a) Zoom in the region of cusp
bifurcation. (b) Zoom in the region of Takens–Bogdanov bifurcation.
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FIGURE 8. Evolution of the period of the limit cycle as it approaches the homoclinic
connection. (a) Linear plot of the period T as a function of the rotation rate α where αSN is the
rotation rate at the saddle node. (b) Logarithm of the period and the distance to the bifurcation
point.

are numbered with the same convention as in figure 6. Although it is not possible to present
all results in a single figure because the curves are very steep and close to each other,
the numerical results fully confirm the predictions of the normal form. In particular, the
numerical results allow us to confirm the coexistence of two stable states (in regions 3)
and of a stable cycle and a stable state (in region 4). However, a precise mapping of the
curve H∞ bounding the region 4 could not be achieved, but the occurrence of a global
homoclinic bifurcation was confirmed (see § 3.5.3).

3.5.3. Homoclinic bifurcation

As explained in § 3.5, the normal form predicts a homoclinic curve H∞ and a homoclinic
saddle-node bifurcation along the F− curve, right from the SNL point, corresponding to
the appearance of two steady solutions along a previously existing cycle.
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FIGURE 9. Phase portrait of the dynamics of the rotating cylinder at Re = 170 for three values
of the rotation rate α. Vertical (horizontal) axis is the lift force Fy (drag force Fx ) on the cylinder
surface, empty dots denote steady-state solutions. (a,b) Limit sets (respectively transients) are
depicted by a thick solid line (respectively thin dashed). (c) Heteroclinic connections between
unstable–stable (respectively saddle–stable) are depicted by thin solid lines (respectively dashed
dotted).

A generic feature of the imminent presence of a homoclinic saddle-node bifurcation
is the divergence of the period of the limit cycle on which the saddle node appears.
More precisely, the period is expected to scale as ∝ 1/

√
αSN − α as α → αSN (see Gasull,

Mañosa & Villadelprat 2005). To check this prediction, time stepping simulations were
conducted for Re = 170 and values of α just below the F− curve. As shown in figure 8 the
period of the limit cycle effectively diverges as one approaches the bifurcation following
the theoretical behaviour.

Dynamics near the threshold can be perfectly understood in a two-dimensional
manifold. Phase portraits of the bifurcation are displayed in figure 9. These phase portraits
were computed with an initial guess generated by a small linear perturbation to a steady
state in the direction of its corresponding eigenmode. The initial guess is then integrated
in time until it reaches its limit set, i.e. a periodic, homoclinic orbit or another steady
state. Below the bifurcation threshold (figure 9a) a stable limit cycle exists, represented
by a thick solid line. At the bifurcation threshold, a saddle node arises along this
cycle, which ceases to exist, giving rise to a homoclinic connection (an approximation
of this orbit is delineated by a thick solid line in figure 9b). Beyond the saddle-node
bifurcation, the saddle node splits into two fixed points. Hence, three steady states exist,
including a stable one (see figure 9c). There exist four stable heteroclinic connections,
two between unstable–stable steady states represented by a dashed line in figure 9(c) and
other two between saddle–stable steady states denoted by a solid line. This sequence of
events is fully consistent to the sequence connecting phase portraits (2), (SNL) and (4)
in figure 6.

3.6. Generalised Hopf

3.6.1. Normal form analysis

Bautin bifurcation or GH is a codimension-two bifurcation where the equilibrium has
purely imaginary eigenvalues λ1,2 = ±ω0 with ω0 > 0, and the third-order coefficient of
the normal form vanishes. Generalised Hopf bifurcation is thus a degenerate case of the
generic Hopf bifurcation, where the cubic normal form is not sufficient to determine the
nonlinear stability of the system. To unravel the dynamics near the Bautin bifurcation point
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consider the normal form
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(3.2)

Three curves are of special interest:

(i) System (3.2) undergoes a supercritical Hopf bifurcation in the half-line H+ =
{(β1, β2)|β2 > 0, β1 = 0}. This curve separates a region containing a stable focus
to a region containing an unstable focus plus a stable limit cycle.

(ii) System (3.2) undergoes a subcritical Hopf bifurcation in the half-line H− =
{(β1, β2)|β2 < 0, β1 = 0}. This curve separates a region containing an unstable
focus, from one containing a stable focus and two limit cycles (one being stable
and the other one being unstable).

(iii) System (3.2) undergoes a fold cycle bifurcation on the curve FLC = {(β1, β2)|β2
1 +

4β2 = 0, β1 < 0}. This curve separates a region containing two limit cycles from
one which does not contain any limit cycle (a stable fixed point also exists in both
regions).

The most notable feature of this bifurcation is the existence of a bistability region
characterised by two stable states (a fixed point and a cycle). Therefore, hysteretic
behaviour is expected as one successively crosses curves H− and FLC. The bistability range
is also characterised by the existence of an unstable limit cycle constituting the ‘edge state’
bounding the basins of attraction of the two stable states (figure 10).
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3.6.2. Weakly nonlinear analysis

Unstable limit cycles are not easy to track, since they require stabilisation techniques,
such as BoostConv (Citro et al. 2017) or edge-state tracking (Bengana et al. 2019), or the
use of continuation techniques, such as harmonic balance (Fabre et al. 2019). Alternatively,
we have performed a multiple-scale analysis up to fifth order (see appendix C). This
method was previously used to study thermoacoustic bifurcations in the Rijke tube
(Orchini, Rigas & Juniper 2016), displaying a good match with time stepping simulations
with a much lower computational cost. By performing a weakly nonlinear analysis up
to fifth order it is possible to determine a complex amplitude equation for the amplitude
A of the critical linear mode q̂. Here, the critical linear mode is normalised so that its
L2B-norm (see appendix C), i.e. its kinetic energy, is unity, which corresponds to the same
normalisation as in Mantič-Lugo, Arratia & Gallaire (2014). The governing equation is a
Stuart Landau equation, depending on a small parameter ǫ2 = Rec(α)−1 − Re−1

dA

dt
= (iω0 + ǫ2

λ0 + ǫ4
λ1)A + (ν1,0 + ǫ2ν1,1)|A|2A + ν2,0|A|4A. (3.3)

We remark that (3.3) is equivalent to (3.2) if separating real and imaginary parts. Searching
for a solution under the form A = |A| eiωt, and injecting into (3.3) leads to

|A| =

√

√

√

√− ν1,r

2ν2,r

±
√

ν2
1,r

4ν2
2,r

− λr

ν2,r

ω = ω0 + ν1,i|A| + ν2,i|A|2















, (3.4)

where ν1 = ν1,0 + ǫ2ν1,1, λ = ǫ2
λ0 + ǫ4

λ1, ν2 = ν2,0 and subscripts r, i denote real and
imaginary parts respectively. It turns out that ν2,r is always negative while ν1,r changes
sign at (Re, α) = (ReGH, αGH). One can deduce the following consequences:

(i) If Re < ReGH (i.e. ν2r < 0), (3.4) has a single solution |A| for λr > 0 (i.e. Re > Rec)
and none for λr < 0 (i.e. Re < Rec). In this case, the Hopf bifurcation is supercritical.

(ii) If Re > ReGH , (i.e. ν2r > 0), (3.4) has a single solution |A| for λr > 0 (i.e. Re > Rec),
two solutions if λc < λr < 0 with λc = ν2

1,r/4ν2,r and no solution if λr < λc. In this
case, the Hopf bifurcation is subcritical. The condition λr = λc defines a curve in
the (Re, α) plane which corresponds to the fold cycle bifurcation associated with
the emergence of the two limit cycles.

Figure 11 represents the amplitude and frequency of the limit cycles predicted by (3.4)
for three values of Re. According to these results, the fold curve is predicted to be very
close to the Hopf curve, i.e. within a few tenths of Re up to Re = 250. This behaviour
allows us to clarify the transition occurring at the GH point in figure 6. For Re < ReGH ,
when increasing Re for fixed α (or increasing α with fixed Re), the transition occurs
via a supercritical Hopf bifurcation. On the other hand, for Re > ReGH , the transition
is predicted to be subcritical, involving the existence of a band where both steady state
and Mode II coexist. Note that the width of the bistability band predicted by the weakly
nonlinear analysis is very narrow, and could thus be difficult to evidence using direct
numerical simulations.

4. Conclusion and discussion

The present study allowed us to clarify the bifurcation scenario in the two-dimensional
flow past a rotating cylinder, especially concerning the range of parameters corresponding



905 A2-16 J. Sierra, D. Fabre, V. Citro and F. Giannetti

0.6(a) (b)

0.4

0.2

0
–0.1

Re –Rec Re –Rec

0

St

0.1 –0.2

0.055

0.050

0.045

0 0.2 0.4

A

FIGURE 11. (a) Amplitudes of stable (solid line) and unstable (dashed line) limit cycles for four
Rec = 100; 170; 200; 250, where Rec denotes the Reynolds number at the Hopf bifurcation. Grey
scale: darker curves designate quantities associated with a lower Re, i.e. black curve Re = 100
and light grey Re = 250. (b) Strouhal number of limit cycles.

to the onset of the ‘Mode II’ unsteady vortex shedding mode. Using steady-state
calculation involving arclength continuation and linear stability analysis, we have been
able to draw all bifurcation curves existing in the range of parameters corresponding to
Re < 200 and α < 5. Three codimension-two bifurcations have been identified along the
border of the range of existence of this mode, namely a Takens–Bogdanov, a cusp and a
generalised Hopf. The first two are located in close vicinity, in such a way that the whole
dynamics can be understood using the normal form of the codimension-three bifurcation
(for a generalised Takens–Bogdanov bifurcation). The analysis also allowed us to identify
three ranges of parameters characterised by bistability, two of them located in the vicinity
of the Takens–Bogdanov and cusp points, the third one emanating from the generalised
Hopf point. Time stepping simulations and a weakly nonlinear analysis have confirmed
these findings, and have also allowed us to characterise the homoclinic and heteroclinic
orbits connecting the fixed points, in full accordance with the predictions of the normal
form theory.

The most surprising result of the study is the existence of an almost perfect
codimension-three bifurcation in a problem characterised by only two control parameters.
Such a feature suggests that the problem could be quite sensible to any small perturbations
in a way such that small perturbations could completely change the scenario. We have
checked that the scenario is robust with respect to numerical discretisation issues (see
appendix D). The dependency with respect to additional physical parameters is more
interesting. The effect of compressibility is an interesting question which we expect to
investigate in future studies. Preliminary results have shown that for a Mach number of
order 0.1, the dynamics in the region of the near-codimension-three point is effectively
greatly modified. Other additional parameters, such as for instance shear or confinement,
could be added. Finally, one may question the relevance of the present findings for
three-dimensional flows. A short review of three-dimensional stability properties of
the rotating cylinder flow is given in appendix E. The discussion confirms that the
most important results of the present study occur in range of parameters where no
three-dimensional instabilities are present.
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Appendix A. Pseudo arc-length continuation

Arc-length continuation is a standard technique in dynamical systems theory. It allows
for the continuation of a given solution branch through a turning or fold point. At the
turning point the Jacobian of the system is singular; therefore, any iterative method based
on the Jacobian is doomed to failure. To prevent the stall in the convergence of the
Newton’s method, an extra condition needs to be added to the system of equations. In
the current study we have chosen a pseudo arc-length methodology, which is based in a
predictor–corrector strategy. The extended system adds an extra equation which ensures
the tangency to the branch of the solution. For that purpose, a parameter is chosen,
here either Re or α, and a monitor of the variation, either the horizontal force acting
on the cylinder surface Fx or the vertical force Fy . The parameter and the monitor are
parametrised by the length of the branch, here indicated by the parameter s. The current
solution is varied by a given step ∆s tangent to the solution branch and later corrected by
a orthogonal correction. Let us denote by the subscript j the arc-length iteration and by the
superscript n the Newton iteration of the corrector step, where N is used to denote the last
step. In the description below, let us consider without loss of generality we have fixed the
parameter α and the monitor Fx .

A.1. Predictor

The predictor step consists in the determination of a initial guess α0
j for the iteration j of

the arc length. The initial guess is determined from a tangent extrapolation of the solution
branch.

α0
j = αN

j−1 +
dαN

j−1

ds
∆s, (A 1a)

q0
j = qN

j−1 +
dqN

j−1

ds
∆s =⇒ Fx(q

0
j ) = Fx(q

N
j−1) +

dFx(q
N
j−1)

ds
∆s. (A 1b)

In (A 1), dαN
j−1/ds is the slope of the tangent in the α direction and dqN

j−1/ds in the
direction of the vector field. The tangent is computed from the differentiation of the
stationary Navier–Stokes equations (2.1)

dqN
j−1

ds
= −

[

∂NSqN
j−1

∂q

]−1 ∂NSqN
j−1

∂α
, (A 2)

where we have used the notation NSqN
j−1

= 0 to denote the steady incompressible

Navier–Stokes equation whose solution is qN
j−1. The tangent is completed with a

normalisation condition in the arc length

∥

∥

∥

∥

∥

dFx(q
N
j−1)

ds

∥

∥

∥

∥

∥

2

2

+
∥

∥

∥

∥

∥

dαN
j−1

ds

∥

∥

∥

∥

∥

2

2

= 1. (A 3)



905 A2-18 J. Sierra, D. Fabre, V. Citro and F. Giannetti

A.2. Corrector

This step consists in an orthogonal correction of the tangent guess. To do so one needs to
solve the following system of equations





∂NSqn

j

∂q

∂NSqn

j

∂α

dFx (q
n

j1)

ds
Fx(·)

dαn

j

ds





[

∆qn+1
j

∆αn+1
j

]

=
[

−NS(u)

∆s − dFx

ds
Fx(q

n

j − qN
j−1) − dα

ds
(αn

j − αN
j−1)

]

, (A 4)

where the last equation of (A 4) comes from the differentiation of the normalisation
condition (A 3) and considering that ∆αj = ∆αn+1

j + αn

j − αN
j−1 = αN

j − αN
j−1 (similarly

on q).

Appendix B. Weakly nonlinear analysis to determine the normal
form of the saddle-node bifurcation

Saddle-node bifurcation and homoclinic saddle-node bifurcation are locally
characterised by the normal form of the saddle-node bifurcation (see Kuznetsov 2013). In
the generic case, when a2(Re, α) /= 0 and a0(Re, α) /= 0 the central manifold is unravelled
by its second-order normal form

dx1

dt
= a0(Re, α) + a2(Re, α)x

2
1 + O(x

3
1). (B 1)

Coefficients a2(Re, α) /= 0 and a0(Re, α) /= 0 can be obtained with aid of weakly
nonlinear analysis. Let us consider the following transformations:

t = τ0 + ǫ2τ1, (B 2a)

d

dt
= d

dτ0
+ ǫ2 d

dτ1
, (B 2b)

Q = Qb + ǫq̂ + ǫ2q2, (B 2c)

where ǫ2 = (1/Rec) − (1/Re). The system at order ǫ0 is the incompressible Navier–Stokes
system that provides the base flow. The system at order ǫ1 is identical to the linearised
Navier–Stokes problem (2.3). At order ǫ2 secular term appears and solvability condition
must be imposed

a0 =

〈

û
†
,−τ(Ub)

〉

〈

û
†
, û

〉 , (B 3)

a2 =

〈

û
†
,−û∇û

〉

〈

û
†
, û

〉 . (B 4)

Here, û
† denotes the adjoint or left eigenvector of linearised Navier–Stokes equations

associated with the null eigenvalue.

Appendix C. WNL to determine the normal form of the Hopf bifurcation
degeneracy

Weakly nonlinear analysis has been used extensively in the case of Hopf
bifurcations to unravel the frequency of the limit cycle near the bifurcation threshold
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(see Gallaire et al. 2016) and to determine the validity of stability analysis on the mean
flow (see Sipp & Lebedev 2007). In this article WNL analysis is used to determine the
existence of a generalised Hopf bifurcation (see § 3.6). The starting point of the weakly
nonlinear method is the decomposition of the flow field into multiple scales

Q = Qb + ǫ
[

Awnlq̂ eiω0t + c.c.
]

+ ǫ2
[

q2,0 + |Awnl|q|Awnl|
2,0 + (A2

wnlq2,2 e2iω0t + c.c.)
]

+ ǫ3
[

Awnl eiω0t
(

q3,1 + |Awnl|2q
|Awnl|2
3,1 + |Awnl|2q

AwnlĀwnl

3,1

)

+ A3
wnl e3iω0tq3,3 + c.c.

]

+ ǫ4
[

q4,0 + |Awnl|2q
|Awnl|2
4,0 + |Awnl|4q

|Awnl|4
4,0

+A2
wnl e2iω0t

(

q4,2 + |Awnl|2q
|Awnl|2
4,2

)

+ A4
wnl e4iω0tq4,4 + c.c.

]

+ O(ǫ5), (C 1a)

where the complex amplitude Awnl depends upon a slow time scale τ = ǫ2t. The choice
of the parameter ǫ is the same as in Fabre et al. (2019), ǫ2 = 1/Rec(α) − 1/Re, where
the critical Reynolds Rec(α) is a function of the rotation rate α. When the ansatz (C 1)
is substituted into the Navier–Stokes equations, at orders O(ǫ3) and O(ǫ5) solvability
conditions need to be imposed due to the presence of secular terms which lead to a
Stuart–Landau equation depending upon the slow time scale τ

∂Awnl

∂τ
= (λ0 + ǫ2

λ1)Awnl + (ν1,0 + ǫ2ν1,1)|Awnl|2Awnl + ǫ2ν2,0|Awnl|4Awnl. (C 2)

If we take into account the definition of the slow time scale τ = ǫ2t, the fact that up to
leading order O(ǫ) we have dAwnl/dt = iω0ǫAwnl and we define a new amplitude which
depends on ǫ as A = ǫAwnl we can rewrite (C 2) as

dA

dt
= (iω0 + ǫ2

λ0 + ǫ4
λ1)A + (ν1,0 + ǫ2ν1,1)|A|2A + ν2,0|A|4A. (C 3)

In the following we consider that the eigenmode q̂ and its adjoint q̂
† have been normalised

so that ||q̂||2
B

=
〈

q̂,Bq̂
〉

=
〈

û, û
〉

= 1 and
〈

q̂
†
,Bq̂

〉

=
〈

û
†
, û

〉

= 1. This normalisation is the

same as that one used in the self-consistent methodology (see Mantič-Lugo et al. 2014):
with this choice, A is a real constant representing the amplitude of the linear mode with
respect to its L2 norm. In the following we will use the notation LNS iωq = iωBq −
LNSq to denote the application of the linearised operator at a specific frequency ω.

The ansatz (C 1) is substituted into the incompressible Navier–Stokes equations (2.1):

(i) Order O(ǫ0) leads to the steady-state Navier–Stokes equations (2.1).
(ii) Order O(ǫ1) leads to the linearised Navier–Stokes equations (2.3).

(iii) Order O(ǫ2) contains three terms, which are computed as the solution of three linear
systems:

LNS0q2,0 = −2∇ · (d(Ub)), (C 4a)

LNS0u
|Awnl|
2,0 = −q̂ · ∇ ¯̂u + ¯̂u · ∇q̂, (C 4b)

LNS2iω0 u2,2 = −û · ∇û. (C 4c)
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(iv) At order O(ǫ3) there are degenerate terms, i.e. terms corresponding to the frequency
iω0. The operator LNS iω0 is not injective (q̂ belongs to its kernel) and it is not

surjective because q̂
† belongs to the kernel of its adjoint and the operator is Fredholm

in L2. Therefore we need to impose solvability conditions in order to obtain terms

q3,1, q
|Awnl|2
3,1 and q

AwnlĀwnl

3,1 . Solvability conditions at O(ǫ3) correspond to

µ1 = −

〈

û
†
, û · ∇u

|Awnl|
2,0 + u

|Awnl|
2,0 · ∇û

〉

〈

û
†
, û

〉 , (C 5)

µ2 = −

〈

û
†
, ¯̂u · ∇u2,2 + u2,2 · ∇ ¯̂u

〉

〈

û
†
, û

〉 , (C 6)

λ0 = −

〈

û
†
, û · ∇u2,0 + u2,0 · ∇û + 2∇ · (d(û))

〉

〈

û
†
, û

〉 , (C 7)

where µ1 + µ2 = ν1,0. Additionally, given the fact that L2 is a Hilbert space and the
operator is Fredholm, the space can be decomposed into a direct sum of the range of
the operator LNS iω0 and the kernel of its adjoint. This implies that secular terms are
determined up to a constant in the direction of the eigenmode q̂, i.e. q3,1 → q3,1 +
δ0q̂, δ0 ∈ R. This degree of freedom is fixed by considering δ0 = 0, i.e. each secular

term is orthogonal to the linear adjoint mode q̂
† in the norm B, i.e.

〈

q̂
†
,Bq3,1

〉

= 0.

This choice for the extra degree of freedom has been also used in Carini, Auteri &
Giannetti (2015). This leads to

(

LNS iω0 −Bq̂

q̂
†H
B 0

) (

q3,1

λ0

)

=
(

F 3,1

0

)

(C 8)

and similarly for pairs (q
|Awnl|2
3,1 , µ1) and (q

AwnlĀwnl

3,1 , µ2 replacing F 3,1 by F
|Awnl|2
3,1 and

F
AwnlĀwnl

3,1 respectively. Please note that

F 3,1 = −û · ∇u2,0 − u2,0 · ∇û − 2∇ · (d(û))

F
|Awnl|2
3,1 = −û · ∇u

|Awnl|
2,0 − u

|Awnl|
2,0 · ∇û

F
AwnlĀwnl

3,1 = −¯̂u · ∇u2,2 − u2,2 · ∇ ¯̂u















. (C 9)

The other non-resonant term is solved as usually,

LNS3iω0 q3,3 = F 3,3 = −û · ∇u2,2 − u2,2 · ∇û. (C 10)
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(v) At order O(ǫ4) we find six terms which are solved by the resolution of the following
linear systems

LNS0q4,0 = F 4,0

LNS0q
|Awnl|2
4,0 = F

|Awnl|2
4,0

LNS0q
|Awnl|4
4,0 = F

|Awnl|4
4,0

LNS2iω0 q4,2 = F 4,2

LNS2iω0 q
|Awnl|2
4,2 = F

|Awnl|2
4,2

LNS4iω0 q4,4 = F 4,4































































, (C 11)

where the right-hand side terms are

F 4,0 = −u2,0 · ∇u2,0 − 2∇ · d(u2,0), (C 12)

F
|Awnl|2
4,0 = −u3,1 · ∇ ¯̂u − ¯̂u · ∇u3,1 − ū3,1 · ∇û − û · ∇ū3,1

− u2,0 · ∇u
|Awnl|2
2,0 u

|Awnl|2
2,0 · ∇u2,0, (C 13)

F
|Awnl|4
4,0 = −u2,2 · ∇ū2,2 − ū2,2 · ∇u2,2 − u

|Awnl|2
2,0 · ∇ − u

|Awnl|2
2,0

− u
|Awnl|2
3,1 · ∇ ¯̂u − ¯̂u · ∇u

|Awnl|2
3,1 − ū

|Awnl|2
3,1 · ∇û − û · ∇ū

|Awnl|2
3,1

− u
AwnlĀwnl

3,1 · ∇ ¯̂u − ¯̂u · ∇u
AwnlĀwnl

3,1 − ū
AwnlĀwnl

3,1 · ∇û − û · ∇ū
AwnlĀwnl

3,1 , (C 14)

F 4,2 = −u
|A|2wnl

2,0 · ∇u2,0 − u2,0 · ∇u
|A|2wnl

2,0 − u3,1 · ∇û − û · ∇u3,1

− 2∇ · d(u2,2), (C 15)

F
|Awnl|2
4,2 = −u2,0 · ∇u2,2 − u2,2 · ∇u2,0 − u

|Awnl|2
3,1 · ∇û − û · ∇u

|Awnl|2
3,1

− u
AwnlĀwnl

3,1 · ∇û − û · ∇u
AwnlĀwnl

3,1 − u3,3 · ∇ ¯̂u − ¯̂u · ∇u3,3, (C 16)

F 4,4 = −u2,2 · ∇u2,2 − u3,3 · ∇û − û · ∇u3,3. (C 17)

(vi) At order O(ǫ5) we find three degenerate terms proportional to Awnl, Awnl|Awnl|2 and
Awnl|Awnl|4. As for the case of the third-order solvability conditions, they lead to the
computation of coefficients λ1, ν1,1 and ν2,0

λ1 =
〈

û
†
, F 5,1

〉

ν1,1 =
〈

û
†
, F

Awnl|Awnl|2
5,1

〉

ν2,0 =
〈

û
†
, F

Awnl|Awnl|4
5,1

〉



























, (C 18)
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where F 5,1, F
|Awnl|2
5,1 and F

|Awnl|4
5,1 are defined as follows:

F 5,1 = −u2,0 · ∇u3,1 − u2,0 · ∇u3,1 − u4,0 · ∇û − û · ∇u4,0

− 2∇ · d(u3,1), (C 19)

F
Awnl|Awnl|2
5,1 = −u2,0 · ∇u

|Awnl|2
3,0 − u

|Awnl|2
3,0 · ∇u2,0

− u2,0 · ∇u
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AwnlĀwnl

3,0 · ∇u2,0

− u
|Awnl|2
2,0 · ∇u3,1 − u3,1 · ∇u

|Awnl|2
2,0

− u2,2 · ∇ū3,1 − ū3,1 · ∇u2,2

− û · ∇u
|Awnl|2
4,0 − u

|Awnl|2
4,0 · ∇û

− ¯̂u · ∇u
A2

wnl
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A2

wnl

4,0 · ∇ ¯̂u

− 2∇ · d(u
|Awnl|2
3,0 ) − 2∇ · d(u

AwnlĀwnl

3,0 ), (C 20)
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Awnl|Awnl|4
5,1 = −u
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2,0 · ∇u

|Awnl|2
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3,0 · ∇u

|Awnl|2
2,0
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|Awnl|2
2,0 · ∇u
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3,0 − u
AwnlĀwnl

3,0 · ∇u
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− u2,2 · ∇ū
|Awnl|2
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|Awnl|2
3,0 · ∇u2,2

− u2,2 · ∇ū
AwnlĀwnl

3,0 − ū
AwnlĀwnl

3,0 · ∇u2,0

− u
|Awnl|4
4,0 · ∇ ¯̂u − ¯̂u · ∇u

|Awnl|4
4,0

− u
A2

wnl|Awnl|2
4,0 · ∇ ¯̂u − ¯̂u · ∇u

A2
wnl|Awnl|2

4,0

− ū2,2 · ∇u3,3 − u3,3 · ∇ū2,2. (C 21)

Appendix D. Mesh convergence

Mesh independence of the solutions has been verified systematically. First, we have
considered a given mesh refinement and varied the physical size of the domain, see table 2.
We have observed that for a domain length of 80 diameters downstream the cylinder
centre, 40 diameters upstream the cylinder centre and 40 in the cross-stream direction
the solution is not affected by the imposition of boundary conditions. Secondly, we have
looked at the effect of the mesh refinement on the properties of the solution. For that
purpose a parametric study of eigenvalues, Hopf WNL coefficients and global monitors
of a given steady-state solution have been carried out, see (table 3). The sensitivity to
mesh convergence of cusp and Takens–Bogdanov bifurcation points has been also tested.
Results show that each of them is found within ∆Rec < 0.2. Every mesh is computed by
Delaunay triangulation. Mesh M1 has been generated by blocks, as it is generally done
with structured meshes; M2 and M3 have been computed following the mesh adaption
procedure described in Fabre et al. (2019, appendix A), with respect to base flow only
and with respect to base flow and direct mode structure; M4 and M5 are the consequence
of successive division of each triangle edge by two and four respectively, with respect to
mesh M3. The mesh selected for this study is M1 which provides results within the one per
cent of relative error with respect to the finest mesh. One of the reasons that led us not
to use mesh adaptation is the fact that the structure of the mode greatly changes within
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Mesh Xmin Xmax Ymax Method

M1 −40 80 40 Meshed by blocks
M2 −40 80 40 Adapted BF
M3 −40 80 40 Adapted BF + EM
M4 −40 80 40 Adapted BF + EM + (split 2)

M5 −40 80 40 Adapted BF + EM + (split 4)

M6 −20 40 20 Meshed by blocks

TABLE 2. Geometrical parameters of the physical domain of meshes Mi and the method
adopted for their generation.

Mesh ωc αc Fx Fy µ1 µ2 Np

M1 0.3057 4.433 −0.0107 10.712 −0.0348 + 0.0669i 0.0334 − 0.0231i 32 291
M2 0.3035 4.447 −0.0028 10.791 −0.0442 + 0.0548i 0.0469 − 0.0553i 1966
M3 0.3067 4.429 −0.0146 10.700 −0.0351 + 0.0663i 0.0330 − 0.0232i 7682
M4 0.3075 4.424 −0.0160 10.675 −0.0349 + 0.0655i 0.03290 − 0.0227i 30 364
M5 0.3027 4.444 −0.0142 10.772 −0.0349 + 0.0691i 0.0342 − 0.0240i 120 728
M6 0.3078 4.4486 −0.0575 10.7844 −0.0343 + 0.0695i 0.0324 − 0.0219i 8089
M7 0.3053 4.4308 −0.0226 10.7018 −0.0354 + 0.0669i 0.0336 − 0.0231i 72 088

TABLE 3. Comparison of the performance of several meshes at Rec = 170.

the parameter range (Re, α) investigated: this would have required many successive mesh
adaptions.

Appendix E: Three-dimensional stability of steady-state solutions

In this section, we review three-dimensional stability studies carried out by Pralits et al.

(2013), Rao et al. (2013a,b), Radi et al. (2013) and Rao et al. (2015).
It is now well known the secondary three-dimensional transition from a

two-dimensional unsteady flow towards a three-dimensional flow at Re ≈ 190 and α = 0,
see Williamson (1996). Vortices in the wake of the fixed cylinder, i.e. α = 0, develop
spanwise waviness whose wavelength is approximatelyfour cylinder diameters. The
rotation of the cylinder surface on this linear steady mode, denoted as Mode A in Rao
et al. (2015), has a stabilising effect for rotation rates α < 1, see figure 12.

Instead, if we consider the stability of an infinitesimal spanwise perturbation on a
steady-state solution, the flow displays spanwise waviness at a much lower Reynolds
number Re ≈ 100 and α = 0. The onset of instability of this stationary mode, denoted
as Mode E in Rao et al. (2015), is shown in figure 12 as a function of (Re, α).

In the same region of existence of the unsteady two-dimensional Mode II, experimental
evidence has shown the presence of a three-dimensional mode, see Linh (2011). A steady
three-dimensional mode, here denoted as Mode II-3D, extends to lower Reynolds values
than the two-dimensional threshold of the non-rotating cylinder, and for a larger interval
in α than the two-dimensional Mode II. The instability mechanism of Mode II-3D is of
hyperbolic nature, see Pralits et al. (2013).
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FIGURE 12. Neutral stability curves in the range Re ∈ [0, 200] and α ∈ [0, 10]. Black and
grey lines are used to denote two-dimensional local bifurcations whereas red lines are used
to designate the boundaries of three-dimensional local bifurcations. Dashed and point-dashed
lines indicate the presence of a stationary bifurcation boundary, solid lines are used to designate
unsteady bifurcation boundaries.

Finally, note that the occurrence of two unstable modes has also been documented in
the flow past rotating spheres (Citro et al. 2016; Fabre et al. 2017). However, the spatial
structure of the direct and adjoint modes for our geometrical configuration is very different
with respect to the case of the rotating sphere flow.
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Sensitivity of periodic solutions of time-dependent partial differential equations is com-

monly computed using time-consuming direct and adjoint time integrations. Particular 

attention must be provided to the periodicity condition in order to obtain accurate results. 

Furthermore, stabilization techniques are required if the orbit is unstable. The present 

article aims to propose an alternative methodology to evaluate the sensitivity of periodic 

flows via the Fourier–Galerkin method. Unstable periodic orbits are directly computed 

and continued without any stabilizing technique. The stability of the periodic state is 

determined via Hill’s method: the frequency-domain counterpart of Floquet analysis. 

Sensitivity maps, used for open-loop control and physical instability identification, are 

directly evaluated using the adjoint of the projected operator. Furthermore, we propose 

an efficient and robust iterative algorithm for the resolution of underlying linear systems. 

First of all, the new approach is applied on the Feigenbaum route to chaos in the Lorenz 

system. Second, the transition to a three-dimensional state in the periodic vortex-shedding 

past a circular cylinder is investigated. Such a flow case allows the validation of the 

sensitivity approach by a systematic comparison with previous results presented in the 

literature. Finally, the transition to a quasi-periodic state past two side-by-side cylinders 

is considered. These last two cases also served to test the performance of the proposed 

iterative algorithm.

 2021 Elsevier Inc. All rights reserved.

1. Introduction

Steady and periodic states of continuous and discrete dynamical systems are the two simplest cases of invariant sets 

which are of fundamental importance to characterize dynamics and to design efficient control strategies. Limit cycles may 

be found in almost every field of physics and applied mathematics. Some complex structures of the phase space, such as 

invariant tori or some strange attractors, may be preceded by a stable periodic solution. The continuation of these periodic 

solutions beyond their domain of stability may help unravel some stochastic properties of these complex organizations, i.e., 

Lyapunov exponents, entropy, natural measure, etc., cf. Cvitanovic [1]. Stability and sensitivity calculations require robust 

and efficient numerical algorithms for their computation. Concerning uniquely the computation of the periodic orbits there 

exist two groups of methods: local methods which aim to determine a point of the periodic orbit and which is set as the 
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initial value for further integration, and global methods that aim to reconstruct the whole solution without time integration. 

Among local methods, one may find the direct integration of the governing equations and the shooting technique. The latter 

minimizes the distance to the periodic orbit via an iterative procedure, which leads to an improvement on the convergence 

rate with respect to the simple time integration. These methods, without further modifications, however, fail to compute 

unstable periodic orbits (UPO) and, in some cases, they are characterized by a low convergence rate. Some of the stabi-

lization techniques applied to UPO are the recursive projection method (RPM) [2] or the residual recombination approach 

(BoostConv) [3]. Global methods, on the other hand, seek for direct representation of the sought solution on a given basis 

in a weighted residual approach. In this way, one may distinguish among trigonometric or orthogonal collocation, whose 

weight basis is composed of Dirac delta functions and its ansatz is either a Fourier or polynomial basis respectively, and 

Fourier–Galerkin or harmonic balance, whose weight and ansatz basis is composed of Fourier functions. Collocation methods 

are common in numerical continuation tools, such as AUTO [4] and MatCont [5,6], due to their robustness and generality. 

They are able to compute not only periodic solutions but also homoclinic or heteroclinic connections. Fourier–Galerkin uses 

trigonometric base functions as ansatz as well as weight functions. Fourier base functions possess interesting properties: 

they are by definition periodic, easy to compute, and provide rapid convergence whenever the solution is smooth.

Similarly, the stability of periodic orbits may be carried out in a local or global manner. In the local approach, the com-

putation of Floquet multipliers is realized by a power iteration or Arnoldi algorithm via a matrix-free approach which 

reconstructs a faithful projection of the monodromy matrix. On the contrary, global methods directly reconstruct the 

monodromy matrix, either in the time or frequency domain, which generally allows more accurate results with faster con-

vergence. The algorithm for the evaluation of sensitivity quantities is composed of two main building blocks: computation 

of a periodic solution and resolution of its direct and adjoint linear stability problems. Accordingly, efficient and simpler 

numerical techniques for the resolution of both problems imply faster and easier evaluations of sensitivity quantities. Such 

a constraint leads us to discard local methods due to their slow rate of convergence towards the periodic state. Furthermore, 

given that the nature of the orbit is periodic, every sensitivity equation shall also be. The periodicity requirement is critical 

in the calculation of accurate sensitivity maps, such as those computed by Giannetti et al. [7]. Therefore, a methodology that 

respects such a constraint seems a natural choice. The present study presents in a systematic manner the computation of 

stability and sensitivity of periodic solutions of discretizations of PDEs (resp. solutions to a system of ODE) via the Fourier–

Galerkin method where the determination of its stability is carried out by Floquet or Hill’s theory. Authors follow the new 

framework developed by Giannetti et al. [8] to investigate the sensitivity of periodic orbits. Giannetti et al. [8] studied the 

sensitivity of the three-dimensional secondary instability of the wake to a structural perturbation of the associated linear 

equations. The region of maximum coupling between the velocity components was found using the most unstable Floquet 

mode and its adjoint mode. The authors reported also the variation of this region in time by considering a structural per-

turbation that is impulsively applied in time at a given phase of the vortex-shedding process. The present approach can be 

considered an efficient and effective approximation of the framework proposed in Giannetti et al. [8,7].

The text is structured as follows: first, the methodology for the computation of a periodic orbit and the evaluation 

of its stability is introduced in section 2. The Fourier–Galerkin method is introduced in section 2.1 and section 2.2 is 

dedicated to the evolution equations with quadratic nonlinearities, e.g., Lorenz-like systems or Navier–Stokes equations. 

Floquet stability is reviewed in a general context in section 2.3, which is then particularized to the frequency domain 

in section 2.4. Sensitivity computations are later introduced in section 2.5. Section 2.6 addresses the numerical solution of 

the large algebraic systems in a parallel context via iterative methods. Finally, the study is concluded by some numerical 

examples. At first, we show the ability of the present methodology to track the route to chaos via period-doubling in 

the Lorenz system. Sections 3.2 and 3.3 are then dedicated to two fluid flow cases to discuss the performance of the 

methodology and to demonstrate the utility of sensitivity maps in the identification of physical instability mechanisms.

2. Methodology

2.1. Periodic boundary value problem

Let us start with a generic autonomous class of evolution equations of the form:

B
∂q

∂t
= F(q,ν), q(t + T ) = q(t), (1)

where B is a linear operator, F is a nonlinear operator on a Hilbert space X with inner product 〈·, ·〉, and ν ∈ Rp the set 

of parameters. In this way, both differential algebraic problems (DAE) and evolutionary partial differential equations (PDE) 

are included. Natural Hilbert spaces for the infinite-dimensional case are Sobolev spaces, see Kapitula and Promislow [9], 

whereas in finite dimensions we will generally consider Rn . In the following, we assume that the nonlinear operator F is of 

quadratic type, i.e., F(q) = Lq + N(q, q), where L and N(·, ·) are linear and quadratic nonlinear operators, respectively. This 

choice will be clear later in section 2.2, however note that many analytical functions can be recast in this way, see Guillot 

et al. [10].

2
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2.2. The Fourier–Galerkin method for periodic boundary problems

The solution of eq. (1) is T -periodic. Therefore, it seems a natural choice to parametrize any T -periodic orbit q∗ , in a 

t mod T basis, i.e., a Fourier basis. For that purpose, let us consider the Fourier–Galerkin method, also denoted harmonic 

balance (HB) in the literature, cf. [11,12]. Fourier–Galerkin can be seen as a weighted residual approach for a periodic ansatz 

and weight functions. Fourier base functions present the advantage of being easy to compute and provide fast convergence 

in smooth cases.

We start our analysis by introducing the Fourier–Galerkin projection operator πN onto the Fourier basis as follows:

πN : X × R → X × (Z/(2N + 1)Z)

πN(q) = qh(t) = q0 +
∑N

n=1

[

qc,n cos(nωt) + qs,n sin(nωt)
]

=
[

q0,q1,c,q1,s, ...,qN,c,qN,s

]

︸ ︷︷ ︸

(Q(τ ,N))T

[

1, cos(ωt), sin(ωt), ..., cos(Nωt), sin(Nωt)
]

︸ ︷︷ ︸

FN

,
(2)

where Q(τ ,N) are the 2N + 1 Fourier coefficients of the approximated solution qh and FN is the Fourier basis in sine/cosine 

components. The ansatz qh(t) and its derivative are smooth T -periodic functions.

The residual is defined as the difference between the nonlinear and the time-derivative term, which is expressed as 

follows:

r : X × R → X × R

r(q,
∂q
∂t

, t) = B
∂q
∂t

− F(q).
(3)

Following the Fourier–Galerkin or Bubnov–Galerkin method in the Fourier basis, the governing equations of HB are 

obtained by integrating the truncated residual equations weighted by the Fourier basis over a period T = 2π
ω . The obtained 

residual is called the truncated residual:

r̂h : X × (Z/(2N + 1)Z) → X × (Z/(2N + 1)Z)

r̂h(QN ,ω) =
∫ 2π

ω
0 rh(qh,

∂qh
∂t

, t)TFN dt = 0,
(4)

where

rh(qh,
∂qh

∂t
, t) = B

∂qh

∂t
− F(qh). (5)

Equation (5) provides 2N + 1 equations for 2N + 2 unknowns in the autonomous case. Autonomous systems present a 

continuous symmetry, i.e., q(t + ξ) is also a periodic solution with an arbitrary ξ phase. The phase of the limit cycle 

remains to be fixed. This is usually done by imposing a condition at t = 0, i.e., g(q, 
∂q
∂t

, 0) = 0 or an orthogonality condition 
∫ T
0 F(qh)

T qhdt = 0. Equation (5) corresponds to balancing each harmonic individually, that is to have null Fourier coefficients 

of the truncated residual.

Fourier–Galerkin equations So far, the procedure to obtain a periodic orbit remains general. Now, without loss of generality, 

we shall consider the case where the nonlinear flow is of quadratic type. This constraint is far from being restrictive since 

many evolution problems can be recasted in this form, see Cochelin et al. [13] for the finite-dimensional case. Under these 

assumptions, eq. (5) takes the form:

0 = Lq0 +N0

nωBqn,s = Lqn,c +Nn,c, n = 1, . . . ,N

−nωBqn,c = Lqn,s +Nn,s, n = 1, . . . ,N

gh(qh) = 0.

(6)

For the sake of brevity, Fourier coefficients Ni are not developed as functions of Q(τ ,N) , see appendix A for an explicit 

description of these terms. Formally, eq. (6) will be denoted as:

0 = −ωB̃Q(τ ,N) + L̃Q(τ ,N) + Ñ(Q(τ ,N),Q(τ ,N)) = r̃(Q(τ ,N)), (7)

where operators B̃, L̃, and Ñ(·, ·) are detailed in appendix A and it is assumed that the phase of the limit cycle has been 

fixed.
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Remark 1. It is here highlighted that if one desires to compute a 2T -periodic solution q̃∗ , since a 2T -periodic solution is 

also T -periodic, the current strategy requires some modifications. The methodology is adapted by doubling the number of 

harmonics to 2N: the odd harmonics of the initial guess coincide with those of the T -periodic solution, and even modes 

are initialized to zero or to the Floquet mode associated with a period-doubling bifurcation, see section 2.4.

Finally, we briefly recall that Stokes [14] provided a dedicated theorem about the convergence of eq. (7). In particular, 

if the exact problem eq. (1) possesses a solution q∗ of period T = 2π
ω , then the solution [Qτ ,N , ωτ ,N ] of the system eq. (7), 

for sufficiently large N , converges to the exact solution q∗ if the monodromy matrix possesses a unique Floquet multiplier 

of multiplicity one.

Remark 2. In the original work of Stokes [14], where the theorem was originally proved, the main hypothesis was the non-

criticality of the periodic solution, i.e., the periodic orbit is isolated in the phase space: the neutral Floquet multiplier is of 

multiplicity one.

2.3. Floquet-time stability theory

In this section, the Floquet theory of finite-dimensional systems in RN is addressed. Unfortunately, there does not exist 

a general theory for time-periodic PDEs but some particular cases have been already tackled, see parabolic and hyperbolic 

evolution problems in Kuchement [15, Chapter 5] and references therein. For the sake of self-consistency, let us introduce a 

set of classical definitions in the study of dynamical systems.

For the sake of self-consistency, let us introduce a set of classical definitions in the study of dynamical systems.

Let t → q∗(t) be a T -periodic solution of eq. (1) for a given set of parameters ν∗ ∈ Rp . The associated flow of eq. (1) is 

denoted by ϕ(t; q0), which solves B ∂q
∂t

= F(q, ν) with q(0) = q0 .

Furthermore, we consider a codimension one hypersurface S , chosen in such a way that every trajectory that crosses S in 

a neighborhood of the intersection point o ∈ S of the periodic orbit with the surface S intersects transversally and in the 

same direction, see Kuznetsov [16]. Such a section S is denoted as Poincaré section. Thanks to the Poincaré section, let us 

define the Poincaré map or return map P(o):

P(o) := PS(o) = ϕ(T S(o);o), (8)

where T S (o) is the return time and it coincides with the period T of the periodic orbit when o∗ is a fixed point, i.e., 

o∗ = P(o∗):

o −−−→
q→q∗

o∗ implies T S(o) → T .

The linear stability of the T -periodic orbit q∗(t) can be studied by checking the evolution of the perturbed distance δq(t)

to the T -periodic orbit q∗:

δq(t) = ϕ(t;q∗ + δq0) − ϕ(t;q∗), with δq(0) = δq0. (9)

Measuring the distance after a period yields:

δq(T ) = ϕ(T ;q∗ + δq0) − ϕ(T ;q∗) =
∂ϕ(T ;q∗)

∂q
δq0 + O (||δq0||

2), (10)

where in the last expression appears the monodromy matrix
∂ϕ(T ;q∗)

∂q
. To find another representation of the monodromy 

matrix, consider the following evolution equation:

B
∂

∂t

∂ϕ(t;q∗)

∂q
=

∂F(ϕ, λ∗)

∂ϕ

∂ϕ(t;q∗)

∂q
,

∂ϕ(0;q∗)

∂q
= I. (11)

Consequently, the monodromy matrix will be denoted by �(T ) =
∂ϕ(T ;q∗)

∂q
, where the fundamental solution matrix �(t) ∈

M(R)N×N satisfies the following matrix initial-value problem:

B
∂�

∂t
=

∂F

∂q
(q∗, λ∗)�, �(0) = I. (12)

The spectrum of the monodromy matrix is composed of an eigenvalue µ = 1, due to the translation invariance of the 

periodic orbit and another set of N − 1 eigenvalues. Due to the definition of the Poincaré map, it is not difficult to observe 

that the other N −1 eigenvalues of the Jacobian operator coincide with those of the derivative of the Poincaré map DP (o∗), 

see the book of Seydel [17] and references therein for a proof.
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Thanks to Floquet’s theorem, the perturbation δq(t) is written as:

δq(t) =

N
∑

n=1

cnδqn(t),

where fundamental solutions δqn can be rewritten in the Floquet’s normal form:

δqn(t) = eλntpn(t), (13)

where pn is a T -periodic vector and λn are called the Floquet exponents. They are related to the eigenvalues µn of the 

monodromy matrix, also called Floquet multipliers, by the following relation: λn =
log(µn)

T
+ ikω for k ∈ Z. To see this relation, 

consider linear independence of fundamental solutions and let us substitute the Floquet’s normal form into eq. (10). Then, 

we are left with the following expression:

µnpn(0) =
∂ϕ(T ;q∗)

∂q
pn(0) ⇐⇒ λnBpn =

[

− B
∂

∂t
+

∂F(q∗, λ)

∂q

]

pn. (14)

2.4. Hill’s method

In section 2.3, we have carried out a brief review of the stability of periodic orbits. Here, we aim to determine an efficient 

algorithm for the solution of the Floquet stability eq. (14). Prior to the discussion of the algorithm, please note the following 

analogy between the HBM parametrization of the autonomous problem eq. (1) and the Poincaré map, introduced in eq. (8). 

Phase condition may be interpreted as the parametrization of a codimension one hypersurface. Then, the T -periodic solution 

q∗
h
taken at nT instants, n ∈ N , is a fixed point of the Poincaré map. As discussed in section 2.3, eigenvalues of the derivative 

of the Poincaré map determine the stability of the periodic orbit, and these arise as a subproduct of the computation of the 

periodic orbit.

Nevertheless, this procedure to determine the Floquet stability would break the continuous symmetry, i.e., the phase is 

fixed, then the neutral Floquet multiplier, i.e., µ = 1, would not be in the spectrum set. Therefore, in practice, the phase 

condition is left in the stability study.

The Fourier–Galerkin form of Floquet stability eq. (14) consists in the projection onto the finite Fourier space X × (Z/(2N +

1)Z), i.e., on a finite Fourier series.

The Floquet stability problem in the Fourier–Galerkin basis can be formally expressed with the following generalized 

eigenvalue problem:

λ(τ ,N) diag(B)2N+1P
(τ ,N) = D r̃(Q(τ ,N))P(τ ,N)

where D r̃(Q(τ ,N))P(τ ,N) =
[

− ωB̃+ L̃+ DÑ(Q(τ ,N))
]

P(τ ,N),
(15)

where P(τ ,N) =
[

p0, p1,c, p1,s, ..., pN,c, pN,s

]T
is the finite Fourier decomposition of the periodic eigenvector p(t) and λ(τ ,N)

is the approximation of the Floquet exponent defined eq. (13).

Please note that the explicit definition of the derivative of the residual operator D r̃(Q(τ ,N)) can be found in appendix A.

As depicted in Fig. 1, Floquet exponents are not unique in the complex field C, nevertheless they are in C/iωR. Let us 

consider the finite-dimensional case, i.e., q∗ ∈ Rn . In such a case, the Floquet spectrum is of dimension n, i.e., there are n

eigenvalues in C/iωR. Nonetheless, the dimension of the Floquet HBM problem is (2N + 1)n, there are 2N + 1 in the same 

conjugacy class, i.e., λτ
k

= λτ
0 + ikω, k ∈ Z, where λτ

0 is the eigenvalue closest to the real axis in the complex plane.

This remark motivates the definition of the truncated spectra �N : this set of converged eigenvalues is a compact set in C

restricted to the strip Cω ≡ {z ∈ C : ω/2 ≤ Im(z) ≤ ω/2} (Fig. 2).

Notes on the convergence of the truncated spectra Since eq. (15) is a spectral approximation of the continuous problem eq. (10), 

an important aspect of the methodology is whether or not the eigenvalue λ and the eigenvector PN converge to the actual 

eigenvalue and eigenmode respectively. Zhou et al. [18] have partially answered this query. They proved the convergence of 

the truncated problem in the strip Cω ≡ {z ∈ C : ω/2 ≤ Im(z) ≤ ω/2} under the assumption that the nonlinear flow F (q, ν)

is piecewise C1[0, T ]. Likewise, Deconick et al. [19] proved the convergence of Hill’s method in the Floquet–Bloch theory, 

i.e., periodicity in space, for compact subsets of C. They proved the absence of spurious eigenvalues, i.e., an eigenvalue λn

which does not converge to any eigenvalue λ of the problem eq. (14) as the number of harmonics N → ∞. In the same 

reference, one may find for self-adjoint operators that for any eigenvalue λ of the monodromy operator, there exists a se-

quence {λN }∞N=1 such that limN→∞ |λN − λ| → 0 and with a spectral rate of convergence, i.e., |λN − λ| = O (N−p) for p ≥ 1, 

which has been later extended for a larger family of periodic differential operators by Jonshon et al. [20].
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Fig. 1. a) An unstable periodic orbit q∗ crossing the Poincaré section at point o∗ , and the evolution perturbed orbit q∗ + δq(t) from the point o1 . b) Floquet 
spectrum in terms of Floquet multipliers µn (resp. Floquet exponents λn on top figure) of an unstable periodic orbit q∗ . Red dots (square on the top figure) 
are associated to the unstable fundamental solution δq1(t) whereas gray markers denote the neutral Floquet eigenvalue. (For interpretation of the colors in 
the figure(s), the reader is referred to the web version of this article.)

Fig. 2. Local bifurcations of codimension one of periodic orbits. Spectrum in terms of Floquet exponents a), e), and h). Spectrum in terms of Floquet 
multipliers d), g), and j). Pitchfork bifurcation in a), b), and d). Fold bifurcation in a), c), and d). Period-doubling bifurcation in e), f), and g). Neimark–Sacker 
in h), i), and j).

Finally, let us contemplate other choices for the selection of the set of converged eigenvalues. Bentvelsen et al. [21] com-

pared different sorting algorithms to determine the set of converged eigenvalues and eigenmodes. They employed a sorting 

algorithm between elements in the same conjugacy class, i.e., λn = λ j + ikω. Numerical experiments reported a faster nu-

merical strategy to produce a set of converged eigenvalues, but such an approach is not yet rigorously justified. Such a 

sorting algorithm seems to be the preferred strategy for mechanical systems, see Lazarus et al. [22] and Guillot et al. [23].

For convenience, we introduce also the Floquet adjoint stability problem with respect to the natural inner product in the 

Fourier–Galerkin basis:

λ̄(τ ,N) diag(B)2N+1P
†(τ ,N) = D r̃T (Q(τ ,N))P†(τ ,N)

where D r̃T (Q(τ ,N))P†(τ ,N) =
[

− ωB̃T + L̃T + DÑT (Q(τ ,N))
]

P†(τ ,N),
(16)

where P†(τ ,N) =
[

p0, p
†
1,c, p

†
1,s, ..., p

†
N,c, p

†
N,s

]T
is the finite Fourier decomposition of the periodic adjoint eigenvector p†(t)

and the conjugate eigenvalue λ̄(τ ,N) is the approximation of the adjoint Floquet exponent.
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2.5. Sensitivity analysis for periodic orbits

This section is an introduction to sensitivity computations near a bifurcation point of the periodic solution. Among 

possible applications to sensitivity theory, one may find passive control or identification of underlying physical mechanisms 

leading to the instability.

Let us consider the infinitesimal perturbed problem of eq. (1) with respect to the state variable q:

B
∂(q∗ + δq)

∂t
= F(q∗ + δq,ν) + δH(q∗ + δq), q∗(t + T ) = q∗(t). (17)

A force-feedback perturbation δH(q∗ + δq) leads to changes in dynamics. The original work of Giannetti et al. [8] analyzed 

the effect of a local force-feedback δH(δq). For that purpose, authors introduced the concept of structural sensitivity tensor 

Ss to the secondary instability, i.e., a bifurcation of the Poincaré map associated with a T -periodic solution, which is the 

extension of the structural sensitivity tensor of bifurcations from a steady-state solution, introduced by Giannetti et al. [24]. 

The structural sensitivity measures the variation of a Floquet exponent δλ with respect to variations of the Floquet mode 

δp. In a second article, the same authors [7] introduced the sensitivity to variations in the periodic orbit q∗ itself. This 

tensor field is called sensitivity to baseflow variations, denoted as Sb . Analogously to the structural sensitivity, the sensitivity 

to baseflow variations measures the effect of a localized force-feedback δH(q∗). This leads to a variation in the Floquet 

exponent δλ with respect to variations of the periodic solution δq∗ . Sb is evaluated following a similar procedure to Ss . 

Nonetheless, one must take special care to ensure the uniqueness of Sb . Uniqueness is guaranteed by construction and the 

Fredholm alternative. For the sake of clarity, Sb will not be rigorously introduced because it would lead to another set of 

definitions to overcome this technical issue, the interested reader is referred to [7].

Instead, we have decided to introduce another interesting sensitivity map Sω , the sensitivity map to frequency variations 

of the limit cycle, which measures the variation of the frequency (resp. period) of the periodic state with respect to the 

introduction of a localized feedback. Furthermore, in the present section, authors introduce the novel harmonic sensitivity 

map S
n
s (resp. S

n
ω), which measures the effect of a structural harmonic perturbation. This last set of maps provides new 

insights into the harmonic nature of the instability. Each sensitivity quantity is directly computed in the frequency domain.

Let us begin with the averaged structural sensitivity tensor S̄s of a Floquet exponent λ:

S̄s(x) =

∫ T+t
t Mp⊗Mp†dt

∫ T+t
t

∫



Mp ·Mp†dxdt

. (18)

It is the operator whose contraction with a generic infinitesimal localized feedback operator in space provides: δλ = C1 :

S̄s(x0), where δH(δq) = δ(x − x0)C1 · δq, where δ(x − x0) is the Dirac distribution at x − x0 and C1 is a generic constant 

feedback matrix. In the sensitivity paradigm, it is also helpful to consider phase details of the structural sensitivity which 

are retrieved by considering impulsive structural perturbations applied in time at a precise phase of the periodic solution, 

i.e., at t = t0 . This consideration leads to the instantaneous structural sensitivity Ss :

Ss(x, t) =
Mp⊗ Mp†

∫ T+t
t

∫



Mp ·Mp†dxdt

. (19)

In such a case, the variation of the Floquet exponent δλ = C1 : Ss(x0, t0), where δH(δq) = δ
(

(t mod T ) − t0
)

δ
(

x − x0
)

C1 · δq, 

provides access to the phase. However, it fails to determine the harmonic nature of the instability. For such considerations, 

it is helpful to introduce a novel sensitivity map, the harmonic structural sensitivity S
n
s , where n indicates the harmonic 

number. The direct computation of the frequency spectra S
n
s is in general complex-valued. However, for the sake of self-

consistency with the previous methodology, S
n,(s|c)
s is the real harmonic structural sensitivity:

S
n,c
s (x) =

2

T

∫ T+t
t Mp⊗ Mp† cos(nωt)dt
∫ T+t
t

∫



Mp ·Mp†dxdt

S
n,s
s (x) =

2

T

∫ T+t
t Mp⊗Mp† sin(nωt)dt
∫ T+t
t

∫



Mp ·Mp†dxdt

,

(20)

where the structural perturbation δH(δq) = 2
T
cos(nωt)δ

(

x − x0
)

C1 · δq (resp. sin(nωt)) provides a variation of the Floquet 

exponent δλ = C1 : S
n,c
s (x0) (resp. S

n,s
s (x0)) due to a harmonic perturbation. The 2

T
term is simply a normalization factor.

Remark 3. In the original work of Giannetti et al. [8], M = B. The inclusion of the matrix M in the definition of the struc-

tural sensitivity was done to consider a particular set of variables instead of the whole set of variables. We highlight that 

definition eqs. (18) to (20) are valid for PDEs. Finite-dimensional systems do not depend on spatial coordinates. Therefore, 

there is no need to introduce a localized feedback force, i.e., δH(δq) = C1 · δq.

7
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The averaged structural sensitivity S̄
(τ ,N)
s associated to the Floquet exponent λ(τ ,N) in the Fourier–Galerkin basis can be 

expressed as:

S̄
(τ ,N)
s (x) =

Mp0 ⊗Mp
†
0 + 1

2

∑N
n=1Mpn,c ⊗Mp

†
n,c +Mpn,s ⊗Mp

†
n,s

∫



Mp0 ·Mp

†
0 + 1

2

∑N
n=1Mpn,c ·Mp

†
n,c +Mpn,s ·Mp

†
n,sdx

. (21)

Analogously, harmonic components may be written as:

S
n,c;(τ ,N)
s (x) = 2

T
∫ T+t
t

∫


 Mp·Mp†dxdt

(
[

Mpi,c ⊗Mp
†
0 +Mp0 ⊗Mp

†
i,c

]

+ 1
2

∑i−1
j=1

[

Mpi,c ⊗Mp
†
i− j,c −Mp j,s ⊗Mp

†
i− j,s

]

+ 1
2

∑N
j=i+1

[

Mp j,c ⊗Mp
†
j−i,c +Mp j−i,s ⊗Mp

†
j,s

]

+ 1
2

∑N
j=i+1

[

Mp j−i,c ⊗Mp
†
j,c +Mp j,s ⊗Mp

†
j−i,s

]
)

S
n,s;(τ ,N)
s (x) = 2

T
∫ T+t
t

∫


 Mp·Mp†dxdt

(
[

Mpi,s ⊗Mp
†
0 +Mp0 ⊗Mp

†
i,s

]

+ 1
2

∑i−1
j=1

[

Mpi,c ⊗Mp
†
i− j,s +Mp j,s ⊗Mp

†
i− j,c

]

− 1
2

∑N
j=i+1

[

Mp j,c ⊗Mp
†
j−i,s +Mp j−i,s ⊗Mp

†
j,c

]

+ 1
2

∑N
j=i+1

[

Mp j−i,c ⊗Mp
†
j,s +Mp j,s ⊗Mp

†
j−i,c

]
)

.

(22)

In a similar fashion, let us introduce the sensitivity tensor of frequency variations ω, here denoted as S̄ω :

S̄ω(x) =

∫ T
0 Mq∗ ⊗Mp

†
h
dt

∫ T
0

∫



M

∂q∗

∂t
·Mp

†
h
dxdt

, (23)

where p
†
h
is the adjoint Floquet mode associated to the neutral Floquet exponent λ = 0. S̄ω is the operator whose contraction 

with a generic infinitesimal localized feedback operator in space provides the variation of the frequency δω = C2 : Sω , where 

δH(q∗) = δ(x − x0)C2 · q∗ .

The instantaneous sensitivity tensor to frequency variations Sω is defined as:

Sω(x) =
Mq∗ ⊗Mp

†
h
dt

∫ T
0

∫



M

∂q∗

∂t
·Mp

†
h
dxdt

, (24)

where δω = C2 : Sω(x0, t0) and δH(δq) = δ
(

(t mod T ) − t0
)

δ
(

x − x0
)

C2 · q∗

Finally, let us introduce harmonic sensitivity to frequency variations maps S
n,c
ω and S

n,s
ω . They provide further information 

for the open-loop control of the periodic solution with harmonic forcing. These quantities are a generalization of the weakly 

nonlinear expansion introduced by Sipp [25] to perform harmonic control near the onset of unsteadiness. These sensitivity 

maps are introduced as weighted products with the Fourier basis:

S
n,c
ω (x) =

2

T

∫ T
0 Mq∗ ⊗Mp

†
h
cos(nωt)dt

∫ T
0

∫



M

∂q∗

∂t
·Mp

†
h
dxdt

S
n,s
ω (x) =

2

T

∫ T
0 Mq∗ ⊗Mp

†
h
sin(nωt)dt

∫ T
0

∫



M

∂q∗

∂t
·Mp

†
h
dxdt

,

(25)

where the structural perturbation δH(δq) = 2
T
cos(nωt)δ

(

x − x0
)

C2 · q∗ , resp. sin(nωt), provides a variation of oscillating 

frequency δω = C2 : S
n,c
ω (x0), resp. S

n,s
ω (x0), due to an harmonic perturbation. Eventually, the sensitivity of the frequency 

S̄
(τ ,N)
ω in the Fourier–Galerkin basis is computed as:

S̄
(τ ,N)
ω (x) =

Mq∗
0 ⊗Mp

†
h;0 + 1

2

∑N
n=1Mq∗

n,c ⊗Mp
†
h;n,c

+Mq∗
n,s ⊗ Mp

†
h;n,s

ω
2

∫




∑N
n=1 n

[

Mq∗
n,s ·Mp

†
n,c −Mq∗

n,c ·Mp
†
n,s

]

dx
, (26)

and harmonic sensitivity tensors S
n,c;(τ ,N)
ω and S

n,s;(τ ,N)
ω in the Fourier–Galerkin basis:

8
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S
n,c;(τ ,N)
s (x) = 2

T
∫ T+t
t

∫


 Mq∗·Mp
†
h
dxdt

(
[

Mq∗
i,c ⊗Mp

†
h;0 +Mq∗

0 ⊗Mp
†
h;i,c

]

+ 1
2

∑i−1
j=1

[

Mq∗
i,c ⊗Mp

†
h;i− j,c

−Mq∗
j,s ⊗Mp

†
h;i− j,s

]

+ 1
2

∑N
j=i+1

[

Mq∗
j,c ⊗Mp

†
h; j−i,c

+Mq∗
j−i,s ⊗Mp

†
h; j,s

]

+ 1
2

∑N
j=i+1

[

Mq∗
j−i,c ⊗Mp

†
h; j,c +Mq∗

j,s ⊗Mp
†
h; j−i,s

]
)

S
n,s;(τ ,N)
s (x) = 2

T
∫ T+t
t

∫


 Mq∗·Mp
†
h
dxdt

(
[

Mq∗
i,s ⊗Mp

†
h;0 +Mq∗

0 ⊗Mp
†
h;i,s

]

+ 1
2

∑i−1
j=1

[

Mq∗
i,c ⊗Mp

†
h;i− j,s

+Mq∗
j,s ⊗Mp

†
h;i− j,c

]

− 1
2

∑N
j=i+1

[

Mq∗
j,c ⊗Mp

†
h; j−i,s

+Mq∗
j−i,s ⊗Mp

†
h; j,c

]

+ 1
2

∑N
j=i+1

[

Mq∗
j−i,c ⊗Mp

†
h; j,s +Mq∗

j,s ⊗Mp
†
h; j−i,c

]
)

.

(27)

2.6. Numerical methods

This section presents strategies for the resolution of eqs. (7) and (15). Efficient numerical techniques are required for the 

solution of linear systems composed of a large number of degrees of freedom. In particular, direct factorization becomes 

rapidly unfeasible due to the large memory requirements. Iterative methods with inner-outer preconditioning are proposed. 

Outer preconditioning improves the convergence of the Krylov method and inner preconditioning increases the efficiency of 

computation on blocks.

Nonlinear problem eq. (7) The solution of eq. (7) is performed via a Newton-like method:

D r̃(Q
(τ ,N)
(n)

)δQ
(τ ,N)
(n+1) = −r̃(Q

(τ ,N)
(n)

). (28)

A Newton–Krylov strategy is chosen in the case r̃ arises from semi-discretization in space of a PDE or via a Newton method 

if r̃ is the vector field that stems from a differential system with a small number of degrees of freedom. The latter is 

common in the literature of mechanical systems and it is solved with dense matrices and direct linear solvers, for more 

information, the interested reader is referred to Krack et al. [12, Chapter 4].

Eigenvalue problem Arnoldi or shift-and-invert iteration are the chosen candidates for efficient extraction of leading Floquet 

exponents in eqs. (15) and (16).

Linear systems Preconditioning strategies are needed for an efficient resolution of linear systems from Newton itera-

tions eq. (28) or Arnoldi iterations applied to eqs. (15) and (16). In the present study, we have considered three strategies 

for the outer preconditioning: block Jacobi, upper and lower triangular Gauss–Seidel. Solutions of inner systems, i.e., in-

volving diagonal blocks of D r̃(Q
(τ ,N)
(n)

), are computed using exact LU factorizations or iterative solvers, e.g., additive Schwarz 

method (ASM). For other choices of inner block-factorization, the interested reader may consider, for example, the modified 

augmented Lagrangian method [26] as implemented by Moulin et al. [27]. The preconditioning step is coupled with an 

iterative Krylov method: the flexible GMRES [28].

3. Results

Numerical results presented in this section have been obtained with in-house codes. Results presented in section 3.1

have been calculated with a MATLAB code developed by the authors for the computation of limit cycles and the evalu-

ation of their stability with the methodology shown in section 2. Numerical examples of sections 3.2 and 3.3 have been 

computed with FreeFEM, a finite element code for the resolution of PDEs in the variational form, cf. [29]. Navier–Stokes 

equations written in the weak formulation are discretized by projecting the flow field (u, v, p) upon a basis of Taylor–Hood 

finite elements with piecewise quadratic velocities and piecewise linear pressure. The number of triangles of the discretized 

domain considered in sections 3.2 and 3.3 varies in a range of O(104) −O(105) which results in around O(105) −O(106)

degrees of freedom per mode, that is O(n · 105) − O(n · 106) with n = 2N + 1 the number of modes retained in the 

Fourier basis. Linear systems and eigenvalue problems are solved by PETSc [30] and SLEPc [31]. For more information, 

the interested reader is referred to the recent review article in linear and nonlinear stability in fluid flows by Fabre et al. 

[32] and the StabFem project hosted at https://stabfem .gitlab .io /StabFem/. Results presented in section 3.1 provide numer-

ical evidence of the capability of the Fourier–Galerkin methodology to continue stable and unstable branches of periodic 

solutions past period-doubling bifurcations and to accurately evaluate the stability of a periodic orbit. Evaluation of the 

performance of numerical techniques described in section 2.6 and an assessment of the accuracy of sensitivity quantities 
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Fig. 3. a) Bifurcation diagram of the Lorenz system. b) Zoom into the interval of period-doubling bifurcations. Solid (resp. dashed) lines denote stable (resp. 
unstable) solutions. Red (resp. gray) markers denote a period-doubling bifurcation (resp. symmetry breaking).

Fig. 4. a) Evolution of the period. b) x− z slice of the stable solution at ρ = 215.38, before the sixth period-doubling bifurcation. Same legend as in Fig. 3.

detailed in section 2.5 is carried out in sections 3.2 and 3.3. The authors would like to compare the present methodol-

ogy with respect to classical time-stepping techniques for the computation of sensitivity maps as in Giannetti et al. [7]. 

For that purpose, we consider an IMEX time-integration technique, e.g., explicit Runge–Kutta integration for the nonlinear 

terms and implicit Crank-Nicolson for the linear terms. The computation of the converged periodic solution, the direct and 

adjoint modes with time-stepping techniques require the solution of around O(MT ) time units, with M the number of 

periods required for convergence, which is usually of the order of few hundreds for the periodic solution and of thou-

sands for the evaluation of the direct and adjoints modes to obtain accurate results, and T the fundamental period. The 

evaluation of a period usually requires a number of time steps of the order of N = O(T /�t), which is N = O(102) in 

the case of the wake flow past a cylinder, see [3, Sec. 7]. That results in a much larger total computation time than the 

one required for the evaluation of sensitivity maps with the current methodology. For instance, if we consider a coarse 

numerical domain, the mesh M1 of Table 1, the serial evaluation of Fourier–Galerkin methodology for the periodic solu-

tion, direct and adjoint eigenmodes are of the order of few minutes whereas the time-stepping methodology takes several 

hours, which is highly dependent on the time step which at the same time depends on the level of refinement. During 

the elaboration of this manuscript authors have compared the sensitivity maps computed with time-stepping techniques 

and Fourier–Galerkin method. Even if it is difficult to compare results that are coming from different numerical discretiza-

tions and different grids, [8] employed finite differences with a staggered grid, comparing the results we found that the 

sensitivity maps agree very well and the relative error is of few percents depending on the mesh and the physical param-

eters.

3.1. Lorenz system: the case of Feigenbaum route to chaos

Routes to chaos are of fundamental interest in the study of nonlinear dynamics. Most common routes to chaos are 

intermittency, crisis, quasiperiodicity, and period-doubling. The current section focuses on the latter. Period-doubling route 

is also denoted as Feigenbaum route to chaos and is characterized by an infinite number of period-doubling bifurcations in a 

finite interval of the parameter set. In particular, Feigenbaum noted that under mild assumptions of the nonlinear operator, 

the distance between consecutive bifurcations shrinks in a universal manner, see Collet et al. [33]:

lim
n→∞

νn+1 − νn

νn − νn−1
= δ,

where δ ≈ 4.6692016 . . . is the Feigenbaum constant for dissipative dynamical systems and it can be numerically evaluated 

from Figs. 3 and 4. Period-doubling arises as a pitchfork bifurcation of a fixed point of the associated Poincaré return 

map.

10
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Fig. 5. a) Decay of Fourier modes of y component for a periodic solution near the fourth period-doubling bifurcation. b) Evolution of the eigenvalue 
associated to the period-doubling mode.

Fig. 6. Sketch of a cylinder immersed in a uniform flow.

In particular, here the Lorenz system illustrates the capability of the Fourier–Galerkin method to track period-doubling 

bifurcations and compute periodic solutions in a substantially nonlinear system. Let us first introduce Lorenz equations:

ẋ = σ (y − x)

ẏ = ρx− y − xz

ż = xy − bz,

(29)

with parameters b = 8
3
, σ = 10, and ρ ∈ (210, 320]. In this range of parameters, there is a first bifurcation around ρ ≈ 312.9, 

where the stable solution ceases to be symmetric via a pitchfork bifurcation due to the reflectional symmetry (x → −x, 

y → −y) of the system. These two branches remain stable up to ρ ≈ 229.4, where a first period-doubling bifurcation 

occurs. It is then followed by an infinite number of them, of which the first six have been computed, see Fig. 3. The stable 

periodic orbit before the sixth period-doubling bifurcation is reported in Fig. 4 b). Fig. 4 a) illustrates the geometric growth 

of the period past successive period-doubling bifurcations. As pointed out in Remark 1, successive period-doubling solutions 

have been computed by doubling the number of harmonics of the truncated Fourier series.

The convergence of a periodic solution is evaluated a posteriori by the decay of Fourier modes and by the evolution 

of the leading eigenvalue. Fig. 5 shows, for a periodic solution at the onset of the fourth period-doubling bifurcation, the 

irregular decay of Fourier harmonics due to the strong nonlinearities. In addition, Fig. 5 shows that the methodology is able 

to accurately predict some parts of the spectrum even if the decay of Fourier modes is not smooth. Particularly, prior to the 

fourth period-doubling bifurcation Fig. 5, a minimum of around N = 40 is required for a correct evaluation of the leading 

Floquet exponent.

Finally, let us conclude this section with a remark concerning the number of Fourier modes retained for the reconstruc-

tion of a periodic solution past a period-doubling bifurcation. As stated in Remark 1, a periodic solution whose period is 

2mT , i.e., the system has experienced m period-doubling bifurcations, is also 2m−1T -periodic. The computation of a 2mT -

periodic solution requires 2m Ñ Fourier modes, where Ñ is the length of the Fourier basis used for the computation of a 

T -periodic solution. As a consequence, the number of harmonics for a single T -period is Ñ = N
2m

, which, for instance for 

N = 40 and m = 3, gives Ñ = 5.

3.2. Flow past a two-dimensional circular cylinder

Let us consider a fluid mechanics example: a canonical case of the flow past a bluff body, i.e., the flow past a two-

dimensional cylinder sketched in Fig. 6. Dynamics and the first two bifurcations are well known, see Williamson [34].
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Fig. 7. Reconstruction of the streamwise velocity Ux of the periodic oscillating vortex solution at Re = 190. The flow is reconstructed at t = 0 for N = 6.

Fig. 8. a) Decay of Fourier spectrum for Re = 190, Re = 260, and Re = 440 b) Evolution of the amplitude of Fourier modes.

The governing equations are the incompressible Navier–Stokes equations which are of quadratic type, see appendix B, 

therefore they fit into the developed strategy.

3.2.1. Computation of the baseflow

The Fourier–Galerkin strategy reconstructs the periodic solution of the flow past a cylinder, as reported in Fig. 7. The 

approach is initialized with the unstable eigenmode at the threshold, Re ≈ 47, and it is continued up to Re = 450, with at 

most N = 10 modes. In order to estimate the precision of the results obtained by the numerical procedure, two Reynolds 

numbers are selected, Re = 190 and Re = 260, and we run cross-comparison of the estimated Strouhal with the data 

available in the literature. At Re = 190 (resp. Re = 260), by retaining N = 5 harmonics, a Strouhal number St = 0.1938

(resp. St = 0.2058) has been obtained, a result in good agreement with the value St = 0.1950 (resp. St = 0.2071) reported 

by Barkley et al. [35]. These accurate results with a reduced Fourier basis are due to the rapid decay of the Fourier spectrum, 

which is displayed in Fig. 8 a). The Fourier spectrum displays a quadratic decay, with small dependence on the Reynolds 

number if sufficient modes are retained. To determine whether or not the number of retained modes is sufficient, one could 

evaluate a posteriori the evolution of the amplitude of each mode with respect to the parameter, i.e., Re. The amplitude of 

each Fourier mode grows exponentially until saturation, see Fig. 8 b). Therefore, an appropriate selection of N could be to 

retain at least a mode that is not saturated or select the basis length N so that the amplitude of the last mode is below a 

certain threshold.

12
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Fig. 9. Effect of Reynolds number, preconditioning technique and number of Fourier modes. a) Compares preconditioning techniques and b) the number of 
Fourier modes for a Gauss–Seidel upper triangular preconditioner.

Table 1

Average number of GMRES iterations per Newton iteration for 
three numerical domains M1 , M2 and M3 at Re = 100 with up-
per triangular Gauss–Seidel. The tolerance of the Newton method 
is set to 10−8 .

Mesh ID # elements # GMRES iterations

N = 1 N = 2 N = 3

M1 1.4 · 104 33 36 38

M2 4.5 · 104 32 37 39

M3 1.85 · 105 33 38 38

Table 2

Total number of GMRES iterations for the resolution of the nonlinear problem eq. (7) at Re =
100, N = 4 with the numerical domain M1 , the upper triangular Gauss–Seidel as the outer 
preconditioning technique and inexact factorization with the ASM method for inner blocks. 
Variation of inner iterations and total GMRES iterations with respect to the relative tolerance 
in the inexact factorization of inner blocks. The tolerance of the Newton method is set to 10−8 .

ASM tolerance 10−8 10−7 10−6 10−5 10−4 10−3 LU

# total iterations 344 310 278 246 267 369 238

Average # inner iterations 52 44 35 25 18 16 —

3.2.2. Performance evaluation of iterative methods

Another important aspect to be addressed is the performance of methods used for numerical resolution. In particular, for 

the present case, authors have evaluated the dependency of the chosen iterative strategy, a flexible restarted GMRES, for the 

solution of linear systems such as eq. (28) on a set of parameters: Reynolds number, number of elements in the numerical 

domain, preconditioning techniques and number of modes of the Fourier basis.

Independently of the chosen preconditioning technique, the number of GMRES iterations for the resolution of the linear 

system eq. (28) increases quadratically with respect to the Reynolds number, see Fig. 9 a). As expected, triangular Gauss–

Seidel preconditioning speeds up computations with respect to block Jacobi. However, the gain between choosing an upper 

or a lower triangular preconditioner is marginal. The second aspect that was studied is the influence of the number of 

iterations required to solve the linear system under a change of the total number of elements. Table 1 reports the average 

number of GMRES iterations, for three numerical domains Mi , i = 1, 2, 3. It results that the number of GMRES iterations 

does scale with the total number of elements in the numerical domain. In addition, authors have studied the effect of an 

inexact factorization of the inner diagonal blocks. ASM is used to precondition the inner blocks with upper triangular GS 

as outer preconditioner. It is compared with exact LU factorization for the diagonal blocks. Table 2 reports the variation of 

the total number of GMRES iterations required to solve the nonlinear problem eq. (7) and the averaged number of inner 

iterations for each inner diagonal block. It is concluded that inexact factorization of inner blocks hardly changes the number 

of GMRES iterations, as long as the relative tolerance is correctly tuned. The effect of the number of modes in the truncated 

Fourier basis is reported in Fig. 9 b). Similar conclusions can be drawn with respect to other preconditioners, the number 

of modes in the Fourier basis does not affect the iterative strategy, as long as N is sufficient for convergence.

Finally, the performance of the parallel implementation is considered. For that purpose a strong scalability test has been 

carried out with a fine numerical domain composed of 1.85 · 105 elements. The number of modes is fixed to N = 4 and 

the preconditioning technique is the upper triangular Gauss–Seidel. Fig. 10 a) reports the evolution of the averaged time 

per Newton iteration with respect to the number of processes. The actual scaling time is degraded by around 35% with 

respect to perfect linear scaling, that is the average time per Newton iteration approximately evolves as # of processes−0.65 . 
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Fig. 10. Performance of the linear solver with upper triangular Gauss–Seidel with a discretized domain composed of 1.85 · 105 elements and N = 4.

Fig. 11. Spanwise velocity component U z of mode A at Re = 190. a) and c), resp. b) and d), first and second sinus components of direct, resp. adjoint, 
Floquet modes.

Fig. 12. Averaged structural sensitivity S̄
(τ ,N)
s of mode A at Re = 190, kz = 1.585, and N = 4. a) Spectral norm. b) Trace.

Similarly, Fig. 10 b) reports the total memory consumption for the solution of the linear system eq. (28). It displays an 

increase of memory of around 20% each time the number of processes doubles.

In conclusion, GMRES iterations depend quadratically on Reynolds number and they are independent on the total number 

of mesh elements, the dimension of the Fourier basis as long as N is sufficient to characterize the periodic solution. In a 

future study, authors will study other preconditioning techniques to attempt to reduce the dependency on Re.

3.2.3. Stability & sensitivity analysis

Beyond the threshold of the first instability, which is found at around Re ≈ 47, a stable two-dimensional T -periodic 

solution exists up to Re ≈ 190 where the stable solution ceases to be two-dimensional via a steady symmetry-breaking bi-

furcation of the spanwise homogeneous direction. The Floquet mode associated to this second instability, reported in Fig. 11, 

is commonly denoted as mode A whose wavenumber is kz = 1.585, see Giannetti et al. [8].

Prior to the discussion of sensitivity quantities, let us point out their validity. The reported sensitivity maps in Figs. 12

and 13 are in perfect agreement with those presented in literature, cf. [7]. A common query in physics is: which are 

the underlying physical mechanisms responsible for the instability? Structural sensitivity allows to localize the core of 

the vortex-shedding instability, that is the sensitivity of the Floquet exponent to a generic structural perturbation of the 

linearized equations. Fig. 12 displays the compact support structure of the sensitivity for mode A, which translates to a 

localized instability in the near wake. Similarly, if one desires to shift the harmonic frequency ω, the most efficient way is 

to act on the near wake in accordance with the map Sω , see Fig. 13.

14



J. Sierra, P. Jolivet, F. Giannetti et al. Journal of Computational Physics 440 (2021) 110403

Fig. 13. Averaged sensitivity to frequency variations S̄
(τ ,N)
ω of mode A at Re = 190, kz = 1.585, and N = 4. a) Spectral norm. b) Trace.

Fig. 14. Sketch of the two circular cylinders in a side-by-side arrangement immersed in a uniform flow.

Fig. 15. Streamwise component Ux of the periodic baseflow solution at Re = 62. a) Meanflow component. b) First cosinus component. c) Second cosinus 
component.

3.3. Flow past two cylinders in tandem

Let us explore a second fluid mechanics example: the flow past two side-by-side circular cylinders. The flow config-

uration, reported in Fig. 14, is governed by two dimensionless parameters, Reynolds number (Re) and the ratio of the 

distance between cylinders and their diameter (g = d
D
). For some ranges of parameters, reported by Carini et al. [36], 

the two-dimensional flow pattern is characterized by an asymmetric unsteady wake with respect to the horizontal axis. 

Such a phenomenon, which has been denominated flip-flop, develops at low Reynolds numbers, 50 < Re < 90, through 

a Neimark–Sacker bifurcation. In the following, the dimensionless distance between cylinders is fixed, g = 0.7, such that 

flip-flop instability appears.

3.3.1. Computation of the baseflow

The periodic solution past two side-by-side cylinders is reconstructed by Fourier–Galerkin with N = 4 (Fig. 15). The 

method is initialized with the unstable in-phase eigenmode associated with the first supercritical Hopf bifurcation of the 

steady state, see section 3.2.3. The accuracy of baseflow computations were compared with reported results in the literature. 

At Re = 62, a St ≈ 0.111 matches the one computed by Carini et al. [36].

3.3.2. Memory requirements of linear solvers

Section 3.2.2 focuses on the performance of iterative methods by considering the influence of some parameters on the 

number of iterations required by the linear solver to solve eq. (28) with a relative tolerance of 10−5 . Another important facet 

of linear solvers is their memory consumption. Particularly, the total memory consumption is expected to increases with 
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Fig. 16. a) Memory gain evolution w.r.t. number of Fourier modes (for a coarse mesh nt = 12354 triangles) for three Reynolds numbers. b) Memory gain 
w.r.t. number of mesh triangles.

Fig. 17. Mode IP at Re = 62. a) and c), resp. b) and d), meanflow and first cosinus components of direct, resp. adjoint, Floquet modes.

the number of modes of the truncated Fourier basis and mesh refinement. We define the memory gain, GM = memory LU
memory GMRES

, 

as the ratio of memory consumed by LU w.r.t. GMRES to solve a linear system whose linear operator is the Jacobian matrix 

defined in appendix A.3.

Tests have been run on an Intel cluster with 64 Intel(R) Xeon(R) CPU E5-4610 processors and 256 GB of memory. For a 

fixed mesh with nt = 12,354 triangles, inner iterations of the Newton method are solved with varying N , with the upper 

triangular Gauss–Seidel preconditioner and LU factorization. They have confirmed the linear memory gain, independently 

of Re, with respect to the number of elements kept in the Fourier basis, as reported in Fig. 16 a). Analogously, the effect 

of mesh size on memory storage is also studied. The memory gain is reported in Fig. 16 b) as a function of the number of 

triangles. Curves correspond to different lengths of the truncated Fourier basis. Clearly, memory gain is independent of the 

mesh size, regardless of N .

3.3.3. Stability & sensitivity analysis

The stability of the steady state has been studied by Mizushima et al. [37]. They reported three types of instabilities, 

a symmetry breaking of the steady state via a pitchfork bifurcation, an oscillatory in-phase via a Hopf bifurcation, and 

a third oscillatory instability far from the near wake. For the chosen configuration (g = 0.7) the primary instability is 

a supercritical Hopf bifurcation at Re ≈ 57.5 whose most unstable eigenmode is the in-phase oscillatory, mode IP partially 

reported in Fig. 17. The Floquet analysis reveals a pair of complex-conjugate multipliers on the in-phase synchronized vortex 

shedding periodic solution between the two cylinders. Neimark–Sacker appears at Rec = 61.7, which is in good agreement 

with the result Rec = 61.8 reported by Carini et al. [36].

Structural sensitivity, reported in Fig. 18, shows a symmetric averaged core of the instability in the near wake that is 

larger than the sensitive instability core of the single cylinder reported in Fig. 12. In addition, amplitudes of harmonic sen-

sitivity are displayed in the frequency ω-axis. They provide further information about the origin of the flip-flop instability. 

Sensitive regions to harmonic structural perturbation are found for the first harmonic where it is possible to observe two 

sensitive regions around y = ±2 and a single one around y = 0 in the near wake for the second harmonic component. 

Remarkably, in this case, the instability is more sensitive to the second harmonic than the first one. The other sensitivity 

map, S̄ω reported in Fig. 19, is particularly concentrated in the zone between cylinders. Not surprisingly, previous results in 

the literature indicate large variations of baseflow frequency as the gap ratio g is varied.

4. Conclusion

The computation of stability and sensitivity of periodic solutions provides access to inherent mechanisms leading to 

changes in dynamics. Efficient computational methods are essential for the computation of large-scale systems such as 

those arising from the semi-discretization of the governing equations. The spectral Fourier–Galerkin method is proposed for 

the efficient computation and continuation of autonomous problems. The methodology, though general, has been presented 
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Fig. 18. Structural sensitivity S(τ ,N)
s for Re = 62 with N = 2. t-axis: reconstruction of the spectral norm of the instantaneous structural sensitivity S(τ ,N)

s (x, t)

at discrete instants t = { T
3
, 2T

3
, T }. ω-axis: spectral norm of the modulus of harmonic sensitivity |Sn;(τ ,N)

s | =

√

S
n,c;(τ ,N)
s

2
+ S

n,s;(τ ,N)
s

2
for harmonic compo-

nents n = {0, 1, 2}. The spectral norm of the modulus of the harmonic sensitivity |Sn;(τ ,N)
s | is reconstructed in time at discrete instants.

Fig. 19. Averaged sensitivity to frequency variations S̄
(τ ,N)
ω of mode A at Re = 190, kz = 1.585, and N = 4. a) Spectral norm. b) Trace.

for quadratic nonlinearities, where the frequency transform has a simple form, see appendix A.1. In the case of finite systems 

with few degrees of freedom, quadratic recasting is an option ([10,13]). However, such a recast increases the computational 

burden. It multiplies the number of degrees of freedom by a factor, which is not acceptable in large-scale systems. In those 

cases, an exact Fourier transform of nonlinear terms is required, see for instance the cubic nonlinearity of the compressible 

Navier–Stokes equations in Sierra et al. [38].

The present methodology is used to analyze three different scenarios. First, a toy model: Lorenz equations are used to 

display some of the properties of the methodology. Fourier–Galerkin strategy is employed for the continuation of unstable 

periodic orbits through a series of period-doubling bifurcations in the Feigenbaum route to chaos. Such a situation, usually 

studied by collocation or shooting methods, proves to be one of the worst-case scenarios for this kind of spectral method 
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due to the lack of smoothness of the system of equations, see Moore [39]. Regardless, the approach proves to be capable 

to compute partially and accurately this route to chaos at least in small systems, the continuation of the period-doubling 

cascade in large systems is still an open challenge for future studies.

Two fluid mechanics cases, archetypal of bluff body flows, are studied with the presented machinery. The vortex-shedding 

periodic flow past a circular cylinder and the flip-flop instability of two circular cylinders side-by-side have been accurately 

reconstructed with a finite number of harmonics. Such a set of examples have been employed to test the performance 

of the numerical resolution. The number of GMRES iterations is independent of the number of harmonics and it depends 

quadratically on the Reynolds number. Similarly, the memory gain of iterative methods with respect to a direct factorization 

increases linearly with the length of the truncated basis and it is independent of the mesh size. Two kinds of instabil-

ities are analyzed, the transition of a two-dimensional periodic solution towards a three-dimensional periodic state and 

the flip-flop instability through a Neimark–Sacker bifurcation. Both instabilities mechanisms have been examined with the 

aid of sensitivity maps developed in section 2.5. Structural sensitivity of the periodic solution allows the identification of 

physical mechanisms causing self-sustained instabilities. Two types of instabilities have been reported in section 3: the 

spatio-temporal symmetry breaking in the case of two circular cylinders in tandem configuration, or the transition to a 

three-dimensional flow in the single circular cylinder configuration. In addition, sensitivity to frequency variations identifies 

those regions of the space where open-loop control will be most effective to cause a change in frequency. To conclude, the 

authors would like to remark that these sensitivity maps are easily computed under this framework, which is also more 

computationally efficient than direct time-integration in the studied configurations.
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Appendix A. Fourier–Galerkin equations

A.1. Nonlinear operator

Fourier–Galerkin equations (6) are derived by averaging truncated residual equations over a period T . Given the orthog-

onality of the Fourier basis, linear terms depend only on a harmonic whereas Fourier coefficients of the quadratic term Ni

may depend on several of them. Here a detailed description of the quadratic terms is given:

N0 = N(q0,q0) + 1
2

∑N
i=1N(qi,s,qi,s) +N(qi,c,qi,c)

Ni,c =
[

N(qi,c,q0) +N(q0,qi,c)
]

+ 1
2

∑i−1
j=1

[

N(q j,c,qi− j,c) −N(q j,s,qi− j,s)
]

+ 1
2

∑N
j=i+1

[

N(q j,c,q j−i,c) +N(q j−i,s,q j,s)
]

+ 1
2

∑N
j=i+1

[

N(q j−i,c,q j,c) +N(q j,s,q j−i,s)
]

Ni,s =
[

N(qi,s,q0) +N(q0,qi,s)
]

+ 1
2

∑i−1
j=1

[

N(q j,c,qi− j,s) +N(q j,s,qi− j,c)
]

− 1
2

∑N
j=i+1

[

N(q j,c,q j−i,s) +N(q j−i,s,q j,c)
]

+ 1
2

∑N
j=i+1

[

N(q j−i,c,q j,s) +N(q j,s,q j−i,c)
]

.

A.2. Residual notation

For the sake of a simpler presentation eq. (7) presents a series of operators, i.e., B̃, ̃L, Ñ. Their definition is as follows:

Time derivative matrix B̃

B̃QN =








0

B1

. . .

BN















q0

q1

...

qN








with Bn =

[

0 nB

−nB 0

]

for n = 1, . . . ,N. (A.1)
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Linear operator L̃

L̃QN =








L

L

. . .

L















q0

q1

...

qN








with qn =

[

qn,c

qn,s

]

for n = 1, . . . ,N. (A.2)

Nonlinear operator Ñ

Ñ(QN ,QN) =








N0

N1

...

NN








with Nn =

[

Nn,c

Nn,s

]

for n = 1, . . . ,N. (A.3)

A.3. Jacobian operator

Consider a small perturbation of [Q(τ ,N), ω]T , here denoted as [δQ(τ ,N), δω]T , the linearized HBM equation is as follows:

0 = −δωB̃QN − ωB̃δQ(τ ,N) + L̃δQ(τ ,N) + DÑ(Q(τ ,N))δQ(τ ,N)

= −δωB̃Q(τ ,N) + D r̃(Q(τ ,N))δQ(τ ,N),
(A.4)

where the derivative of the quadratic operator is a dense block-symmetric matrix as follows:

DÑ(Q(τ ,N)) =











DN(0) . . . DN(0,i) . . . DN(0,N)

...
. . .

...

DN(i,0) . . . DN(i) . . . DN(i,N)

...
. . .

...

DN(N,0) . . . DN(N,i) . . . DN(N)











. (A.5)

Let us consider the detailed description of each block. In the following, let us denote DN(q) = N(·, q) + N(q, ·), the linear 

operator of the derivative evaluated at q.

Diagonal blocks DN(i)

DN(0) = DN(q0) (A.6)

DN(i) =

[

DN(q0) + 1
2
DN(q2i,c) 1

2
DN(q2i,s)

1
2
DN(q2i,s) DN(q0) − 1

2
DN(q2i,c)

]

if 0 < i ≤
N

2
(A.7)

DN(i) =

[

DN(q0) 0

0 DN(q0)

]

if i >
N

2
. (A.8)

Off diagonal-blocks DN(i, j)

DN(0, j) =
[
1
2
DN(q j,c) 1

2
DN(q j,s)

]

if j �= 0, (A.9)

DN(i,0) =

[
1
2
DN(qi,c)

1
2
DN(qi,s)

]

if i > 0. (A.10)

If i �= j, j �= 0, j < i, j + i ≤ N:

DN(i, j) =

[
1
2
DN(qi− j,c) + 1

2
DN(q j+i,c) − 1

2
DN(qi− j,s) − 1

2
DN(q j+i,s)

1
2
DN(qi− j,s) + 1

2
DN(q j+i,s) 1

2
DN(qi− j,c) + 1

2
DN(q j+i,c)

]

. (A.11)

If i �= j, j �= 0, j < i, j + i > N:

DN(i, j) =

[
1
2
DN(qi− j,c) − 1

2
DN(qi− j,s)

1
2
DN(qi− j,s) 1

2
DN(qi− j,c)

]

if i �= j, j �= 0, j < i, (A.12)

otherwise DN( j,i) = (DN(i, j))T .
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Appendix B. Navier–Stokes operators

In the studied configurations, the flow is controlled by the Reynolds number Re = U∞D
ν , U∞ is the free stream velocity, 

D the diameter of the cylinder and ν the dynamic viscosity of the fluid. The fluid motion inside the domain is governed by 

the two-dimensional incompressible Navier–Stokes equations,

∂U

∂t
+U · ∇U = −∇ P + ∇ · τ (U) (B.1a)

∇ ·U = 0, (B.1b)

where q = [U, P ], U is the velocity vector whose components are (U , V ), P is the reduced pressure and the viscous stress 

tensor τ (u) can be expressed as ν(∇U + ∇UT ). The incompressible Navier–Stokes equations (B.1) are complemented with 

the following boundary conditions: on the cylinder surface, no-slip boundary conditions, uniform boundary conditions are 

set U → (U∞, 0) and stress-free at the outlet.

In the main text, Navier–Stokes equations (B.1) and the associated boundary conditions are written under the form 

B
∂q
∂t

= Lq +N(q, q), where N(q, q) = U · ∇U is the convective term.
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The wake flow past a streamwise rotating sphere is a canonical model of numerous
applications, such as particle-driven flows, sport aerodynamics and freely rising or falling
bodies, where the changes in particles’ paths are related to the destabilization of complex
flow regimes and associated force distributions. Herein, we examine the spatio-temporal
pattern formation, previously investigated by Lorite-Díez & Jiménez-González (J. Fluid

Mech., vol. 896, 2020, A18) and Pier (J. Fluids Struct., vol. 41, 2013, pp. 43–50), from
a dynamical system perspective. A systematic study of the mode competition between
rotating waves, which arise from the linearly unstable modes of the steady-state, exhibits
their connection to previously observed helical patterns present within the wake. The
organizing centre of the dynamics turns out to be a triple Hopf bifurcation associated
with three non-axisymmetric, oscillating modes with respective azimuthal wavenumbers
m = −1, −1 and −2. The unfolding of the normal form unveils the nonlinear interaction
between the rotating waves to engender more complex states. It reveals that for low values of
the rotation rate, the flow field exhibits a similar transition to the flow past the static sphere,
but accompanied by a rapid variation of the frequencies of the flow with respect to the
rotation. The transition from the single helix pattern to the double helix structure within the
wake displays several regions with hysteric behaviour. Eventually, the interaction between
single and double helix structures within the wake lead towards temporal chaos, which here
is attributed to the Ruelle–Takens–Newhouse route. The onset of chaos is detected by the
identification of an invariant state of the normal form constituted by three incommensurate
frequencies. The evolution of the chaotic attractor is determined using of time-stepping
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simulations, which were also performed to confirm the existence of bi-stability and to assess
the fidelity of the computations performed with the normal form.

Key words: shear-flow instability, wakes

1. Introduction

The flow around a rotating sphere has drawn the attention of many researchers in recent
years as it represents a canonical problem with many engineering and physics applications.
For instance, such configuration may be found in multiple practical and natural phenomena
like particle-driven flows (Shi & Rzehak 2019), fluidized bed combustion (Liu &
Prosperetti 2010; Feng & Musong 2014), sports aerodynamics (Passmore et al. 2008;
Robinson & Robinson 2013), seeds’ flight (Barois et al. 2019; Rabault, Fauli & Carlson
2019) or free-falling/rising bodies (Ern et al. 2012; Auguste & Magnaudet 2018; Mathai
et al. 2018), among others. In such applications, the instability of paths of the spherical
bodies is shown to depend on the forces distributions acting on their surface and, therefore,
on the flow regimes that are destabilized for different values of the Reynolds number and
rotation rates. Consequently, a profound understanding of the physics of the flow around
a rotating sphere and its instability features is required to predict the dynamics of rotating
particles and evaluate possibilities of flow and path control.

The unstable flow regimes at the wake past a fixed sphere have been extensively
characterized, as it represents a classical example of open flow leading to rich pattern
formation and dynamical complexity. As reported by different numerical and stability
analyses available in the literature, the flow experiences a complex sequence of laminar
bifurcations as the Reynolds number Re increases (see, e.g. Sakamoto & Haniu 1990;
Johnson & Patel 1999; Fabre, Auguste & Magnaudet 2008; Fabre et al. 2017). For a static
(non-rotating) sphere, the flow first experiences a steady bifurcation around Rec1 ≃ 212,
leading to a steady, reflection-symmetric bifid wake (steady-state mode, Fabre et al. 2008),
followed by a Hopf bifurcation at Rec2 ≃ 272 (Citro et al. 2017), leading to a periodic,
vortex-shedding mode which preserves the axial reflection symmetry plane (RSP mode,
Fabre et al. 2008). This reflection symmetry in the shedding process is lost around
Rec3 ≃ 375, from which the wake starts to oscillate transversely (Chrust, Goujon-Durand
& Wesfreid 2013).

When rotation is applied, the bifurcation scenario of the sphere wake is modified,
generating even richer dynamics. In particular, as shown by Poon et al. (2010), the topology
and frequency of the unstable flow regimes depend on the rotation rate Ω and the axis of
rotation.

In general, the flow past streamwise rotating spheres has received considerably less
attention than transversely rotating spheres (see, e.g. Citro et al. 2016), and their dynamics
and controllability features are not yet fully understood. However, some numerical and
experimental studies have focused on the flow topology and stability modifications
produced in the sphere wake as the streamwise rotation speed increases (Kim & Choi
2002; Niazmand & Renksizbulut 2005; Skarysz et al. 2018) at low values of Reynolds
number. The problem can be also studied under linear stability analysis perspective as in
Pier (2013) and Jiménez-González, Manglano-Villamarín & Coenen (2019). Moreover, the
influence of streamwise rotation is not only restricted to the sphere, and it has been also
studied in wakes behind other axisymmetric geometries which follow a similar series of
bifurcations, as in Jiménez-González et al. (2013) and Jiménez-González et al. (2014) for
blunt-based bodies.
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The introduction of streamwise rotation introduces unsteadiness and asymmetry in
the sphere wake. The steady state is substituted by a frozen rotation with azimuthal
wavenumber m = −1 symmetry (Kim & Choi 2002; Jiménez-González et al. 2019), the
negative sign indicating that vortical structures wind in the direction opposite to the swirl
motion. When either Re or Ω increase, the periodic behaviour of this low-frequency
frozen state diverges to quasiperiodic or even chaotic states. The quasiperiodicity can
be caused by the appearance of a medium-frequency component, related to the RSP
mode of the non-rotating situation, or to the appearance of a component with m = −2
symmetry in the flow, for Re < 500 and moderate Ω values (Skarysz et al. 2018;
Lorite-Díez & Jiménez-González 2020). Moreover, in a more recent study, Lorite-Díez
& Jiménez-González (2020) also identified very complex patterns close to chaotic
behaviours, by performing direct numerical simulations (DNS). More precisely, with the
help of dynamic mode decomposition tools, the nonlinear regimes are reported to be
characterized by three fundamental frequency components (related to unstable structures
displaying m = −1, m = −1 and m = −2 symmetries, respectively) and their interactions.
However, the time-stepping simulations do not provide a clear insight about the origin of
instability of these complex regimes and the fundamental nature of the incommensurate
or derived frequency components, so that the use of adjoint stability tools seem
advisable to isolate fundamental modes and identify mechanisms of receptivity to forcing
or control.

Additionally, the time-stepping simulations of such complex dynamical systems are
generally demanding in terms of computational cost, especially close to bifurcations
thresholds, where long convergence times are usually required to obtain statistically
relevant solutions. As a matter of fact, alternative weakly nonlinear approaches, as those
based on bifurcation theory (Golubitsky & Langford 1988), may be more efficient to
elucidate the pattern of transitions and major features of flow regimes with increasing
values of the problem parameters (i.e. Re, Ω), by taking advantage of the symmetry of the
base flow and proximity between successive instability thresholds. That said, the transition
scenarios of complex systems with underlying symmetries usually lead to a large variety
of pattern formations.

Close to the onset of stability, these patterns may be caused by a single instability, or
alternatively, the system can display instabilities where several modes are concomitantly
accountable for the destabilization of the trivial state. Besides, flow configurations
controlled by a diversity of parameters may lose stability in diverse manners. A large
diversity of patterns may emerge in the entire parameter space, and, in particular, one
can find specific regions displaying mode competition. The combination of symmetry
with a parameter space whose dimension is higher than one is a classical scenario where
mode interaction occurs. The organizing centre of such cases is denoted as a bifurcation
of codimension n, with n ∈ N. Codimension is herein loosely defined as the number of
interacting modes, and also corresponds to the dimension of the low-order dynamical
system model called the normal form capturing the essence of the dynamics. The interested
reader can find more about pattern formation in symmetric systems in Golubitsky, Stewart
& Schaeffer (2012), while the study of the normal form of bifurcations with codimension
higher than one may be found in the books of Guckenheimer (2010) or Kuznetsov (2013).
The passage from a high-dimensional system to a reduced one with a slow manifold
takes advantage of the theoretical framework provided by the singular perturbation theory.
For example, the geometric singular perturbation theory, reviewed by Verhulst (2007), is
a powerful technique within the singular perturbation theory. In the bifurcation theory
of autonomous systems, it is customary to employ centre manifold or normal form
reduction. This procedure has been employed for the study of bifurcations from steady
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states (Haragus & Iooss 2010), maps (respectively Poincaré maps associated with a
limit-cycle solution) (Kuznetsov & Meijer 2005), homoclinic and heteroclinic connections
(Homburg & Sandstede 2010). The most commonly used computational procedures to
determine the centre manifold are weakly nonlinear analysis, multiple scales expansion
or the homological equation. In the past, these approaches have been exploited to study
mode interaction in thermally driven convective motions, e.g. the Rayleigh–Bénard (Varé
et al. 2020) and Langmuir circulation (Allen & Moroz 1997), in the fluid flow between
counter-rotating cylinders, e.g. the Taylor–Couette flow (Golubitsky & Langford 1988)
and its variants (Renardy et al. 1996), in magnetoconvection (Rucklidge et al. 2000), in
the flow past a rotating cylinder (Sierra et al. 2020b) and in swirling jets (Meliga, Gallaire
& Chomaz 2012).

In light of the aforementioned studies, for the parameters considered herein, one can
expect that a linear stability analysis (LSA) discriminates at least three unsteady unstable
fundamental modes: two with azimuthal wavenumber m = −1 and a third one with
m = −2; meaning that the organizing centre is a triple-Hopf bifurcation with SO(2)

symmetry. Despite the likely existence of three unstable modes, because the dimension
of the parameter space is two, the triple-Hopf bifurcation is not expected to occur.
Therefore, the approach followed herein for the study of the triple-Hopf bifurcation is
based on the extension of the normal form obtained at codimension-two points to the
codimension-three manifold. In practical terms, we determine a fifth-order truncation in
terms of the expansion parameter of the normal form at codimension-two points, followed
by a linear (respectively quadratic for linear coefficients) extension of normal form
coefficients to a specific point in the parameter space. Such an approach is detailed in § 4
and it is similar to the centre-unstable manifold reduction, cf. Armbruster, Guckenheimer
& Holmes (1989), Podvigina (2006a), Podvigina (2006b) and Meliga, Chomaz & Sipp
(2009a). In any case, once the normal form is determined, one can analyse the bifurcation
scenario, which displays a rich variety of patterns, among which one can expect: rotating
waves, quasiperiodic mixed modes or chaotic solutions displaying multiple frequency
components, along with bi-stable states stemming from the coexistence of two stable
rotating waves, mixed modes and rotating waves, diverse mixed modes or mixed modes
and chaotic attractor.

Some of these transition features and bi-stable dynamics had been confirmed via
time-stepping numerical simulations undertaken by Lorite-Díez & Jiménez-González
(2020) and Pier (2013) who reported a rich variety of spatio-temporal patterns. However,
they did not perform an exhaustive analysis of the nature of the bifurcations between
the distinct regimes. Therefore, the objective of the present research is twofold. The first
objective is to undertake a global stability analysis to determine the connection between
the observed patterns by Lorite-Díez & Jiménez-González (2020) and the linear stability
of helical modes. The identification of these fundamental modes allows an identification
of the underlying physical mechanisms responsible for the instabilities and the receptivity
of the flow to forcing or control possibilities. Secondly, the analysis of the normal form
associated with the organizing centre serves to provide a complete phase portrait of the
flow attractors before the emergence of temporal chaos and to unravel the transition
towards chaotic spatio-temporal dynamics observed by Lorite-Díez & Jiménez-González
(2020) and Pier (2013).

The outline of the manuscript is as follows. First, the flow configuration and the
numerical approach are presented in § 2. Second, we undergo a LSA in § 3, which identifies
the most unstable global modes, their underlying physical mechanisms and sensitivity
to forcing. Third, we introduce the methodology for the normal form reduction and we
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Figure 1. Sketch of the problem and geometric configuration.

illustrate it with a bifurcation diagram at constant rotation rate in § 4. Then, in § 5 we
pursue the study by comparing the normal form predictions with DNS results and we
provide a complete phase diagram of the stable attractors of the flow in the range Re ≤ 300
and Ω < 4. Finally, in § 6 we summarise the main findings and we argue of some future
applications of the study.

2. Methodology

2.1. Flow configuration – governing equations

The flow past an axisymmetric rotating body is controlled by two parameters: the Reynolds
number (Re) and the rotation rate (Ω) which is defined as the ratio of the tangential
velocity Ω∗D∗/2 on the sphere surface to the inflow velocity W∗

∞. The fluid motion
inside the domain is governed by the incompressible Navier–Stokes equations written in
cylindrical coordinates (r, θ, z),

∂U

∂t
+ U · ∇U = −∇P + ∇ · τ(U), ∇ · U = 0, (2.1a)

with τ(U) =
1

Re
(∇U + ∇UT), Re =

W∗
∞D∗

ν∗
, Ω =

Ω∗D∗

2W∗
∞

, (2.1b)

x = x∗ 1

D∗
, t = t∗

W∗
∞

D∗
, U = U∗ 1

W∗
∞

P = P∗

(

1

W∗
∞

)2

. (2.1c)

Dimensional quantities are identified with the upperscript symbol ∗. Reference scales
are specified in (2.1c). The dimensionless velocity vector U = (U, V, W) is composed of
the radial, azimuthal and axial components, P is the dimensionless reduced pressure and
the viscous stress tensor, τ(U). For representation purposes, it is sometimes necessary
to use the Cartesian coordinates (x, y, z), here z denotes the streamwise direction, y the
vertical crosswise direction and x the direction that forms a direct trihedral with z and y.
The incompressible Navier–Stokes equations (2.1) are complemented with the following
boundary conditions:

U = (0, Ω, 0) on Σb U = (0, 0, 1) on Σi. (2.2)

No-slip boundary condition is set on the rotating sphere and a uniform boundary
condition is set in the inlet, as shown in figure 1.
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In the sequel, Navier–Stokes equations (2.1) and the associated boundary conditions will
be written symbolically under the form

B
∂Q

∂t
= F (Q, η) ≡ LQ + N(Q, Q) + G(Q, η), (2.3)

where B is the projection matrix onto the velocity field with the flow state vector
Q = [U, P]T, and the parameter vector η = [Re−1, Ω]T. Such a form of the governing
equations takes into account a linear dependency on the state variable Q through L and a
quadratic dependency on parameters and the state variable through operators N(·, ·) and
G(·, ·), which are detailed in Appendix A.

2.2. Nomenclature

Let us introduce some general concepts that will be employed throughout the study. Steady
states, i.e. Q such that F (Q, η) = 0, periodic orbits, i.e. Q(t) = Q(t + T) for every t ≥ 0,
are the simplest invariants of (2.3). In general, an invariant set V of the phase space of
(2.3) is a set that is preserved under dynamics, i.e. for every initial solution Q(t0) ∈ V , we
have Q(t) ∈ V for every t ≥ 0. A Tn-quasiperiodic state, n > 1, n ∈ N∗, is an invariant of
the system (2.3) that can be decomposed as a finite sum of n incommensurate frequencies
ωn, i.e.

Q = Q0 +

n
∑

ℓ=1

(

Q̂ℓeiωℓt + c.c.
)

. (2.4)

Incommensurate frequencies are those that are linearly independent, i.e. for kℓ ∈ Z, we
have

∑n
ℓ=1 kℓωℓ = 0 if and only if every kℓ = 0. Here, we determine the incommensurate

frequencies as those corresponding to the fundamental modes (least stable eigenmodes)
identified by LSA.

A second important property is the attractiveness of an invariant set. We denote as basin
of attraction the set of initial conditions leading to long-time behaviour that approaches
the attractor. The celebrated manuscript of Newhouse, Ruelle & Takens (1978) states
that Tn-quasiperiodic states, with n ≥ 3, are unusual attractors, in the sense that every
Tn-quasiperiodic state can be perturbed by an arbitrarily small amount to a new vector
field with a chaotic attractor. In other words, for any Tn-quasiperiodic state of (2.3), one
may observe a chaotic Axiom A attractor by experimental or numerical means. Here, Axiom

A attractor denotes a class of dynamical systems where the non-wandering set is hyperbolic
and the attractor has a dense set of periodic orbits, more details about hyperbolicity may
be found, for instance, in the recent article by Ni (2019).

2.3. Direct numerical simulation details

The flow governed by (2.1) is solved by means of DNS, following a time-stepping approach
using the finite-volume library OpenFOAM�. The domain shown in figure 1 consists of
an upstream hemisphere of radius r∞ = 15D and a downstream tube extending z2 = 50D

downstream of the body.
Regarding boundary conditions at the outlet, Σo, we impose an outflow condition

that implements a Neumann condition for the velocity, n · ∇U = 0, where n is the
outward normal, and a Dirichlet condition for the pressure, P = 0. The latter may be
considered equivalent to setting a stress-free condition at the outlet for small values of
the viscosity (as highlighted by Tomboulides & Orszag 2000). Finally, at the outer radial
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boundary, Σw, we set a slip boundary condition, n · U = 0. Note that such domain size
and boundary conditions have been selected according to previous numerical works on
rotating axisymmetric bodies (see, e.g. Jiménez-González et al. 2013; Lorite-Díez &
Jiménez-González 2020). Additionally, second-order schemes have been employed for
spatial and time integration. Nevertheless, for the sake of conciseness, the reader is referred
to Appendix A in Lorite-Díez & Jiménez-González (2020) for detailed information about
the employed numerical schemes, convergence and validation studies. In the present
simulations ∼2.6 millions of elements mesh, denoted #2 in table 1 (Appendix A) therein,
is used.

The three-dimensional time-stepping simulations were computed in parallel. In
particular, the DNS are carried out, once converged, for T ∼ 500 convective units
for periodic regimes, and until T ∼ 1000 convective units for quasiperiodic and most
complex regimes. The employed time step is 
t = 0.003 for all simulations. In terms
of computational cost, running on 16 Intel Xeon E5-2665 processors, a simulation lasting
T = 1000 convective time units corresponds to approximately 10 days.

3. Linear stability analysis

3.1. Methodology

As a first step of the reduction procedure, we identify the base flow solution, which
is defined as the steady solution Qb of the (axisymmetric) Navier–Stokes equations,
namely the solution of F (Qb) = 0. We then characterize the dynamics of small-amplitude
perturbations around this base flow by expanding them over the basis of linear eigenmodes

Q = Qb + ε
∑

ℓ

q(ε)(t, τ ) = Qb + ε
∑

ℓ

(

zℓ(τ )q̂(zℓ)
(r, z)ei(mℓθ+ωℓt) + c.c.

)

, ε ≪ 1.

(3.1)
The eigenpairs [iωℓ, q̂(zℓ)

] are then determined as the solutions of the eigenvalue problem

J (ωℓ,mℓ)q̂(zℓ)
=

(

iωℓB −
∂F

∂q

∣

∣

∣

∣

q=Qb,
η=0

)

q̂(zℓ)
, (3.2)

where (∂F/∂q|q=Qb,
η=0)q̂(zℓ)
=Lmℓ

q̂(zℓ)
+Nmℓ

(Qb, q̂(zℓ)
)+Nmℓ

(q̂(zℓ)
, Qb) +G(Qb, ηc),

with ηc = [Re−1
c , Ωc]T. The subscript mℓ indicates the azimuthal wavenumber used for

the evaluation of the linearized Navier–Stokes operator J (ωℓ,mℓ). Please note that here, the
term 
η = [Re−1

c − Re−1, Ωc − Ω]T denotes the departure from the critical condition
attained at [Re−1

c , Ωc]T. In the following, we consider that eigenmodes q̂(zℓ)
(r, z) have

been normalised in such a way that 〈q̂(zℓ)
, q̂(zℓ)

〉B = 〈û(zℓ), û(zℓ)〉 =
∫

Ω
u(x)Tu(x) dx = 1.

3.1.1. Numerical methodology for stability tools

Results presented herein follow the same numerical approach adopted by Fabre et al.

(2018), Sierra, Fabre & Citro (2020a) and Sierra et al. (2020b). The calculation of
the base flow, the eigenvalue problem and the normal form expansion are implemented
in the open-source software FreeFem++. Parametric studies and generation of figures
are collected by StabFem drivers, an open-source project available at https://gitlab.com/
stabfem/StabFem. Results shown in §§ 3–5 have been computed with a numerical domain
(see figure 1) of size z2 = 50D, z1 = 20D and r∞ = 20D, in the streamwise and crosswise
directions, respectively. For steady-state, stability and normal form computations, we set
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Figure 2. Cross-section view at z = 3.5 of the three unstable modes. The streamwise component of the
vorticity vector ̟z is visualized by colours. Results are shown for (a) RW1 at point (ReA, ΩA) = (77, 2.24);
(b) RW2 at point (ReB, ΩB) = (188, 1.01); (c) RW3 at point (ReA, ΩA).

the stress-free boundary condition at the outlet, which is the natural boundary condition in
the variational formulation. Numerical convergence issues are discussed in Appendix D.
The resolution of the steady nonlinear Navier–Stokes equations is tackled by means of the
Newton method. While the generalized eigenvalue problem (3.2) is solved following the
Arnoldi method with spectral transformations. The normal form reduction procedure of § 4
only requires us to solve a set of linear systems, which is also carried out within StabFem.
On a standard laptop, every computation considered below can be attained within a few
hours.

3.2. Neutral curves of stability

In the presence of supercritical self-sustained instabilities, rotating waves are predominant.
These patterns prevail in axisymmetric flows, where the reflection symmetry regarding
the azimuthal angle is broken. Here, the reflection symmetry is broken because of the
rotation of the sphere, which induces a preferential direction of rotation. Consequently,
bifurcations that lead to standing waves or to a symmetry breaking steady state do not
occur generically. The existence of standing waves or a steady-state mode requires the
matching between the phase speed of the helical pattern and the rotation of the body,
which is another condition to be met. The global stability analysis of the flow past the
sphere confirms that only rotating waves are linearly unstable for the range of Reynolds
numbers Re < 300 and Ω < 4. The parametric linear stability study of the flow past the
rotating sphere shows the existence of three neutral curves, which are associated to the
three least stable modes identified by global stability analysis. These correspond to rotating
waves, named RW1, RW2 and RW3, which are depicted in figure 2. Linear stability results
(figure 3a) reveal that the axisymmetric steady state, referred in the following as a trivial
state, is stable in the white shaded region and unstable in the grey shaded region. The
neutral curve of stability displays two regions in the parameter space (Re, Ω) for which
the first primary bifurcations are rotating waves of low frequency where the wake past
the sphere displays a single helix (RW1), depicted in figure 2(a). In the second region, the
flow pattern of the wake displays a double helix (RW3) with a high frequency, depicted in
figure 2(c). The onset of instability of the third branch (RW2) displaying a flow pattern of
the wake with a single helix with a medium frequency, depicted in figure 2(b), turns out to
be linearly unstable for Ω ≤ 4. Each pair of neutral curves intersects once, leading to three
codimension-two points (A, B, C), identified in table 1. Another aspect of importance is the
evolution of frequencies of the instability. Frequencies at critical parameters are reported
in figure 3(b) as a function of Ω . The frequency evolution is divided into two regions, a
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Figure 3. Linear stability properties of the rotating sphere configuration. (a) Neutral curve of stability: the
onset of the primary instability is portrayed with a solid black line (—), whereas the continuation of the neutral
curves is depicted with dashed black lines (- - -). (b) Frequency evolution with respect to Ω of linear modes at
the critical Reynolds number (Rec(Ω)).

Name Re Ω Mode inter. θN γ

Static 212 0 RW1 4◦ 0.76
A 77 2.24 (RW1, RW3) (4.6◦, 8.0◦) (0.89, 0.98)

B 188 1.01 (RW2, RW3) (0.7◦, 2.3◦) (0.82, 0.80)

C 73 3.95 (RW1, RW2) (3.8◦, 9.9◦) (0.80, 0.68)

Table 1. Location in the parameter space (Re, Ω) and the pair of modes involved at the codimension-two
points. It also lists the main properties of the primary bifurcation of the flow past the static sphere. The last two
columns are related to non-normality effects and are defined in § 3.3.

first of rapid evolution for low rotation rates Ω < 1 and a second where the frequency of
the three modes hardly depends on the rotation rate.

The neutral curve of stability reveals that the static configuration (Ω = 0) exhibits
the largest critical Reynolds number. Then, the critical value of the Reynolds number
is hardly modified by weak rotating speeds, in the range Ω < 0.3. However, there is
a clear threshold around Ω ≈ 0.4 where the critical Reynolds number passes from
around Rec ≈ 200 to Rec ≈ 100 in a narrow interval Ω ∈ [0.4, 1.2]. The critical Reynolds
number remains approximately constant up to the point A, the point which divides the
boundary of stability. Below the point A, that is, for Ω < ΩA, the steady-state flow transits
supercritically to a single helix rotating wave RW1; above the point A, i.e. Ω > ΩA, the
steady-state flow transits supercritically to the double helix rotating wave, RW3. Such a
point corresponds to a double-Hopf bifurcation between modes 1 and 3, and its analysis
is left to §§ 4 and 5. Other two double-Hopf bifurcation points exist, denoted B and C,
which characterize the interaction between modes 2 and 3, and 1 and 2, respectively. Yet,
at points B and C the trivial state is already unstable, thus, instabilities associated with
these points are not directly observed in experiments or numerical simulations. Instead,
these organizing centres play a role in the pattern formation of secondary instabilities,
which is left to §§ 4 and 5, where we interpret the subtle implications of these points in
dynamics. In addition, authors have looked for the presence of a primary bifurcation that
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leads to the RW2 state. For the studied configuration, there does not exist such a region in
the range 0 < Ω < 6.

3.3. Properties of the axisymmetric steady state

The analysis presented in this section studies the linear stability of the axisymmetric
steady-state solution in the range Re ≤ 250 and Ω ≤ 4. Typical axisymmetric steady-state
solutions (TS) at codimension-two points are portrayed in figure 4, which shows the
neutrally stable trivial state state at (ReA, ΩA) = (77, 2.24) and the two other unstable
trivial states at (ReB, ΩB) = (188, 1.01) and (ReC, ΩC) = (73, 3.95), respectively. The
flow visualization illustrates the recirculation region behind the sphere, delimited by the
separatrix, which divides the recirculation bubble and the unperturbed flow field. Such a
line, depicted with a thick solid line in figure 4 connects the separation point on the sphere
surface and the stagnation point on the r = 0 axis. The development of the recirculation
bubble can be measured using the maximum extent of the region

Lr = max

{

z −
D

2
| W(r = 0, z) ≤ 0

}

, (3.3)

where D is the diameter of the sphere. Figure 5(a) displays the evolution of the length
of the recirculation bubble by varying Ω and Re. The length of the bubble increases
monotonically with the angular velocity Ω of the sphere as well as the largest negative
values of the streamwise velocity behind the sphere, from around 40 % for Ω = 0 to
around 60 % for the largest values of Ω explored. A similar trend was identified by Kim &
Choi (2002) at Re=100; however, we should consider that the trends observed in figure 5(a)
are only valid before bifurcation. After that, Lr does not have to increase with Ω , as seen by
Lorite-Díez & Jiménez-González (2020) and Kim & Choi (2002). The results at the onset
of stability of the steady state are synthesized in figure 5(b), with a domain of existence of
a stable steady state (white shaded) and another of an unstable steady state (grey shaded).
In § 3.4 we identify the core of the RW1 and RW3 instabilities, which are found within the
recirculation region. In particular, a passive control that shortens the recirculation region is
an efficient technique to stabilize the flow. Therefore, it is not surprising that the neutrally
stable flow is characterized by a shorter recirculation region with respect to the unstable
steady state.

Finally, we briefly discuss the influence of non-normality mechanisms, lift-up and
convective non-normality as they are partly related to recirculation region length. The main
results are included in table 1, where we can see a lower influence of non-normality effects
through the obtained values for γ and θN , with respect to the static sphere configuration.
The estimator θN measures the importance of non-normality, the lower θN the more
important non-normal effects are. On the other hand, the estimator γ characterizes the
relative contribution between the lift-up and the convective non-normality mechanisms
to the total non-normality effects. A γ value close to 0 indicates the dominance of the
lift-up effect. The largest non-normal effects have been measured at point B (lowest values
of θN), which corresponds to the point with the largest critical Reynolds number among
the codimension-two points. The values of θN obtained at point B are associated with a
larger non-normality than the stationary mode (the case of RW1 with O(2) symmetry) and
RW2 at the threshold for (Ω = 0, Re = 281), which was found by Meliga, Chomaz & Sipp
(2009b) to be 1◦. Thus, one may conclude that the rotation of the sphere increases the effect
of non-normality, however, it induces an earlier transition with regard to the Reynolds
number, which turns out to globally reduce the effect of non-normality. This previous
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Figure 4. Spatial distribution of the streamwise velocity (contours) at the steady state along with flow
streamlines (solid lines) and recirculation region separatrix (thick solid lines). Results are shown for (a)
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dashed lines are employed for the unstable steady state. (b) Length of the recirculating region at the onset of
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statement can be also indirectly verified from the satisfactory comparison between normal
form estimations and DNS results in § 5.1. Furthermore, the analysis of the direct global
mode shows a dominant effect of the convective non-normality, which is responsible at
most of around 90 % (mode RW1) and 98 % (mode RW3) at point A and around 80 % for the
remainder modes at points B and C. In comparison, the stationary and oscillating modes
of static configuration (Ω = 0) displayed γ = 0.76 and γ = 0.94. More details about the
non-normality study such as the definition of θN and γ can be found in Appendix B.

3.4. Identification of the physical mechanisms from a control perspective

In this section we analyse the physical mechanisms leading to the RW1 and RW3 states at
the point A. However, we do not discuss the RW2 state as it will be seen in § 5, this state is
not expected to be observed. First, we consider what is the effect of a steady axisymmetric
forcing term, which represents the presence of a small obstacle, wall suction/blowing (as
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the control applied in Niazmand & Renksizbulut 2005), etc. In this case the governing
equations of the resulting flow are the same as (2.3) with the addition of a forcing term
H0 ≡ Ĥ0,

B
∂Q

∂t
= F (Q, η) ≡ LQ + N(Q, Q) + G(Q, η) + Ĥ0. (3.4)

This case has been treated in the past by Marquet, Sipp & Jacquin (2008) in the case of
the flow past a circular cylinder and by Sipp (2012) in the case of the open cavity flow. The
introduction of the forcing induces a modification of the eigenvalue iωℓ �→ iωℓ + 
iω0

ℓ ,

where 
iω0
ℓ = 〈∇H0 iωℓ, Ĥ〉. Therefore, the control that induces the largest deviation of

the growth rate (respectively frequency) of the mode ℓ is in the direction of ∇H0 iωℓ, which
is defined as

∇H0 iωℓ = BTJ (0,0)B∇Ub
iωℓ for ℓ = 1, 2, 3. (3.5)

Here ∇Ub
iωℓ is the sensitivity of the eigenvalue of the mode ℓ (ℓ = 1, 2, 3) with respect

to variations in the axisymmetric steady state, cf. (Marquet et al. 2008). The sensitivity
of the ℓth eigenvalue ∇H0λℓ to the introduction of a steady axisymmetric forcing is
represented in figure 6 for the two modes present in the codimension point A. The
low-frequency mode (RW1) is most sensitive to a steady axisymmetric forcing at the
leftmost end of the recirculation region (see figure 6a,b). This forcing corresponds to one
that accelerates the streamwise motion at the end of the recirculation region, thus reducing
the counterclockwise motion of the recirculation zone, which would induce an effective
decrease of the growth rate (respectively frequency). This is in accordance with the fact
that the recirculation motion will be weaker, and the convective motion will be slower (note
this is also the case for the sensitivity of the frequency RW3 to steady forcing figure 6d).
On the other hand, the high-frequency mode is most sensitive in a near wake region behind
the sphere, close to the recirculation bubble (see figure 6c,d). In this case, a forcing that
decelerates the clockwise motion within the recirculation region would cause the largest
stabilization effect.

Second, let us consider the receptivity of the flow to the presence of localized feedbacks,
as in Giannetti & Luchini (2007). The harmonic forcing H ≡ H (zℓ) exp(i(ωℓt + mℓθ)) is
defined as

H (zℓ) = δ(x − x0)C(zℓ) · û(zℓ), ℓ = 1, 2, 3, (3.6)

where C(zℓ) is a generic feedback matrix and δ(x − x0) is the Dirac distribution centred at
the point x0 = (z0, r0, θ0). Thus, the variation of the eigenvalue due to the introduction of
the localized feedback is


uiωℓ = 〈q̂
†
(zℓ)

, δH (zℓ)〉 = C(zℓ) : S
(ℓ)
s (x0), ℓ ∈ I (3.7)

The rank two tensor of (3.7) is commonly designated as the structural sensitivity tensor,

here denoted as S
(ℓ)
s ,

S
(ℓ)
s ≡ û

†
(zℓ)

⊗ ¯̂u(zℓ), ℓ = 1, 2, 3. (3.8)

The spectral norm of the structural sensitivity tensor for low- and high-frequency modes
is depicted in figure 7. Similar to the receptivity to axisymmetric steady forcing, the
recirculation bubble (RW3) and the leftmost end of the recirculation region (RW1) are
the most sensitive regions of the flow.
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Figure 6. Steady forcing at codimension point A. Sensitivity of amplification rate to the steady axisymmetric
forcing ∇H0λℓ for (a) the low-frequency mode, also known as RW1, and (c) the high-frequency mode,
also known as RW3. Sensitivity of the frequency to the steady axisymmetric forcing ∇H0λℓ for (b) the
low-frequency mode, RW1, and (d) the high-frequency mode, RW3. The magnitude of the growth rate and
frequency sensitivities is pictured by colours and their orientation by arrows.

4. Normal form reduction

In this study bifurcations involving a steady-state mode uniquely exist for the static
configuration (Ω = 0). For such a reason, we will focus our attention on the
codimension-two double-Hopf (Chossat, Golubitsky & Lee Keyfitz 1986) and the
codimension-three triple-Hopf bifurcations, and we will characterize solutions based on
the patterns allowed by these bifurcations. In our problem, the competition between two or
more of the several rotating waves occurs in the neighbourhood of the primary bifurcation.
For such a reason, the three double-Hopf points (depicted in figure 3a) are of special
interest.

These points act as organizing centres of dynamics, and they provide some partial
answers about the transition scenario. For instance, around the point A there are regions
of bi-stability where either RW1 and RW3 coexist. Nevertheless, these codimension-two
points do not account for a third interaction. In each of the double-Hopf interactions,
the competition with one of the leading modes is omitted. The full instability scenario
is accounted by considering the unfolding of the triple-Hopf bifurcation. Yet, such an
instability does not show up generally with only two parameters. And the search for a
third parameter where such a bifurcation generically occurs is not a trivial task. Not to
mention that even in the case one finds such a parameter, the flow configuration may be
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Figure 7. Spectral norm of the structural sensitivity tensor. (a) Low-frequency mode, (b) high-frequency
mode.

considerably distinct from the one initially conceived. Therefore, in the current research,
we adopt a similar strategy as the one conducted by Meliga et al. (2009a) on the wake flow
past a disk. However, rather than performing a variation of the centre-unstable manifold
reduction, which is an invariant procedure but without the attractiveness property of
the centre manifold (Podvigina 2006a,b), we prefer to adopt a higher-order (up to fifth
order) multiple scales expansion at each codimension-two point, and then we extend the
coefficients to other locations in the parameter space. The chosen approach differentiates
from other previous techniques because it allows an exact identification of the polynomial
coefficients of the normal form at codimension-two points, where one can employ the
Fredholm alternative to determine the normal form coefficients and remove the secular
terms of the expansion. Other centre-unstable techniques determine the coefficients of
the normal form at non-resonant conditions, which invalidates the use of the Fredholm
alternative if one is far from the onset of instability. On the other hand, our technique
does not provide an a priori knowledge of the error committed in the extension procedure
from a codimension-two point to another point in the parameter space. Thus, as with other
perturbative techniques, one needs to perform a cross-comparison with DNS in the region
of interest of the parameter space, which is performed in § 5.1.

In the following, we briefly outline the main constituents in the study of pattern
formation, a comprehensive explanation is left to Appendix A. Pattern formation is studied
herein in the framework of bifurcation theory. Near the onset of the bifurcation, dynamics
can be reduced to the centre manifold, whose algebraic expression is simplified via a series
of topologically equivalent transformations into the normal form. The reduction to the
normal form is carried out via a multiple scales expansion of the solution Q of (2.3).
The expansion considers a two-scale development of the original time t �→ t + ε2τ , here
ε is the order of magnitude of the flow disturbances, assumed small ε ≪ 1. In this study
we carry out a normal form reduction via a weakly nonlinear expansion, where the small
parameters are

ε2
Ω = (Ωc − Ω) ∼ ε2 and ε2

ν = (νc − ν) =
(

Re−1
c − Re−1

)

∼ ε2. (4.1a,b)

The technique decomposes time into a fast time scale t of the phase associated to the
self-sustained instabilities and a slow time scale related to the evolution of the amplitudes
zi(τ ), introduced in (4.3), for i = 1, 2, 3. The ansatz of the expansion is

Q(t, τ ) = Qb + εq(ε)(t, τ ) + ε2q(ε2)(t, τ ) + ε3q(ε3)(t, τ ) + ε4q(ε4)(t, τ ) + O(ε5). (4.2)
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In the following, we shall consider the normal form equation resulting from the interaction
of three rotating wave modes identified by LSA, that is,

q(ε)(t, τ ) =
(

z1(τ )q̂(z1)
(r, z) exp(i(m1θ + ω1t)) + c.c.

)

+
(

z2(τ )q̂(z2)
(r, z) exp(i(m2θ + ω2t)) + c.c.

)

+
(

z3(τ )q̂(z3)
(r, z) exp(i(m3θ + ω3t)) + c.c.

)

. (4.3)

Note that the expansion of the left-hand side of (2.3) up to fifth order is

εB
∂q(ε)

∂t
+ ε2B

∂q(ε2)

∂t
+ ε3

[

B
∂q(ε3)

∂t
+ B

∂q(ε)

∂τ

]

+ ε4B
∂q(ε4)

∂t
+ ε5

[

B
∂q(ε3)

∂τ

]

+ O(ε5),

(4.4)

and the right-hand side respectively is

F (q, η) = F (0) + εF (ε) + ε2F (ε2) + ε3F (ε3) + ε4F (ε4) + ε5F (ε5) + O(ε6). (4.5)

Then, the problem truncated at order three is reduced to a low-dimensional system
governing the complex amplitudes zj(t),

ż1 = z1

[

λ1 + ν11|z1|
2 + ν12|z2|

2 + ν13|z3|
2
]

,

ż2 = z2

[

λ2 + ν21|z1|
2 + ν22|z2|

2 + ν23|z3|
2
]

,

ż3 = z3

[

λ3 + ν31|z1|
2 + ν32|z2|

2 + ν33|z3|
2
]

,



























(4.6)

where νkℓ, λk ∈ C for k, ℓ = 1, 2, 3. The real part of the linear terms, named λk,
correspond to the growth rate of the kth mode. Respectively, the imaginary part of λk is
associated to the frequency variation of the kth mode with respect to the frequency of the
neutral mode, i.e. with respect to the frequency ωk determined from LSA. The terms νkℓ

are the third-order self (k = ℓ) and cross-interaction (k /= ℓ) coefficients. The coefficients
of the normal form are estimated as

λℓ = ε2
νλ

(ε2
ν )

ℓ + ε2
Ωλ

(ε2
Ω )

ℓ + ε4
νλ

(ε4
ν )

ℓ + ε4
Ωλ

(ε4
Ω )

ℓ + ε2
Ωε2

νλ
(ε2

νε2
Ω )

ℓ ,

νkℓ = ν
(0)
kℓ + ε2

νν
(ε2

ν )

kℓ + ε2
Ων

(ε2
Ω )

kℓ ,







(4.7)

where ν
(0)
kℓ , ν

(ε2
ν )

kℓ , ν
(ε2

Ω )

kℓ , and the corresponding linear coefficients, are evaluated at the
intersection point between the Hopf curves associated to mode k and ℓ. For instance,
the coefficient ν

(0)
13 is evaluated at point A. The distinct coefficients of (4.7) used for the

evaluation of the coefficients of the normal form are listed in tables 4 and 5 (Appendix A).

4.1. Classification of solutions

In the following, the right-hand side of (4.6) is designated f (z) where z = (z1, z2, z3). The
reduced vector f is equivariant under the action of the group Γ ≡ SO(2) × T3, with the
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Name Representative Isotropy group (complex) Frequencies

TS (Trivial state) (0, 0, 0) SO(2) × T3 0
RW (Rotating wave) (ra, 0, 0) S(1, r, 0, 0) × T2 1
MM (Mixed mode) (ra, rb, 0) S(1, r, l, 0) × S1 2
IMM (Interacting mixed mode) (ra, rb, rc) 1 3

Table 2. Nomenclature and symmetry group of fixed-point solutions of the system (4.9).

following action representation:

θ · z ≡ (z1eilθ , z2eirθ , z3eisθ ),

(ψ1, ψ2, ψ3) · z ≡ (z1eiψ1, z2eiψ2, z3eiψ3).

}

(4.8)

Here l, r, s ∈ Z, θ ∈ [0, 2π) and ψi ∈ [0, 2π) for i = 1, 2, 3; (ψ1, ψ2, ψ3) and θ are the
representations in C3 of the actions of the group Γ , which correspond to the time shift
and rotational invariance, respectively. The substitution of the polar decomposition of z =
reiΦ , with r = (r1, r2, r3) and Φ = (φ1, φ2, φ3), into (4.6) yields the following decoupled
phase-amplitude system:

ṙℓ = rℓ

[

ΛR
ℓ + V

R
ℓkr2

k

]

, k, ℓ = 1, 2, 3,

φ̇ℓ = ΛI
ℓ + V

I
ℓkr2

k , k, ℓ = 1, 2, 3.







(4.9)

Here Λ = ΛR + ΛI ≡ (λ1, λ2, λ3)
T and the matrix V = VR + iV I is

V ≡





ν11 ν12 ν13
ν21 ν22 ν23
ν31 ν32 ν33



 . (4.10)

To ease the presentation of the fixed-point solutions of (4.9), let us introduce the inverse
of the linear operator V , which can be written as

V
−1 =

1

detV





detV11 detV21 detV31
detV12 detV22 detV32
detV13 detV23 detV33



 , (4.11)

where detVkℓ denotes the minor of the matrix V , obtained by eliminating the line k and
the column ℓ.

In the following, the notation ṙ = f R(r) will be adopted to denote the amplitude
equation of the nonlinear system (4.9). The remainder of this subsection will be devoted
to the study of the three fixed-point solutions of (4.9).

The classification of the solutions of the generic triple-Hopf bifurcation interaction with
SO(2) symmetry is based on maximal isotropy subgroups of the group Γ . This technique
predicts the existence up to tertiary bifurcations of fixed points of the complex normal form
(4.6). These isotropy subgroups correspond to the symmetries of the solutions within the
fixed-point subspace of each isotropy group (cf. table 2).
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TS

RW2RW1 RW3

M M13M M12 M M23

IM M123

Figure 8. Isotropy lattice of the triple-Hopf bifurcation.

In our discussion, we identify the subgroups of SO(2) × T3. Each element in the group
has the form

(θ, ψ1, ψ2, ψ3) ∈ SO(2) × T
3. (4.12)

Using this notation, the subgroup S(k, l, r, s) of SO(2) × T3 is defined as

S(k, l, r, s) = {(kθ, lθ, rθ, sθ)|θ ∈ S1}. (4.13)

The conjugacy classes of isotropy subgroups of SO(2) × T3 are documented with the
representative of the fixed-point subspace in polar coordinates and the number of
incommensurate frequencies in table 2. Additionally, a graphical representation of the
isotropy lattice is displayed in figure 8 in terms of the class representative of the fixed-point
subspace.

Rotating waves correspond to the simplest non-trivial fixed point of (4.9), which in the
original set of equations is a periodic solution. They arise as the result of a supercritical
Hopf bifurcation of the steady state (named trivial state in table 2) and they may eventually
bifurcate into mixed modes; the eigenvalues of rotating waves may be found in the
first row of table 3. Mixed modes, defined in table 3, are the result of the interaction
between two rotating waves. A mixed mode has a representative in the normal form with
two non-zero amplitude terms, thus, they correspond to a T2-quasiperiodic state in the
original system of equations. These states may experience two kinds of bifurcations. They
may lose stability in the transversal direction or within their own subspace, these two
conditions are listed in table 3. Eventually, a bifurcation in the transversal direction of
a mixed mode may be associated with the appearance of an interacting mixed mode
(IMM123) attractor. An interacting mixed mode corresponds to a T3-quasiperiodic state
in the original system of equations, and it is represented by three non-zero amplitude
terms. However, T3-quasiperiodic states are hardly observed in numerical simulations of
dissipative systems, as it is the case of Navier–Stokes equations (2.1), instead a chaotic
attractor is usually detected. A more exhaustive analysis of the unfolding of the triple-Hopf
bifurcation is left to Appendix C.

4.2. Illustration of the procedure

Let us detail the procedure followed to compute the bifurcation scenario, a procedure that
is also followed in § 5 for the determination of the parametric portrait. For the sake of
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Name of solutions Definition Eigenvalues

RWi (for i = 1, 2, 3) r
(RW)
i =

√

−
λ

R
i

νR
ii

−λR
i , λR

j − νR
ji

λ
R
i

νR
ii

, for j /= i

MMij, (i, j = 1, 2, 3) r
(MMij)

i =

√

λ
R
j νR

ij − λR
i νR

jj

det(Vkk)

νR
ii r2

i + νR
jj r2

j

2
±

√

(νR
ii r2

i − νR
jj r2

j )
2/4 + νR

ij ν
R
ji r2

i r2
j

(j /= i, k /= i, k /= j) r
(MMij)

j =

√

λ
R
i νR

ji − λR
j νR

ii

det(Vkk)

1

det(VR
kk)

[λR
k det(VR

kk) + λR
i det(VR

ik) + λR
j det(VR

jk)]

IMM123 (r2
1, r2

2, r2
3)

T = −(VR)−1ΛR Eigs of D f R

Table 3. Defining equations and eigenvalues of the solutions of the polar third-order normal form (4.9).

simplicity, we first discuss the bifurcation diagram for a constant rotation rate Ω = 1.75
in terms of the amplitudes (r1, r2, r3). We would like to remind the reader that the
amplitudes (r1, r2, r3) are representative of the kinetic energy of the velocity fluctuations,
based on the normalization choice of § 3.1. First, we need to determine the coefficients
of the normal form, listed in tables 4 and 5, following the procedure of Appendix A.
Then, one may evaluate the linear and cubic coefficients of the normal form at Ω = 1.75
for a variable Reynolds number from the evaluation of (4.7). Please note that, for the
evaluation of cross-diagonal cubic coefficients, the expansion parameter ε2

Ω = Ωc − Ω

depends on the location of the critical rotation rate Ωc, that is, to evaluate ν13 one
evaluates ε2

Ω,A = ΩA − Ω whereas to evaluate ν23 one evaluates ε2
Ω,B = ΩB − Ω . The

diagonal cubic coefficients may be evaluated directly at the bifurcation point for every
rotation rate Ω as a function of ε2

ν or by considering the cubic coefficient of the nearest
codimension-two point. In our procedure, we found good agreement with time-stepping
simulations in the range 1 ≤ Ω ≤ 3 if we consider ν11 = νA

11, ν22 = νB
22 and ν33 = νB

33; the
consideration of νA

33 induces a small deviation in the transition from MM23 to IMM123 of
few units of the Reynolds number. The corresponding coefficients for Ω = 1.75 are listed
in table 6 (Appendix A). Please note that the procedure illustrated herein corresponds to
a method to determine the coefficients of the normal form; nonetheless, these coefficients
can be estimated from numerical simulations as in Fabre et al. (2008) or following
a data-driven approach, cf. Callaham, Brunton & Loiseau (2022), Loiseau & Brunton
(2018) and Loiseau, Noack & Brunton (2018). Bifurcation events are designated by their
corresponding value of the Reynolds number Re

stateb
statea

, where statea stands for the simplest
state that exists before the bifurcation and stateb stands for the resulting state after the
bifurcation. In addition, the notation Re

σk,s
statea

indicates a bifurcation of the statea where
the eigenvalue σk (k = 1, 2, 3) has changed sign, s indicates stabilization and u indicates
the change from stable to unstable of the referring eigenvalue/eigenmode pair. In the
following, there is only a bifurcation of this kind, the one associated to the mixed mode
MM12 that is stabilized/destabilized because of a change of sign of the eigenvalue in the
transversal direction (r3). Thus, we simplify the notation to Res

statea
or Reu

statea
.

Figure 9 displays the bifurcation diagram, with Reynolds number as the control
parameter for Ω = 1.75. There exist three primary bifurcations, i.e. bifurcations from the
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Figure 9. (a) Transition scenario at Ω = 1.75. Attractors are depicted with solid lines, whereas unstable
invariant states are represented with dashed lines.(b) Schematic representation of phase portraits. (i) Two
stable rotating waves separated by a mixed-mode solution. (ii) Two stable mixed modes. (iii) An interacting
mixed-mode attractor, the chaotic attractor that shadows the IMM123 is sketched in a lighter blue colour.

axisymmetric steady state, located at Re
RW1
TS , Re

RW2
TS and Re

RW3
TS , respectively. However, the

RW2 branch remains unstable all along the analysed interval. The first transition to occur
is a supercritical Hopf bifurcation leading to the RW1 solution, which is then followed by
another supercritical Hopf bifurcation leading to RW3. For the range of Reynolds numbers
ReRW1 < Re < Re

MM13
RW3

, there exists a single stable attractor, which corresponds to the

limit cycle associated with the solution RW1. At Re
MM13
RW3

the RW3 branch experiences a
Neimark–Sacker bifurcation that results in the appearance of the mixed-mode solution

MM13. In the interval Re
MM13
RW3

< Re < Re
MM13
RW1

both primary solutions (RW1 and RW3) are
stable under any arbitrary perturbation and in addition they are connected by the unstable
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mixed mode MM13, which is located on the separatrix of the basin of attraction of the
two primary solutions, the phase portrait of this scenario is sketched in figure 9(b i).
Eventually, the solution branch MM13 terminates at Re = Re

MM13
RW1

, which makes RW3 the

single attractor of the system for the interval Re
MM13
RW1

< Re < Re
MM23
RW3

. The RW3 branch
eventually bifurcates into the mixed-mode branch MM23, which is a stable attractor

within the interval Re
MM23
RW3

< Re < Re
IMM123
MM23

. The other primary branch, the unstable RW1,

undergoes another Neimark–Sacker bifurcation at Re
MM12
RW1

which results in the existence
of the MM12 branch, yet unstable for perturbations in the transversal direction of the
mixed mode (in the r3 direction). The MM12 mixed-mode branch appears to be stable
only within a small interval Res

MM12
< Re < Reu

MM12
, where two bifurcations, which are

associated to an instability in the transversal direction r3, occur at the two limit values.
We have employed s and u to denote the stable or unstable nature of the MM12 regime.
Thus, for Res

MM12
< Re < Reu

MM12
, there is a second region with multiple stable attractors,

which is schematically displayed in figure 9(b ii). The last bifurcation accounted by the
normal form is the destabilization of the MM23 branch at Re = Re

IMM123
MM23

that leads to
the appearance of the IMM123 branch, whose phase portrait is sketched in figure 9(b iii).
Please note that despite the fact that IMM123 is a fixed-point solution of the normal form,
the Newhouse–Takens–Ruelle theorem indicates that the original system of equations may
exhibit a chaotic attractors shadowing the IMM123 solution.

5. Bifurcation scenario

5.1. Comparison with DNS

In this section we assess the validity of the normal form to characterize the bifurcation
scenario, as well as its capability to predict accurately the frequencies and force
coefficients of the flow. The estimations of the normal form are compared with DNS
results, which are performed at constant rotation rate Ω = 1.75, the scenario analysed
in § 4.2. As a first guess, we show the accurate prediction of the fundamental frequencies
of each of the invariant states from normal form analysis in figure 10(a) in comparison
with DNS results (markers), which will be discussed below.

Direct numerical simulations have been carried out to confirm the existence of the
bi-stability of full governing equations (2.1) at Re = 110. In particular, two families of
time-stepping simulations have been performed with two distinct initial conditions, in such
a way that, after a transient period, each of them converged towards different time-periodic
solutions. On the one hand, we have used a static, axisymmetric base flow initially obtained
at Re = 70, Ω = 0 which is able to develop the RW1 state (family I, grey markers). On the
other hand, we have used the solution obtained by Lorite-Díez & Jiménez-González (2020)
at Re = 250, Ω = 2.2 as initial seed to find the RW3 state (family II, blue markers), which
in turn confirms the existence of multiple stable attractors at Re = 110.

To determine the observed regimes, we have computed the frequency components
corresponding to StRW1 and StRW3 , displayed in figure 10(b,c), using fast Fourier transform
(FFT) spectra of pointwise streamwise and radial velocities in the near wake. The spectra
are calculated using the oscillatory part of the velocity-time evolution, i.e. U′ = U − Ū

for the radial velocity component, where ·̄ stands for the temporal averaging operator. The
three-dimensional topology of the two rotating wave patterns are displayed by means of
iso-surfaces of Q quantity in figure 11, where single and double helices topologies are
shown.
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Figure 10. Frequency characterization of the flow at Ω = 1.75. (a) Frequency evolution estimated from the
normal form (continuous lines), where attractors are represented with continuous lines, whereas unstable
invariant solutions are depicted with dashed lines. The markers of figure (a) denote the resulting pattern
obtained from a time-stepping simulation; axisymmetric steady state ◦, RW1 ⊳, RW3 ⊲, MM12 �, MM23 ♦,
IMM123 ⋆, the family of initial conditions is visualized by colours (family I: grey, family II: blue). Figures (b–g)
display the FFT fluctuating velocity spectra for the different regimes obtained by means of DNS. Two velocity
components: W ′ (red solid line), U′ (black solid line) and locations (0, 0, 3.5) and (0, 0.5, 3.5), respectively, are
selected to characterize all the frequencies in the wake. Unstable mode frequencies are included: low frequency
(light red solid line), medium frequency (light green dashed line) and high frequency (light blue dotted line).
Results are shown for (b) Re = 110, (c) Re = 110, (d) Re = 150, (e) Re = 150, ( f ) Re = 181, (g) Re = 210.
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Figure 11. Three-dimensional structures of RW1 (a) and RW3 (b) at Re = 110 and Ω = 1.75. We have used
isosurfaces of Q-criterion, Q = 0.001, coloured by streamwise vorticity, ̟z ∈ [−1, 1] (blue to red) to depict
the flow structure.
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Figure 12. Three-dimensional structure of MM12 (a), MM23 (b) and IMM123 (c) at Re = 150 (a,b) and Re =
210 (c) and Ω = 1.75. We have used isosurfaces of Q-criterion, Q = 0.001, coloured by streamwise vorticity,
̟z ∈ [−1, 1] (blue to red) to depict the flow structure.

Similarly, the existence of two stable mixed-mode attractors (MM12 and MM23) is
confirmed at Re = 150. Two time-stepping simulations of the full governing equations
at Re = 150 were performed, using RW1 and RW3 solutions as initial seeds, the resulting
frequency spectra of these patterns are displayed in figure 10(d,e), where the different
frequencies associated with MM12 and MM23 are identified. In particular, we can see that
the appearance of the medium-frequency component originates quasiperiodic regimes.
The mixed mode MM12 has been detected only in a small interval of Reynolds numbers,
which is faithfully captured by the normal form; however, the value of Res

MM12
≈ 154

slightly differs from the results of the DNS, which show a stable MM12 for Re = 150. The
corresponding patterns are displayed in figure 12(a,b).

The T3-quasiperiodic state IMM123 has been detected with DNS for Reynolds numbers
Re ≈ 181. Such a state seems to be the single stable attractor in the analysed range 181 <

Re < 210. A series of DNS were carried out with two families of initial conditions: the
mixed modes MM12 and MM23, both obtained at lower Reynolds numbers. Eventually,
every DNS converged to the IMM123 state, which seems to confirm the claim that it is the
single stable attractor. Their associated spectra is depicted in figure 10( f,g) and its complex
topology can be seen in figure 12(c). The identification of the three main frequencies
(low, medium and high) in the spectra, figure 10( f ), along with the multiple nonlinear
interactions between them is possible for Reynolds number values near the bifurcation
value Re

IMM123
MM23

≃ 181. However, it rapidly departs from the T3-quasiperiodic state towards
a more irregular state (Re = 210) with a nearly continuous velocity spectrum, depicted in
figure 10(g).

Globally, the good agreement between normal form analysis and DNS frequencies
shows the predictive capability of the normal form within the range of Reynolds numbers
studied (see figure 10a).

A further investigation of the dynamics of this attractor has been carried out by means
of the 0 − 1 test. Such a test was introduced by Gottwald & Melbourne (2004, 2009)
to distinguish between regular and chaotic dynamics. More precisely, it corresponds to a
dichotomy test where an estimate K, associated to an asymptotic growth of the dynamics,
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Figure 13. Nonlinear patterns identified through HODMD analysis. The patterns are depicted using
streamwise vorticity contours, ̟z. Results are shown for (a) MM12, (b) MM23 and (c) IMM123 regimes. Tags
values inside the contours refer to the corresponding frequency of each mode, Sti.

takes discrete values [0, 1] which are associated with non-chaotic (0) and chaotic (1).
Further details are given in Appendix F. The results corresponding to the application
of the test to the local radial velocity U′(0, 0.5, 3.5), obtained for the two families of
computations, indicate a rapid departure towards chaotic dynamics, displayed in the
Appendix (figure 16). These results confirm that the transition scenario is eventually ended
by the Newhouse–Takens–Ruelle route to chaos.

Furthermore, DNS results can be used to illustrate the spatial pattern associated with
each fundamental frequency (low, medium, high). To that aim, a high-order dynamic
mode decomposition (HODMD) technique (see Vega & Le Clainche 2020, and references
therein) has been applied to instantaneous fields of streamwise vorticity ̟z located at
z = 2.5 to isolate the spatial distributions of the main frequency components. More
details about the HODMD technique and its application to present data can be found
in Appendix E. In particular, the application of the technique to flow patterns MM12,
MM23 and IMM123 allowed the spatial characterization of the fundamental frequencies
and their interactions. Apart from these frequencies, the methodology also provides
the approximate contribution of each fundamental mode in the nonlinear state. The
spatial patterns identified by HODMD are depicted using contours of spanwise vorticity
without normalization. Thus, for the MM12 state, the HODMD decomposition identifies
four energetic modal contributions, corresponding to frequencies St = 0, 0.103, 0.174 and
0.072, which are depicted in figure 13(a). The use of instantaneous snapshots of ̟z allows
identifying mean flow (St = 0) given by the constant streamwise rotation. Likewise, the
low-frequency component (St = 0.103) displays a dipole m = −1 topology. Similarly, the
medium-frequency component (St = 0.174), also features a m = −1 structure, although
their topology resembles the Yin-Yang mode (Auguste, Fabre & Magnaudet 2010).
Finally, an axisymmetric m = 0 topology is identified at St = 0.072, as the product of
the interaction between low-frequency (LF) and medium-frequency (MF) modes, Stm0 ≃

StMF − StLF. Such a mode is specially energetic close to the longitudinal axis and even
dominant in some locations. In Lorite-Díez & Jiménez-González (2020) the authors
identified such a mode as a fundamental frequency of the flow, named fb therein. However,
given the results from linear stability and normal form analysis, we have now identified
this mode as a subproduct.

The same analysis for the MM23 regime allows the identification of three main frequency
components, depicted in figure 13(b). Apart from the mean flow (St = 0), the flow
decomposition pinpoints a mode with high frequency (HF) StHF = 0.304, that displays
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Figure 14. Evolution of the time-averaged forces with respect to Reynolds number for a constant rotation rate
Ω = 1.75. The force coefficients determined from the normal form analysis are represented by continuous
lines. The force coefficients determined from DNS are depicted with markers. Same legend as in figure 10.

a m = −2 structure. In addition, the Yin-Yang mode is also retrieved but now with a
frequency, StMF = 0.238. Note that, the amplitude associated with this medium-frequency
component is very small. The weak energy associated with such a medium-frequency
mode in the MM23 regime is also observable in the corresponding spectra in figure 10(e).

Furthermore, the HODMD analysis of the complex regime IMM123, present at Re = 210
and Ω = 1.75, is depicted in figure 13(c). The decomposition identifies the axisymmetric
mean flow, the three fundamental frequencies and many interactions between them,
although only five energetic components have been selected for depiction. For instance, the
low-frequency and medium-frequency modes display m = −1 symmetries and respective
frequencies StLF = 0.095 and StMF = 0.231, which are similar to those corresponding
to the MM12 and MM23 regimes. Similarly, the frequency value of the high-frequency
mode (m = −2) remains nearly constant with respect to previous regimes, StHF = 0.299,
indicating that the dependence of frequencies with Re is small (as in figure 3b). Among
the main subproducts, the axisymmetric pattern (m = 0) produced by the interaction
of fundamental frequencies Stm0 ≃ StLF + StHF − StMF = 0.163 stands out. It should
be noted that there is a small mismatch between the identified peaks in FFT and the
frequencies obtained by HODMD that is produced by the different sampling period and
the corresponding recording frequency during the simulation.

To complement the previous analysis, we next focus on the effect of the different flow
states, shown in figure 11 and figure 12, on the sphere’s aerodynamic forces. Thus, we
present in figure 14(a) the evolution with respect to Reynolds number at Ω = 1.75 of the
time-averaged drag coefficient, CD = Cz, and on figure 14(b) the total transverse force

coefficient CL =
√

C2
x + C2

y for normal form analysis and DNS.

The comparison between force coefficients obtained by means of normal form and DNS
approaches is indeed fairly satisfactory. The method captures the main trends in the forces
and, for most of the states, the prediction is reasonably similar, as it was with the different
fundamental frequencies. More precisely, for simpler regimes, such as rotating waves, the
normal form analysis and DNS provide the same results. At Re = 150, for mixed modes,
both methods display a small discrepancy (below five percent). This seems to be related
to a small nonlinear contribution of the medium-frequency mode identified by the DNS,
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as it can be seen in the corresponding FFT spectra (see figure 10d,e). That said, the
general trend of the mean drag CD displays a general reduction with Re, which may be
partly due to a smaller viscous drag contribution. Besides, the pressure drag component
is likely to decrease as well, since Lr is shown to increase with Re (see figure 5b) for a
given rotation rate, Ω . In particular, as discussed by Roshko (1993) for three-dimensional
bluff body wakes, an increase of the recirculating length leads to a decrease in the drag
values on account of a pressure recovery associated to changes in the curvature of the
separatrix line. Additionally, major changes in the trends are reported between different
flow regimes, as expected from strong modifications in the near wake topology and flow
separation (Lorite-Díez & Jiménez-González 2020).

Similarly, the agreement is also good for the mean total transverse coefficient, CL,
although it displays small deviations for states RW1 and MM23 (see figure 14b). The
value of CL is strongly affected by the wake regime and the corresponding azimuthal
symmetry. Therefore, the two families of simulations display quite a different evolution.
Moreover, it should be noted that the high-frequency mode does not create a net component
of transverse force due their symmetric wake topology, as it is seen for RW3 and MM23
regimes, where this mode is dominant, causing CL ≃ 0. In those cases, the wake structures
net eccentricity is small, inducing a negligible transverse force. In view of such results,
such regimes should be favoured in case of control if a stabilization of the trajectory is
wished, e.g. for freely rising or falling rotating spheres, as the transverse displacement of
the body might be limited. Conversely, RW1, MM12 and IMM123 are likely to cause lateral
shift and destabilization of the trajectory for freely moving bodies due to their greater
mean lateral force and their corresponding eccentric wake structures.

5.2. Parametric exploration

Let us discuss the influence of the rotation rate in the dynamics of the flow past the rotating
sphere. For that purpose, we determine the stable attractors of the normal form in the range
Re < 300 and Ω < 4. The cubic normal form coefficients are determined following the
same procedure as in § 4.2. However, for low rotation rates (Ω < 0.8), we found that the
linear coefficients of the normal form were not correctly estimated. So, for these values of
the rotation rate, the linear coefficients are determined exactly at the threshold of instability
of each codimension-one bifurcation.

The flow past the static sphere (Ω = 0), analysed by Fabre et al. (2008), experiences
a symmetry breaking bifurcation that leads to the reflection-symmetric bifid wake
(steady-state mode) and eventually a Hopf bifurcation that leads to the RSP. The phase
diagram depicted in figure 15 shows that both the rotating wave RW1 and the mixed mode
MM12 are the continuation in the parameter space of the steady-state and RSP mode,
respectively. Thus, dynamics for low values of the rotation rate (Ω < 1) are qualitatively
similar to the flow past the static sphere. However, for rotation rate values slightly larger
than ΩB, one starts detecting a wake with a double helix. This fact has been evidenced by
the numerical simulations of Lorite-Díez & Jiménez-González (2020), Pier (2013) and the
experimental work of Skarysz et al. (2018) who reported that at around Ω ≈ 1.5 for large
Reynolds numbers (Re > 250) the quasiperiodic motion of the wake changes from a single
to double helix pattern, which is consistent with the phase diagram in figure 15. However,
if we look in detail at how the flow transits from a single helix to the double helix wake in
terms of the rotation of the sphere, one can observe three bi-stable regions, between RW1
and RW3, between RW3 and MM12, and between MM12 and MM23. These bi-stable sections
connect two regions of the parameter space with distinct attractors, the rotating waves RW1
and RW3 and the mixed modes MM12 and MM23. It is of interest that the formation of
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these new states occurs near the codimension-two point B, which exhibits the importance
of this bifurcation as an organizing centre, even though it occurs as a bifurcation for an
already unstable trivial state. Furthermore, the importance of the codimension point A

is clearly evidenced by figure 15, which also acts as an organizing centre of dynamics.
Around point A, one finds four distinct regions with inequivalent dynamics. If we move
counterclockwise from point A, we have the left region where the trivial axisymmetric
state is stable, the lower region where the RW1 state is the single attractor, a region with
two stable attractors (RW1 and RW3) and the upper region where the RW3 is the single
stable state. Finally, the significance of the other codimension-two bifurcation, the point
C, is rather more subtle. This point is located in the only region where one can observe the
mixed mode MM13, which is only observed for very large rotation rates, and it connects
the RW3 state and the T3-quasiperiodic state IMM123.

Therefore, one may conclude that the rotation of the sphere has a mild effect on the
bifurcation scenario for low rotation rates (Ω < 1). Rotation rates between 1 < Ω < 2
favourise the appearance of a double helix wake and hysteresic behaviour, whereas large
rotation rates (Ω > 2) have a destabilizing effect which rapidly triggers the emergence of
chaotic dynamics via a Ruelle–Takens–Newhouse route.

6. Conclusion

The present study conducts a complete study of the transition scenario of the flow past
a rotating sphere, which is a canonical model of many industrial and natural phenomena
like particle-driven flows, sport aerodynamics, bubble motion, plant seeds, etc. In such
applications the changes in the paths of the particles are related to the destabilization of
complex flow regimes and associated force distributions. To gain a deeper understanding
of the underlying physics and evaluate possibilities of flow and path control, we have
studied the mode competition involved in the formation of patterns in the flow past a
rotating sphere, associated sensitivity to forcing and the effect of flow regimes on the force
coefficients. This research aimed to structurally study the pattern formation previously
examined by Lorite-Díez & Jiménez-González (2020), Pier (2013) and to determine from
a dynamical perspective the fundamental building blocks of dynamics before and up to
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temporal chaos. In order to do that, we have employed LSA, normal form analysis and
DNS.

Rotation of the sphere breaks the reflectional symmetry, thus inducing a preferential
direction. This turns out to favourise the presence of rotating wave instabilities, instead
of a steady symmetry breaking bifurcation, as it is the case for the flow past the static
sphere. These instabilities exhibit a localized wavemaker within the recirculation zone,
which is evidenced by the sensitivity maps. In addition, non-normality effects are weaker
than in the flow past the static sphere, mainly because the primary bifurcation occurs at
lower Reynolds number values. This might be an indication of a weaker transient growth
of asymptotically stable perturbations for the rotating sphere wake flow (Chomaz 2005).

The bifurcation scenario is qualitatively distinct and it greatly varies with the rotation
rate, as it has been discussed in § 5.2. The flow field displays a large variety of attractors
from rotating waves, quasiperiodic mixed modes to T3-quasiperiodic structures. In
addition, one may find multiple attractors, which is associated to hysteresis, and it seems to
be a common feature of many supercritical and subcritical flows, cf. (Subramanian, Sujith
& Wahi 2013; Guo et al. 2018; Ren et al. 2021; Huang et al. 2018; Suckale et al. 2018).
Eventually, for sufficiently large Reynolds numbers, Lorite-Díez & Jiménez-González
(2020) and Pier (2013) identified irregular regimes for most rotation rates, which are
associated to a T3-quasiperiodic attractor. Nonetheless, such a state is just observed by
means of DNS near its onset of existence. For larger Reynolds number values, the attractor
is no longer quasiperiodic, but it is characterized by a continuous frequency spectra, that
turns out to be chaotic. Indeed, such a chaotic attractor shadows the three frequency
quasiperiodic state predicted by the normal form, which is evidenced by physical global
features of the flow, e.g. the force acting on the surface of the sphere.

The analysis performed in this paper is able to accurately predict the fundamental
modes of the wake flow, the bifurcation scenario and the forces acting on the sphere
without the need of performing a fully nonlinear DNS. The results are compared against
DNS computations at Ω = 1.75 with an excellent agreement in regime zones, mode
frequencies and force coefficients. Then, our procedure has been validated without
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including non-normal and resonance effects in our analysis. In any case, their impact has
been proven to be very reduced in this problem.

In the classification of the observed regimes, one may question which is the path or
bifurcation scenario and how are they constituted, i.e. if it is possible to reconstitute the
strange attractor with a sparse approximation. The identification of a T3-quasiperiodic
state, complemented with DNS results, allows the justification that the route to chaos is
indeed the Ruelle–Takens–Newhouse. This has several consequences for further studies
of this or similar flows. First, we have been able to identify the route to chaos and the
fundamental building blocks, which are the three rotating waves. One could attempt to
obtain further insight into the chaotic attractor and to investigate physically interesting
properties such as mixing or the forces on the sphere from the information extracted from
the three unstable periodic orbits associated with the fundamental rotating waves. In this
case, it seems reasonable to construct a symbolic alphabet with the main fundamental
modes being the rotating waves. Then, one may approximate average quantities or the
eigenvalues of the Perron–Frobenius operator by cycle expansions, cf. (Cvitanovic et al.

2005), as it has been recently done by Yalnız & Budanur (2020); Yalnız, Hof & Budanur
(2021) using algebraic topology techniques.

In addition, if ones attempt to design a control procedure to the quasiperiodic state
or to prevent the presence of chaotic dynamics, the use of harmonic forcing, as in Sipp
(2012), seems a promising option, and the implementation is straightforward from the
information provided in §§ 4 and 5. Additionally, the sensitivity to base flow modifications
and structural sensitivity have been presented for the low-frequency and high-frequency
modes in § 3.4 to analyse harmonic and steady control possibilities. It has been shown
that the low-frequency mode displays a strong sensitivity inside the recirculating region,
suggesting a higher receptivity to control through surface rear blowing, in line with the
results presented in Niazmand & Renksizbulut (2005). In principle, the attenuation of
the amplitude of such a mode would imply a decrease in the mean drag and total lift
coefficients (see figure 14), which could presumably prevent the path’s instability in
the case of freely rising bodies, as those analysed by Mathai et al. (2018). Therein, the
tuning of rotational inertia is proposed to modify the wake and path’s instabilities. The
effect of changes in the moment of inertia may imply variations of the rotation rate,
and consequently, changes in the regimes and associated forces. At that point, the force
diagrams presented in figure 14 could be useful to guide such a tuning procedure and
selectively set the regime of interest.
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Coef. λ
(ε2

ν )

ℓ λ
(ε2

Ω )

ℓ λ
(ε4

ν )

ℓ λ
(ε2

Ωε2
ν )

ℓ λ
(ε4

Ω )

ℓ

λ
A
1 15 − 0.60i (−1.8 + 8.2i) × 10−2 (−1.5 − 2.9i) × 102 9.6 − 1.5i (−38 − 2.9i) × 10−3

λ
A
3 43 − 5.5i (−22 + 5.8i) × 10−2 (−2.3 − 10i)102 11 − 0.18i (−1.6 − 1.6i)10−1

λ
B
2 (11 − 3.2i) × 101 (−2.6 + 1.64i) × 10−1 (−1.1 + 6.9i) × 102 5.4 + 5.2i (−3.4 − 18i) × 10−2

λ
B
3 54 − 50i 0.36 − 0.58i (4.2 − 6.9i) × 103 64 − 22i (−1.9 − 4.4i) × 10−1

λ
C
1 9.1 − 3.7i (1.1 + 11i) × 10−2 (−1.1 − 7.4i) × 102 −0.80 + 3.8i (18 − 4.4i) × 10−2

λ
C
2 46 − 18i (−1.2 + 1.7) × 10−2 (−2.7 − 18i) × 102 16 + 10i (−4.4 − 3.6i) × 10−2

Table 4. Linear coefficients of the normal form (4.9) evaluated at codimension-two points.

Appendix A. Normal form reduction procedure for the triple-Hopf interaction

Before we detail the procedure for the reduction of the governing equations to the normal
form (4.6), let us detail the terms that composed the compact notation of the governing
equations (2.3), which is reminded here for the sake of conciseness,

B
∂Q

∂t
= F (Q, η) ≡ LQ + N(Q, Q) + G(Q, η). (A1)

The operator G(Q, η) = G(Q, [η1, 0]T) + G(Q, [0, η2]T), where G(Q, [η1, 0]T) =

η1∇ · (∇U + ∇UT) and G(Q, [0, η2]T) expresses the imposition of the boundary
condition U = (0, η2, 0) on Σb. The nonlinear operator N(Q1, Q2) = U1 · ∇U2, and the
linear operator accounts for the remaining terms that are linear on the state variable Q,
i.e. LQ = [∇P, ∇ · U]T. In addition, we consider the following splitting of the parameters
η = ηc + 
η, where ηc denotes the critical parameters ηc ≡ [Re−1

c , Ωc]T attained when
the spectra of the Jacobian operator of the steady state posses at least an eigenvalue whose
real part is zero, and 
η = [Re−1

c − Re−1, Ωc − Ω]T the departure from the critical
condition.

The procedure followed in this manuscript consists of the determination of a fifth-order
Taylor expansion of the centre manifold, also known as the normal form, of the three
codimension-two-Hopf points (A, B, C), which enables a linear approximation of the cubic
coefficients νkℓ and a quadratic approximation of the linear coefficients λℓ. The ultimate
goal of this approach is the determination of the coefficients listed in tables 4–6. That is,
to determine the cubic coefficient νkℓ values as

νkℓ = ν
(0)
kℓ + ε2

νν
(ε2

ν )

kℓ + ε2
Ων

(ε2
Ω )

kℓ , (A2)

where ν
(0)
kℓ , ν

(ε2
ν )

kℓ and ν
(ε2

Ω )

kℓ are determined at the two-Hopf point between mode k and ℓ.
Similarly, the estimation of the linear coefficient is

λℓ = ε2
νλ

(ε2
ν )

ℓ + ε2
Ωλ

(ε2
Ω )

ℓ + ε4
νλ

(ε4
ν )

ℓ + ε4
Ωλ

(ε4
Ω )

ℓ + ε2
Ωε2

νλ
(ε2

νε2
Ω )

ℓ . (A3)

The reduction to the normal form is carried out via a multiple scales expansion of the
solution Q of (2.3). The expansion considers a two-scale expansion of the original time, a
fast time scale t of the self-sustained instability and a slow time scale of the evolution of
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Coef. ν
(0)
kℓ ν

(ε2
ν )

kℓ ν
(ε2

Ω )

kℓ

νA
11 −0.46 + 0.16i 6.3 + 10.1i (4.4 − 1.1i) × 10−2

νA
13 −3.0 + 0.73i (4.6 − 2.3i) × 102 −3.6 − 5.2i

νA
31 −0.73 + 1.07i (2.2 − 8.6i) × 101 (2.2 − 2.4i) × 10−1

νA
33 −1.5 + 2.1i (−1.1 − 11i) × 101 −0.56 − 0.30i

νB
22 −1.8 + 0.22i (2.2 − 34i) × 101 0.46 − 1.0i

νB
23 −1.9 − 0.2i (2.9 − 1.4i) × 102 2.6 + 2.4i

νB
32 (−34 − 3.1i) × 10−2 (3.0 − 10i) × 102 −0.22 + 2.2i

νB
33 −1.7 + 0.9i (1.0 − 11i) × 102 0.30 − 1.54i

νC
11 −0.25 + 0.15i 34 − 2.1i (5.2 − 10i) × 10−2

νC
12 0.58 − 0.58i (−2.4 + 3.0i) × 102 0.74 − 0.28i

νC
21 (4.6 − 26i) × 10−2 2.3 − 71i (2.4 − 30i) × 10−2

νC
22 −1.9 + 3.1i (4.7 − 10i) × 102 −2.4 + 5.2

Table 5. Cubic coefficients of the normal form (4.9) evaluated at codimension-two points.

Coef. Value

λ1 (−0.019 + 0.038i) + (20.2 − 1.60i)ε2
ν + (−1.5 − 2.9i) × 102ε4

ν

λ2 (0.1805 + 0.1107i) + (11 − 2.8i) × 101ε2
ν + (−1.1 + 6.9i) × 102ε4

ν

λ3 (−0.13 + 0.003i) + (49 − 6.3i)ε2
ν + (−2.3 − 10i)102ε4

ν

ν11 (−0.44 + 0.15i) + (6.3 − 10i)ε2
ν

ν12 (2.2 − 1.2i) + (−2.4 + 3.0i) × 102ε2
ν

ν13 (−4.7 + 1.9i) + (4.6 − 2.3i) × 102ε2
ν

ν21 (0.10 + 0.43i) + (2.3 − 71i)ε2
ν

ν22 (−2.2 + 0.94i) + (2.2 − 34i) × 101ε2
ν

ν23 (−0.08 − 1.6i) + (2.9 − 1.4i) × 102ε2
ν

ν31 (−0.63 + 0.95i) + (2.2 − 8.6i) × 101ε2
ν

ν32 (−0.19 − 0.06i) + (3.0 − 10i) × 102ε2
ν

ν33 (−1.9 + 2.0i) + (1.0 − 11i) × 101ε2
ν

Table 6. Cubic coefficients of the normal form (4.9) evaluated at Ω = 1.75.

the amplitudes

t �→ t + ε2τ, ε ≪ 1, (A4)

here ε is the order of magnitude of the flow disturbances. The small parameters are

ε2
Ω = (Ωc − Ω) ∼ ε2 and ε2

ν = (νc − ν) =
(

Re−1
c − Re−1

)

∼ ε2. (A5a,b)

The ansatz of the expansion is

Q(t, τ ) = Qb + εq(ε)(t, τ ) + ε2q(ε2)(t, τ ) + ε3q(ε3)(t, τ ) + ε4q(ε4)(t, τ ) + O(ε5). (A6)

Note that the expansion of the left-hand side of (2.3) up to fifth order is

εB
∂q(ε)

∂t
+ ε2B

∂q(ε2)

∂t
+ ε3

[

B
∂q(ε3)

∂t
+ B

∂q(ε)

∂τ

]

+ ε4
[

B
∂q(ε4)

∂t
+ B

∂q(ε2)

∂τ

]

+ ε5
[

B
∂q(ε5)

∂t
+ B

∂q(ε3)

∂τ

]

, (A7)
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respectively the right-hand side is

F (q, η) = F (0) + εF (ε) + ε2F (ε2) + ε3F (ε3) + ε4F (ε4) + ε5F (ε5). (A8)

Then we are left with the determination of the forcing terms of (A8).
The reduction detailed in this appendix considers the interaction between two rotating

wave solutions at a codimension-two point. In the following, we adopt the notation for the
solutions z1 and z2, which correspond to point C. In order to proceed for the other two
points, replace z1 by z3 or z2 by z3.

A.1. Notation

Since the number of terms grows quickly with the order, in order to enhance readability,
we define the set of vectors of linear, quadratic, cubic and fourth-order interactions as

Z ≡ {z1, z2}, Z = {z̄1, z̄2},

Z2 ≡ Z ⊗ Z ⊕ Z ⊗ Z = {z2
1, z1z2, z2

2, |z1|
2, z1z̄2, |z2|

2},

Z3 ≡ Z ⊗ Z2 ⊕ Z2 ⊗ Z

= {z3
1, z2

1z2, z1z2
2, z3

2, z1|z1|
2, z2|z1|

2, z2
2z̄1, z̄2z2

1, z1|z2|
2, z2|z2|

2},

Z4 ≡ Z2 ⊗ Z2 ⊕ Z ⊗ Z
3

= {z4
1, z3

1z2, z2
1z2

2, z1z3
2, z4

2, z2
1|z1|

2, z1z2|z1|
2, z2

2|z1|
2, z2

1|z2|
2,

z1z2|z2|
2, z2

2|z2|
2, z1z̄2|z1|

2, z1z̄2|z2|
2, z3

1z̄2, z̄1z3
2}, (A9)

where only unique elements are kept. We denote by zn
α any element of the family Zn, with

n ∈ N∗. In addition to these sets, we shall define the set of resonant terms

ZR ≡ {z1, z2, z1|z1|
2, z1|z2|

2}. (A10)

A.2. Zeroth order

The zeroth order corresponds to the steady-state problem of the governing equations
evaluated at the threshold of instability, i.e. 
η = 0,

0 = F (Qb, 0), (A11)

whose solution is the steady state Qb.

A.3. First order

The first order corresponds to the resolution of a homogeneous linear system, i.e. the
generalized eigenvalue problem evaluated at the threshold of instability, i.e. 
η = 0. In
such a case, the vector is expanded as

q(ε) = z1q̂(z1)
exp(−i(m1θ + ω1t)) + z2q̂(z2)

exp(−i(m2θ + ω2t)) + c.c. (A12)

Then, the eigenpairs [iωℓ, q̂(zℓ)
] are determined as the solutions of the following eigenvalue

problem:

J (ωℓ,mℓ)q̂(zℓ)
=

(

iωℓB −
∂F

∂q
|q=Qb,
η=0

)

q̂(zℓ)
. (A13)

The eigenmode q̂(zℓ)
(r, z) is then normalised in such a way that 〈û(zℓ), û(zℓ)〉L2 = 1.
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A.4. Second order

The second-order expansion term q(ε2)(t, τ ) is determined by the resolution of a set of
linear systems, where the forcing terms are evaluated from first- and zeroth-order terms.
The expansion in terms of amplitudes zℓ(τ ) of q(ε2)(t, τ ) is assessed by collecting the
second-order forcing terms. Nonlinear second-order terms in ε are

F (ε2) ≡

2
∑

j,k=1

(

zjzkN(q̂(zj)
, q̂(zk)

) exp(−i(mj + mk)θ) exp(−i(ωj + ωk)t) + c.c.
)

+

2
∑

j,k=1

(

zjz̄kN(q̂(zj)
, q̂(z̄k)

) exp(−i(mj − mk)θ) exp(−i(ωj − ωk)t) + c.c.
)

+

2
∑

ℓ=1

ηℓG(Qb, eℓ), (A14)

where eℓ is an element of the orthonormal basis of R2. Then the second-order expansion
of the flow variable is carried out so it matches the terms of the forcing (A14),

q(ε2) ≡
∑

z2
α∈Z

(

z2
α q̂(z2

α) exp(−i(mαθ + ωαt)) + c.c.
)

+

2
∑

ℓ=1

ηℓQ
(ηℓ)

b . (A15)

Terms q̂(z2
j )

are harmonics of the flow, q̂(zjzk)
with j /= k are coupling terms, q̂(|zj|2)

are

harmonic base flow modification terms and Q
(ηℓ)

b are base flow corrections due to a
modification of the parameter ηℓ from the critical point. Then the second-order terms
are determined from the resolution of the following systems of equations:

J (ωj+ωk,mj+mk)q̂(zjzk)
= F̂ (zjzk). (A16)

Here F̂ (zjzk) ≡ N(q̂(zj)
, q̂(zk)

) + N(q̂(zk)
, q̂(zj)

) and

J (0,0)Q
(ηℓ)

b = G(Qb, eℓ). (A17)

A.5. Third order

At third order, we proceed as for previous orders, first the forcing term is expanded as

F (ε3)

∑

zα∈Z ,z2
β∈Z2

zα · z2
β

[

N(q̂(z2
β ), q̂(zα))+N(q̂(zα), q̂(z2

β ))

]

exp(i(mα + mβ)θ+i(ωα+ωβ)t)

+

2
∑

j=1

2
∑

ℓ=1

[

zjηℓ

[

N(q̂(zj)
, Q

(ηℓ)

b ) + N(Q
(ηℓ)

b , q̂(zj)
)
]

exp(−imjθ) exp(−iωjt) + c.c.
]

+

2
∑

j=1

2
∑

ℓ=1

[

zjηℓG(q̂(zj)
, eℓ) exp(−imjθ) exp(−iωjt) + c.c.

]

, (A18)
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where ωn and mn are defined as ωn = ωj + ωk + ωℓ, mn = mj + mk + mℓ with n = j +
k + ℓ. Followed by the expansion of the state variable q(ε3)(t, τ ),

q(ε3)(t, τ ) ≡
∑

z3
α∈Z

[

z3
α q̂(z3

α) exp(−i(mαθ + ωαt)) + c.c.
]

+

2
∑

j=1

2
∑

ℓ=1

[

zjηℓQ
(ηℓ)

(zj)
exp(−imjθ) exp(−iωjt) + c.c.

]

. (A19)

At this order there exist resonance terms, which are associated with the singular Jacobian
J (ωk,mk) for k = 1, 2, 3. To ensure the solvability of these terms, we must enforce
compatibility conditions, i.e. the Fredholm alternative. The resonant terms are then
determined from the resolution of the following set of bordered systems:

(

J (ωk,mk) q̂(zk)

q̂
†
(zk)

0

)(

q̂
(z

(R)
α )

s

)

=

(

F̂
(z

(R)
α )

0

)

, z(R)
α ∈ ZR. (A20)

Here s = λ
(ε2

ν )

k (respectively s = λ
(ε2

Ω )

k ) for z
(R)
α = zk and s = ν

(0)
kl for z

(R)
α = zk|zℓ|

2. The
non-resonant terms are then determined as at second order from the resolution of forced
linear systems.

A.6. Fourth order

At fourth order we proceed as at second order, we expand the forcing term F (ε4) as

F (ε4) ≡
∑

zα∈Z ,z3
β∈Z3

zα · z3
β

[

N(q̂(z3
β ), q̂(zα))+N(q̂(zα), q̂(z3

β ))
]

exp(i(mα+mβ)θ+i(ωα+ωβ)t)

+
∑

z2
α∈Z2,z2

β∈Z2

z2
α · z2

β

[

N(q̂(z2
α), q̂(z2

β ))

]

exp(i(mα + mβ)θ + i(ωα + ωβ)t)

+

2
∑

ℓ=1

ηℓ

∑

z2
α∈Z2

z2
αG(q̂(z2

α), eℓ) exp(−i(mαθωαt))

+

2
∑

ℓ,k=1

ηℓηk

[

N(Q
(ηk)

b , Q
(ηℓ)

b )
]

+

2
∑

ℓ=1

ηℓ

∑

zα∈Z ,zβ∈Z

zα · zβ

[

N(Q
(ηℓ)

(zα)
, q̂(zβ ))

+N(q̂(zβ ), Q
(ηℓ)

(zα)
)

]

exp(i(mα + mβ)θ + i(ωα + ωβ)t), (A21)

942 A54-33



J. Sierra-Ausín, M. Lorite-Díez, J.I. Jiménez-González, V. Citro and D. Fabre

and the state variable q(ε4) as

q(ε4) ≡
∑

z4
α∈Z4

(

z4
α q̂(z4

α) exp(−i(mαθ + ωαt)) + c.c.
)

+

2
∑

ℓ=1

ηℓ

∑

z2
β∈Z2

z2
βQ

(ηℓ)

(z2
β )

exp(−i(mβθ + ωβ t)) +

2
∑

ℓ,k=1

ηkηℓQ
(ηℓηk)

b , (A22)

which are determined from the resolution of a forced linear system.

A.7. Fifth order

At fifth order, we uniquely consider the resonant terms. These are the coefficients of
members of ZR. The resonant forcing terms are

F̂
(ηjηk)
zℓ = N(q̂(zℓ)

, Q
(ηjηk)

b ) + N(Q
(ηjηk)

b , q̂(zℓ)
)

+
(

G(Q
(ηk)

(zℓ)
, ej) + G(Q

(ηj)

(zℓ)
, ek) − λ

(ηj)

ℓ BQ
(ηk)

(zℓ)
− λ

(ηk)

ℓ BQ
(ηj)

(zℓ)

)

(

1 −
1

2
δjk

)

,

F̂
(ηℓ)

zj|zk|2
= N(q̂(zj)

, Q
(ηℓ)

(|zk|2)
) + N(Q

(ηℓ)

(|zk|2)
, q̂(zj)

)

+ N(q̂(z̄k)
, Q

(ηℓ)

(zjzk)
) + N(Q

(ηℓ)

(zjzk)
, q̂(z̄k)

)

+ N(q̂(zj|zk|2)
, Q

(ηℓ)

b ) + N(Q
(ηℓ)

b , q̂(zj|zk|2)
)

+ N(q̂(|zk|2)
, Q

(ηℓ)

(zj)
) + N(Q

(ηℓ)

(zj)
, q̂(|zk|2)

)

+ N(q̂(zjzk)
, Q

(ηℓ)

(z̄k)
) + N(Q

(ηℓ)

(z̄k)
, q̂(zjzk)

)

+
(

N(q̂(zj z̄k)
, Q

(ηℓ)

(zk)
) + N(Q

(ηℓ)

(zk)
, q̂(zj z̄k)

)

)

(1 − δjk)

+
(

N(q̂(zk)
, Q

(ηℓ)

(zj z̄k)
) + N(Q

(ηℓ)

(zj z̄k)
, q̂(zk)

)

)

(1 − δjk)

−
(

λ
(ηℓ)

j + λ
(ηℓ)

k + λ̄
(ηℓ)

j

)

Bq̂(zj|zk|2)
− ν

(0)
jk BQ

(ηℓ)

(zj)
, (A23)

with j, k, ℓ = 1, 2 and δjk is the Kronecker symbol. Finally, the coefficients of the normal
form are obtained as

λ
(ηjηk)

ℓ =
〈q̂

†
(zℓ)

, F̂
(ηjηk)
zℓ 〉

〈q̂
†
(zℓ)

, Bq̂(zℓ)
〉
,

ν
(ηℓ)

jk =
〈q̂

†
(zℓ)

, F̂
(ηℓ)

zj|zk|2
〉

〈q̂
†
(zℓ)

, Bq̂(zℓ)
〉































(A24)

for j, k, ℓ = 1, 2.

Appendix B. Non-normality (lift-up and convective mechanisms)

In this section we explore the effect of the non-normal mechanisms on the instability.
Two non-normal mechanisms were identified in the flow configuration of the static sphere
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(Ω = 0), cf. Meliga et al. (2009b), the lift-up and convective non-normality mechanisms.
The lift-up mechanism is associated with the transport of the steady-state solution by the
perturbation, that is, to the component û · ∇Ub of (3.2), cf. Marquet et al. (2009). On the
other hand, the convective non-normality is due to the advection of disturbances by the
steady state, that is, the term Ub · ∇mû of (3.2) and −Ub · ∇mû† for the adjoint operator.
In physical terms, it corresponds to the convection of disturbances in opposite directions.
In terms of direct q̂ and adjoint q̂† global modes, the lift-up non-normality is characterized
by the near orthogonality of the direct and adjoint components of velocity because they
tend to concentrate in different components of velocity, even if both direct and adjoint
modes are active in the same region of space. Instead, the convective non-normality is
associated with direct and adjoint modes that tend to be orthogonal because they are
localized in different regions of the space. The non-normality may be measured by the
angle θN (Meliga et al. 2009b) defined as

cos
(

π

2
− θN

)

=
〈q̂

†
(zℓ)

, Bq̂(zℓ)
〉

(

〈q̂
†
(zℓ)

, Bq̂
†
(zℓ)

〉
)1/2
(

〈q̂(zℓ)
, Bq̂(zℓ)

〉
)1/2

, (B1)

where the direct and adjoint modes are normalised such that 〈q̂
†
(zℓ)

, Bq̂(zℓ)
〉 = 1 and

〈q̂(zℓ)
, Bq̂(zℓ)

〉 = 1. It thus measures the departure of θN from π/2 of the angle between
direct and adjoint global modes, that is, the smaller the departure the larger the
non-normality. However, such a quantity does not suffice to estimate the global effect
of each non-normal mechanism, lift-up and convective non-normality. To overcome such
an issue, Meliga et al. (2009b) proposed to introduce the estimator γ defined as

γ = 1 −
〈|q̂

†
(zℓ)

|, B|q̂(zℓ)
|〉

(

〈q̂
†
(zℓ)

, Bq̂
†
(zℓ)

〉
)1/2
(

〈q̂(zℓ)
, Bq̂(zℓ)

〉
)1/2

, (B2)

where |q̂(zℓ)
|2 = |û(zℓ)|

2 + |p̂(zℓ)|
2 = |û(zℓ)|

2 + |v̂(zℓ)|
2 + |ŵ(zℓ)|

2 + |p̂(zℓ)|
2 stands for the

Euclidean pointwise norm. Such an estimator is used to determine whether the
non-normality is due to the lift-up effect or the convective non-normality and it is bounded
0 ≤ γ ≤ 1. In the case of dominance of the lift-up effect γ is close to 0, i.e. a similar
spatial distribution of direct and adjoint modes. On the other hand, a value of γ close to
unity implies separation in the support of the adjoint and direct global modes.

Appendix C. Unfolding of the triple-Hopf bifurcation

C.1. Classification of solutions

The trivial axisymmetric steady-state solution transits into a rotating wave

RWi = {zj = 0| ∀j /= i, i, j = 1, 2, 3} (C1)

via Hopf-bifurcation. Each of the three types of rotating waves are potential candidates for
a primary bifurcation, and they appear in distinct regions of the parameter space (Re, Ω).

In addition, in the vicinity of the organizing centre of the type (Hopf-Hopf) one can
predict the type of secondary bifurcation from each of the rotating waves. Secondary
bifurcations of rotating axisymmetric bodies are of mixed-mode type MMij, i, j = 1, 2, 3,

MMij = {zℓ = 0| ∀ℓ /= i, ℓ /= j, i, j, ℓ = 1, 2, 3}. (C2)

Mixed-mode solutions are quasiperiodic solutions with possibly different azimuthal
patterns. The transition to a mixed-mode solution MM12 is possible either from RW1
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or RW2 but not from RW3. Finally, near a triple-Hopf bifurcation point there may exist
a mixed mode composed of three (incommensurate) frequencies, here denoted IMM123.
This branch can bifurcate from any of the two-frequency component mixed modes MMij,
for distinct i, j = 1, 2, 3.

C.2. Unfolding amplitude equations – types of solutions

C.2.1. Rotating waves – RW

Rotating waves RWi are fixed points of (4.9), where two modes are null, i.e. they satisfy

r
(RW)
i =

√

−
λ

R
i

νR
ii

, for i = 1, 2, 3. (C3)

Rotating wave solutions are stable if

λ
R
i > 0, λ

R
j − νR

ji

λ
R
i

νR
ii

< 0, for j /= i, for i, j = 1, 2, 3. (C4)

C.2.2. Mixed modes – MMij

Mixed-mode solutions MM12 (respectively MM13 or MM23) are two-component solutions
of (4.9) where r3 = 0 (respectively r2 = 0 or r1 = 0) and the other two components are
non-null. Amplitudes ri, rj depend on parameters as follows:

r
(MMij)

i =

√

√

√

√

λ
R
j νR

ij − λR
i νR

jj

det(VR
kk)

, r
(MMij)

j =

√

√

√

√

λ
R
i νR

ji − λR
j νR

ii

det(VR
kk)

. (C5a,b)

Here i, j, k = 1, 2, 3 with i /= j, k /= i and k /= j.
The Jacobian matrix D f R can be written in block-diagonal form, which simplifies the

stability computations. It is composed of a 2 × 2 and a 1 × 1 block. The eigenvalue
associated with the 1 × 1 block is stable if

σk ≡
1

det(VR
kk)

[

λ
R
k det(VR

kk) + λR
i det(VR

ik) + λR
j det(VR

jk)
]

< 0. (C6)

The 2 × 2 block is

Df R
ij = 2





νR
ii (r

(MMij)

i )2 νR
ij r

(MMij)

i r
(MMij)

j

νR
ji r

(MMij)

i r
(MMij)

j νR
jj (r

(MMij)

j )2



 , (C7)

with r
(MMij)

i r
(MMij)

j =
√

λ
R
i λ

R
j [νR

ij ν
R
ji + νR

jj ν
R
ii ] − [(λR

i )2νR
jj ν

R
ji + (λR

j )2νR
ii ν

R
ij ]/ det(VR

kk).
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The eigenvalues that govern the stability of the mixed-mode solutions of kind MMij are
the roots of the characteristic polynomial

σ 2 − tr
(

Df R
ij

)

σ + det
(

Df R
ij

)

= 0, (C8)

where

tr
(

Df R
ij

)

= νR
ii

(

r
(MMij)
i

)2
+ νR

jj

(

r
(MMij)
j

)2
(C9)

and

det
(

Df R
ij

)

=
(

r
(MMij)
i

)2 (

r
(MMij)
j

)2
det
(

V
R
kk

)

. (C10)

Therefore, one can express the pair of eigenvalues as

σ±
ij ≡

νR
ii r2

i + νR
jj r

2
j

2
±

√

(

νR
ii r2

i − νR
jj r

2
j

)2
/4 + νR

ij ν
R
ji r2

i r2
j , (C11)

where, for ease of notation, the uperscript MMij has been removed. A necessary condition
for the Hopf bifurcation of the mixed-mode solutions to occur is that νR

ii ν
R
jj < 0 and

νR
ij ν

R
ji < 0. In other words, a Hopf bifurcation from the mixed mode may occur if one

of the rotating waves comprised in the mixed mode arises from a supercritical bifurcation
whereas the other arises as a result of a subcritical bifurcation from the axisymmetric
steady state. This case is discussed in detail in Kuznetsov (2013, § 8.6) and is denoted as
the difficult case. The case where νR

ii ν
R
jj > 0 is denoted as the simple case, in such a case

the mixed-mode solution is a sink or a source located in the separatrix of the basin of
attraction of rotating waves.

C.3. Interacting mixed mode – IMM123

The IMM123 mode is a 3-tori solution (phases φi are non-resonant) with their amplitudes
determined as the solution of the following linear system:

r2 ≡ (r2
1, r2

2, r2
3)

T = −
(

V
R
)−1

ΛR =
−1

detVR









detVR
11λ

R
1 + detVR

21λ
R
2 + detVR

31λ
R
3

detVR
12λ

R
1 + detVR

22λ
R
2 + detVR

32λ
R
3

detVR
13λ

R
1 + detVR

23λ
R
2 + detVR

33λ
R
3









.

(C12)

The stability of the interacting mixed-mode solution is determined by the eigenvalues of
the Jacobian D f R,

Df R ≡ 2









νR
11r2

1 νR
12r1r2 νR

13r1r3

νR
21r1r2 νR

22r2
2 νR

23r3r2

νR
31r1r3 νR

32r3r2 νR
33r2

3









. (C13)

The eigenvalues of D f R are roots of its characteristic polynomial denoted as p(D f R),

p(Df R) ≡ σ 3 − I1σ
2 + I2σ − I3 = 0,

I1 = tr
(

Df R
)

, I2 =
1

2

[

(

tr
(

Df R
))2

− tr
(

[Df R]2
)

]

, I3 = det
(

Df R
)

.











(C14)
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The trace of the Jacobian can be expressed as a function of the square of the amplitudes
r2

1, r2
2 and r2

3 and the real part of the matrix of coefficients V ,

tr
(

Df R
)

≡ 2
(

νR
11r2

1 + νR
22r2

2 + νR
33r2

3

)

, (C15)

similarly the second invariant of the Jacobian

1

2

[

(

tr
(

Df R
))2

− tr
(

[Df R]2
)

]

≡ 4
(

r2
1r2

2 detVR
33 + r2

1r2
3 detVR

22 + r2
2r2

3 detVR
11

)

,

(C16)

and the determinant

det
(

Df R
)

= 8r2
1r2

2r2
3 detVR. (C17)

The characteristic polynomial (C14) is a cubic polynomial with real coefficients. Thus,
the eigenvalues σ of the Jacobian D f R are either all real or one of them is real and the other
two are complex conjugate. The nature of the eigenvalues depends on the discriminant of
the cubic equation. A stationary bifurcation occurs when det(D f R) = 0, which under the
generic condition detVR /= 0 only occurs at the origin of the IMM123.

A Hopf bifurcation arises when the following conditions are satisfied:

tr
(

Df R
)

< 0,

[

(

tr
(

Df R
))2

− tr
(

[Df R]2
)

]

> 0

and

[

(

tr
(

Df R
))3

− tr
(

Df R
)

tr
(

[Df R]2
)

]

= det
(

Df R
)

.



















(C18)

The condition tr (D f R) < 0 ensures that Hopf bifurcation is the primary bifurcation
of the IMM123 solution, i.e. the real eigenvalue is negative. Such a condition holds true
in the supercritical case, when νii < 0, for i = 1, 2, 3. Additionally, there is a change in
the nature of the solution IMM123 whenever the discriminant changes sign, it changes
from sink to stable foci, from source to unstable foci, from saddle to saddle foci or vice
versa. Even though these local changes in the nature of the fixed-point solution IMM123
cannot be considered as a local bifurcation, they could be linked to global changes in
dynamics, e.g. the appearance of a heteroclinic cycle as in the difficult case of a Hopf-Hopf
bifurcation (Kuznetsov 2013, Ch. 8.7.). Finally, a necessary and sufficient condition for the
stability of the asymptotic stability of the IMM123 solution can be expressed in terms of
the invariants of the Jacobian matrix

I1 < 0, I2 > 0, I3 < 0, I1I2 > I3. (C19)

Inspection of (C19) shows that the condition for the Hopf bifurcation indeed corresponds
to the limit case of the condition I1I2 ≥ I3.

Appendix D. Mesh convergence

Mesh independent solutions have been verified systematically. First, we have considered
a given mesh refinement, and we have varied the physical size of the domain. We have
observed that, for a domain length of 50 diameters downstream of the sphere centre,
20 diameters upstream of the cylinder centre and 20 in the cross-stream direction, the
effects of the boundary condition do not have an effect on the solution. Secondly, we
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M1 M2 M3 M4

Num. tri. 5.6 × 103 2.4 × 104 3.9 × 104 8.1 × 104

hmax 3D 2D 1D 0.25D

haniso 5 2 1 1
Adaptation Steady state Steady state and modes Same as M2 Same as M2

Table 7. Properties of the meshes used in the study of mesh convergence.

Coef. M1 M2 M3 M4

νB
22 −1.8 + 0.23i −1.8 + 0.22i −1.8 + 0.22i −1.8 + 0.22i

νB
23 −2.1 − 0.26i −2.0 − 0.27i −1.9 − 0.21i −1.9 − 0.0.22i

νB
32 −0.32 − 0.042i −0.35 − 0.027i −0.34 − 0.027i −0.34 − 0.031i

νB
33 −1.6 + 0.91i −1.6 + 0.87i −1.7 + 0.89i −1.7 + 0.89i

Table 8. Cubic coefficients of the normal form (4.9) evaluated at the codimension-two point A.

have looked at the effect of mesh refinement on the properties of the solution. For that
purpose, we performed a parametric study of eigenvalues, normal form coefficients of
the codimension-two point B (table 8). Every mesh is initially computed by Delauny
triangulation, and subsequently adapted to either base flow, eigenmode or both, following
the methodology described in Fabre et al. (2018); and their properties are summarised in
table 7.

Appendix E. Higher-order dynamic mode decomposition

This analysis allows us to gain valuable insight on the dominant modes and associated
spatio-temporal flow structures which govern the wake for the different regimes
encountered in our transition scenario (figure 9). As detailed by Le Clainche & Vega
(2017a), Vega & Le Clainche (2020), HODMD is an extension of the standard dynamic
mode decomposition (DMD) technique (Schmid 2010), which has been proven useful
to study flow structures associated with quasiperiodic (featuring a large number of
frequencies) or transitional regimes (Le Clainche & Vega 2017b), where the classical DMD
approach may fail, being therefore applicable to complex spectral and spatial cases, as the
problem investigated herein. The number of modes identified by HODMD is determined
by M, whose value is related to the spatial resolution of the input data, and N, determined
by the temporal resolution.

Thus, the present HODMD tool has been applied to resolve the spatial structure related
to dominant frequencies characterizing the different flow regimes identified from the DNS
results. Typically, the input data consists of a set of N = 2000 streamwise vorticity, ̟z,
snapshots interpolated in a 80×80 (M = 6400) rectangular grid whose domain is (x, y) ∈
[−1, 1] located at z = 2.5. Moreover, it should be noted that the vorticity snapshots are
equally spaced in time with a 
t = 0.15. Such temporal parameters allow us to resolve
frequencies between Stmin = 0.003 and Stmax = 3.33, according to the Nyquist criterion.
Given such input data, which satisfies the condition N < M, the values of the main
HODMD parameters, i.e. order, d, and tolerance, ǫ, have been calibrated and fixed at
d = 50 and ǫ = 1e − 6 to capture a great number of modes.
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Appendix F. The 0-1 test

The quantitative 0-1 method (Gottwald & Melbourne 2004) is used to evaluate the
dynamic complexity and likely chaotic nature of the flow regimes. The method is
directly applied to time series of any scalar, as the pointwise fluctuating radial
velocity U′. In particular, given a set of data from velocity of N samples, U′(j) with
j = 1, . . . , N, a translation variable is defined as p(m) = Σ

ms

j=1U′(j) cos(js), for m =

1, . . . , ms and s ∈ (0, π/5). The mean square displacement is defined as Mc(m) =
limN→∞(1/N)ΣN

j=1[pc(j + m) − p(j)]2, which requires that ms ≤ N (as in Gottwald &
Melbourne (2004), we use ms = N/10). Thus, the variable Mc(m) is bounded when p(j) is
also bounded which is the case for regular dynamics. However, if the translation variable
p(m) is chaotic, Mc(m) grows linearly with m, so that an asymptotic growth K can be
defined as

K = lim
m→∞

log(Mc(m))

log(m)
, (F1)

which will take the value of 1 for chaotic dynamics and 0 for regular dynamics. Further
information and validation of the use of this estimate to evaluate the dynamic nature of
complex flow regimes can be found in Lorite-Díez & Jiménez-González (2020).
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We present a detailed mathematical study of a truncated normal form relevant to the bifurcations
observed in wake flow past axisymmetric bodies, with and without thermal stratification. We employ
abstract normal form analysis to identify possible bifurcations and the corresponding bifurcation
diagrams in parameter space. The bifurcations and the bifurcation diagrams are interpreted in
terms of symmetry considerations. Particular emphasis is placed on the presence of attracting
robust heteroclinic cycles in certain parameter regimes. The normal form coefficients are computed
for several examples of wake flows behind buoyant disks and spheres, and the resulting predictions
compared with the results of direct numerical flow simulations. In general, satisfactory agreement
is obtained.

I. INTRODUCTION

Bifurcation, defined here as a transition between two
states with different symmetry, is a key concept in many
fields of modern physics. Generally speaking, the larger
the symmetry of a problem, the greater is the number of
ways the symmetry may be broken, leading to the richest
collections of bifurcation scenarios. Equivariant bifurca-
tion theory [1] constitutes a mathematical framework for
studying such problems, and predicts the possible states
that may arise and the bifurcation routes between them.
A key idea for the parameter space exploration of physi-
cal problems is the identification of points of codimension
two (or greater), namely sets of parameters at which two
(or more) bifurcations arise simultaneously. The richest
range of possible behavior is usually encountered in the
vicinity of such points. The theory also provides a sys-
tematic procedure for constructing truncated dynamical
systems called normal forms that enable a classification
of all admissible states near such codimension-two points
and their stability properties. This classification depends
only on the symmetry properties of the problem and is
thus common to all problems involving the same symme-
try.

Fluid mechanics has proved to be a particularly
rich playground for the investigation of bifurcations [2].
The classical problems for which bifurcation theory has
proved both relevant and helpful include, among others,
Taylor–Couette flow (TCF, [3, 4]) and Rayleigh-Bénard
convection (RBC, [5]). Bifurcation theory is also relevant
to wake flows, with the wake of a fixed two-dimensional
(2D) cylinder transverse to the flow providing the classic
example. Here the wake experiences a Hopf bifurcation
leading to the von Kármán vortex street beyond Re ≈ 47,
where Re is a suitably defined Reynolds number. The
case where the cylinder rotates was recently shown to
give rise to a much richer range of behavior that was also
successfully explained using bifurcation theory [6].

The present work is primarily devoted to transitions
in wake flows past axisymmetric objects (WFA) within

a homogeneous fluid. The geometry which attracted the
largest number of studies is that of a sphere. Here, exper-
iments [7, 8] and numerical investigations [9–11] reveal a
primary steady state bifurcation resulting in the loss of
axisymmetry, followed by a secondary bifurcation leading
to reflection-symmetric periodic states. The case of a ro-
tating sphere, recently analysed in [12], reveals a primary
bifurcation leading to a rotating wave pattern. Secondary
and tertiary bifurcations are therein interpreted as the
result of an interaction between three rotating wave pat-
terns. The cases of disks [13–15] and ellipsoids [15] have
also been investigated, revealing a collection of new states
and bifurcation scenarios involving the loss and recovery
of planar symmetry.

Two other related classes of problems will also be con-
sidered here. The first is the path taken by objects in
free motion, such as rising bubbles or falling solid disks
(WFA-FO problem, see [16]). For falling or rising disks,
experiments [16–19]) and simulations [20, 21] reveal a rich
range of possible behavior. As shown in [22], linear sta-
bility analysis predicts correctly the primary bifurcations
for these flows, while weakly nonlinear analysis [23] re-
produces the zigzag path observed in experiments. The
case of a rising bubble proved to be more challenging.
For bubbles of a fixed ellipsoidal shape, linear stability
analysis predicts correctly the destabilization of the path
observed in experiments [24], while [25] conducted a lin-
ear stability analysis for a deformable bubble, leading to
the conclusion that shape deformation plays little role in
the resulting dynamics.

The last class of problems considered here is closely re-
lated to the two previous ones and corresponds to wake
flows past fixed objects in a thermally stratified back-
ground involving mixed convection due to Prandtl num-
ber effects (WFA-MC). Motivated by interest in the tran-
sition to a turbulent wake in this system, the authors of
Ref. [26] conducted a parameter study using numerical
simulations at two different Prandtl numbers, Pr = 0.72
and Pr = 7. For both ellipsoids and disks [15], a large
collection of states with various symmetry properties was
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revealed, closely related to the states found in the two
previous sets of problems.

Fabre et al. [13] were the first to recognize that equiv-
ariant bifurcation theory is relevant to these sets of prob-
lems, and to note that the relevant spatial symmetry
(corresponding to the mathematical group O(2)) is the
same as that in Taylor-Couette flow, thus highlighting
an unexpected analogy between both systems. Fabre et
al. thus reconsidered the normal form initially intro-
duced in [3, 4] for the TCF problem, and showed that
with an appropriate choice of the coefficients, the dy-
namics of the flow past a sphere and a thin disk are
correctly reproduced. Auguste et al. [14] successfully ap-
plied the same approach to a thick disk. Subsequently,
Meliga et al. [27] reconsidered the case of the sphere and
the thick disk using a multiple scale analysis to deter-
mine the coefficients in the normal form. Their results
are in agreement with the numerical simulations of [13],
thereby confirming the relevance of the approach. How-
ever, their derivation method is not fully rigorous, as the
problem is not strictly of codimension two. However,
exact codimension-two points were detected in both the
WFA-MC [26] and theWFA-FO [22] problems, indicating
that in these problems a rigorous normal form derivation
may be undertaken.

As previously mentioned, Golubitsky and collaborators
[3, 28] investigated solutions of the normal form corre-
sponding to the steady/Hopf interaction in the presence
of O(2) symmetry, with application to the TCF prob-
lem, exploring the dynamics up to secondary bifurca-
tions. However, they do not provide a systematic study
of the problem and many details are left to the reader.
Their study also overlooks possible ternary bifurcation to
states which are not observed in the TCF problem but
are nonetheless relevant to the problems considered here.
The purpose of this work is thus to revisit and extend
these results and to explain how they can be applied to
the TCF, WFA, and WFA-MC problems. Our method
differs from that of Golubitsky et al. [3, 28] in several
aspects:

• The study is restricted to a truncated problem
where only third-order nonlinearities are consid-
ered.

• Two systems are introduced: a polar coordinate
representation that eliminates the two continuous
symmetries of the system and a second system writ-
ten in its natural Hilbert basis which reduces the
dynamics to its fundamental domain. These tech-
niques, when systematically employed, reduce the
six-dimensional system to four dimensions and the
fixed-point solutions to a single representative of
each group orbit and enable us to establish the pres-
ence of robust heteroclinic cycles in this system.

• The amplification rates λs and λh of the two pri-
mary modes are included explicitly in the unfolding
of the problem. Golubitsky et al. considered the

amplification rates as unspecified functions of a sin-
gle control parameter only.

Our approach is thus much more in line with that used
by Hirschberg and Knobloch [29, 30] for the related prob-
lem of interaction of two steady-state modes with O(2)
symmetry. There are strong similarities between these
two situations, as emphasized in what follows.

The paper is organized as follows. Section II presents
the normal form and introduces a reduction to polar coor-
dinates that is used in what follows. Section III proposes
a general nomenclature for the various solutions of the
problem. Section IV reviews the fixed-point solutions of
the normal form: pure modes, mixed modes, and possi-
ble bifurcations of higher order. Section V considers a
degenerate case in which a number of details can be in-
vestigated analytically. Section VI presents a numerical
exploration of various solutions of the truncated prob-
lem. Next, section VII explains how the various results
can be used to construct consistent stability diagrams,
while section VIII applies these results to the flow past
a fixed axisymmetric object, in particular, a disk and a
sphere. The paper concludes with a brief discussion in
Section IX. Some technical details are relegated to a pair
of Appendices. Background to the techniques we use and
their application to problems arising in fluid mechanics
may be found in [2].

II. NORMAL FORM AND REDUCTION TO
AMPLITUDE EQUATIONS

A. Problem parametrization

The flow state q = [u, p] is specified by the velocity
field u and the hydrodynamic pressure p (the WFA-MC
also includes the temperature field T ). Near the mode
interaction (a codimension-two bifurcation) the flow state
takes the form

q = Q0 +Re
[
a0(t)e

−iθq̂s

]

+ Re
[
a1(t)e

−iθq̂h,−1 + a2(t)e
iθq̂h,1

]
+ h.o.t.

(1)

Here Q0 is the steady-state flow state that is invariant
under the action of the whole O(2) group, q̂s is the steady
mode and q̂h is the Hopf (unsteady) mode. The Ansatz
in eq. (1) takes into account the continuous (translation
or rotation) symmetry via the terms e±iθ, where θ ∈ S1

is an angle-like variable in the periodicity direction; for
axisymmetric problems it corresponds to the azimuthal
angle, while in the TCF it corresponds to the axial di-
rection: θ ≡ −2πx/Λ, where Λ is the mode wavelength.
Here without loss of generality the azimuthal wave num-
ber m is taken to be m = 1. Both the steady-state flow
and the eigenmodes are functions of other spatial vari-
ables (radial distance and azimuthal angle for the TCF;
radial and axial distances for axisymmetric wake prob-
lems), but this dependence is not of importance here.
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In the following we shall be interested in the dynamics
arising from the interaction between the amplitude a0 of
the steady mode and the amplitudes a1, a2 of the left
and right-rotating waves associated with the Hopf mode.
All three amplitudes are in general complex functions of
the time t and their behavior near the mode interaction
is described by normal form theory.

B. Universal normal form

The normal form is obtained in a standard way: pro-
vided the original system of equations is Γ-equivariant
under the group Γ ≡ O(2) × S1, the normal form must
also be Γ-equivariant. The Hilbert–Weyl and Poénaru
theorems, stated in [28, Ch 1], ensure the existence of
a finite set of Γ-equivariant polynomials generating the
Γ-equivariant Taylor expansion (at the origin) of any
smooth mapping. The group Γ acts on C3 which de-
composes into irreducibles C ⊕ C2 corresponding to the
steady and Hopf modes. The action of the group Γ is
generated by rotations Rα, reflection κ, and the tem-
poral phase shift Φ of the Hopf mode. The canonical
representation of these actions is as follows:

Rα : (a0, a1, a2) →
(
a0e

iα, a1e
iα, a2e

−iα
)

Φ : (a0, a1, a2) →
(
a0, a1e

iφ, a2e
iφ
)

κ : (a0, a1, a2) →
(
a0, a2, a1

)
.

(2)

Based on these considerations, Golubitsky et al. [3, 28]
show that the resulting normal form can be written as
follows:



ȧ0
ȧ1
ȧ2


 =

(
c1 + iδc2

)


a0
0
0


 +

(
c3 + iδc4

)


a0a1a2

0
0




+
(
p1 + iq1

)



0
a1
a2


 +

(
p2 + iq2

)
δ




0
a1
−a2




+
(
p3 + iq3

)



0
a20a2
a20a1


 +

(
p4 + iq4

)
δ




0
a20a2
−a20a1


 ,

(3)
where δ ≡ |a2|

2 − |a1|
2, and the 12 real quantities ci, pi

and qi, i = 1, 2, 3, 4, are functions of the control param-
eters and of the five generators of the ring of invariant
polynomials under the action of the group Γ:

ρ ≡ |a0|
2, N ≡ |a1|

2 + |a2|
2, ∆ ≡

(
|a2|

2 − |a1|
2
)2
,

η ≡ Re
(
a20a1a2

)
, ξ ≡

(
|a2|

2 − |a1|
2
)
Im

(
a20a1a2

)
. (4)

Note that the term δ is not an invariant polynomial as
its sign changes under the reflection κ. This feature is of
importance when checking the equivariance properties of
the normal form. That is, the terms of eq. (3) propor-
tional to δ are Γ-equivariant.

C. Normal form in polar coordinates

Using the polar representation of the complex ampli-
tudes aj = rje

iφj for j = 0, 1, 2, eq. (3) can be reduced
to a system of four coupled equations governing the am-
plitudes r0, r1, r2 and the phase Ψ ≡ φ1 − φ2 − 2φ0:

ṙ0 =
[
c1 + c3r1r2 cosΨ− c4δr1r2 sinΨ

]
r0

ṙ1 =
[
p1 + δp2

]
r1

+
[(
p3 + δp4

)
cosΨ +

(
q3 + δq4

)
sinΨ

]
r20r2

ṙ2 =
[
p1 − δp2

]
r2

+
[(
p3 − δp4

)
cosΨ−

(
q3 − δq4

)
sinΨ

]
r20r1

Ψ̇ = 2
(
q2δ − c2δ − c3 sinΨ− c4δ cosΨ

)

+
r20

r1r2

[(
q3 +Nq4

)
cosΨ−

(
Np3 +∆p4

)
sinΨ

]
.

(5)
This system is four-dimensional owing to the two con-

tinuous symmetries of the system (3). Invariance under
the action of the phase shift Φ reduces the three angle-
like variables (φ0, φ1, φ2) to two (φ0, φ1−φ2); invariance
under the rotations Rα then leads to the single phase Ψ.
The polar system is equivariant under the action of the

group Γρ which is isomorphic to the Pauli group Γρ ≃
D4 ⋊ Z2, where the symbol ⋊ indicates the semi-direct
product between groups. The generators of the group
are the reflection κ and Rπ/2Φπ/2, the discrete rotation
through π/2 with an equal time shift. For the sake of
conciseness, let us introduce the action of the following
group elements on the polar vector field:

κ :
(
r0, r1, r2,Ψ

)
→

(
r0, r2, r1,−Ψ

)

Rπ/2Φπ/2 :
(
r0, r1, r2,Ψ

)
→

(
r0,−r1, r2,Ψ+ π

)

RπΦπ :
(
r0, r1, r2,Ψ

)
→

(
− r0, r1, r2,Ψ

)

Rπ/2Φ−π/2

(
r0, r1, r2,Ψ

)
→

(
r0, r1,−r2,Ψ+ π

)
,

(6)

where Rπ/2Φ−π/2 = κ ·
(
Rπ/2Φπ/2

)3
· κ and RπΦπ =

(Rπ/2Φπ/2)
2. In the next section, we present a classifi-

cation of the various solutions based on the polar repre-
sentation.

D. Group-theoretic considerations

Branching of solutions is determined by the structure
of the isotropy lattice acting on fixed points of the normal
form (3). The isotropy subgroups of solutions that arise
at primary bifurcations correspond to maximal isotropy
subgroups of Γ, that is, isotropy subgroups that are not
included in any other isotropy subgroup other than Γ it-
self. Similarly, solutions arising at secondary bifurcations
have isotropy subgroups that are maximal in a subgroup
strictly smaller than Γ. This process continues until the
trivial group is reached, corresponding to the most gen-
eral fixed point subspace of the normal form.
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Prior to the introduction of the isotropy lattice of the
normal form (3), let us introduce the following notation
to denote some isotropy subgroups of Γ: the group of

rotations S̃O(2),

S̃O(2) ≡ {RφΦ−φ | φ ∈ [0, 2π)}, (7a)

and the group Zn(g), a cyclic subgroup generated by the
element g, satisfying gn = Id. In Section III we use
the information extracted from this lattice to determine
the types of invariant solutions admitted by the normal
form. In addition to the isotropy subgroups of the com-
plex normal form, Table III lists the isotropy subgroups
of the solutions of the polar system (5).

E. Third order normal form

Here we do not deal with the general case, and instead
consider a truncated form retaining only nonlinearities of
third order. Such a truncated system can be expressed
in the following explicit form:

ȧ0 = λsa0 + l0a0|a0|
2 + l1

(
|a1|

2 + |a2|
2
)
a0

+il2
(
|a2|

2 − |a1|
2
)
a0 + l3a0a2a1

(8a)

ȧ1 =
(
λh + iωh

)
a1 +

(
B|a1|

2 +
(
A+B

)
|a2|

2
)
a1

+Ca1|a0|
2 +Da20a2

(8b)

ȧ2 =
(
λh + iωh

)
a2 +

(
B|a2|

2 +
(
A+B

)
|a1|

2
)
a2

+Ca2|a0|
2 +Da20a1 ,

(8c)

where l0, l1, l2, l3 are real coefficients while A,B,C,D are
complex. The correspondence with the notation of Gol-
ubitsky et al. [3, 28] is reported in Tables I and II.

The system (8) thus corresponds to the polar equations

ṙ0 =
[
λs + l0r

2
0 + l1

(
r21 + r22

)]
r0

+l3r0r1r2 cosΨ
(9a)

ṙ1 =
[
λh +Brr

2
1 + (Ar +Br)r

2
2 + Crr

2
0

]
r1

+r20r2
(
Dr cosΨ +Di sinΨ

) (9b)

ṙ2 =
[
λh +Brr

2
2 + (Ar +Br)r

2
1 + Crr

2
0

]
r2

+r20r1
(
Dr cosΨ−Di sinΨ

) (9c)

Ψ̇ = (Ai − 2l2)(r
2
2 − r21)− 2l3r1r2 sinΨ

+r20Di cosΨ
[r2
r1

−
r1
r2

]
− r20Dr sinΨ

[r2
r1

+
r1
r2

]
.

(9d)

Interestingly, the polar system only involves 9 of the
13 original coefficients, namely: l0, l1, l3, Ar, Br, Cr,
Dr, Di and Ai − 2l2. The system (9) is decoupled from
the evolution of the phase φ0 and the ”mean phase” of

the Hopf component φm = (φ1 + φ2)/2, which evolve
according to

φ̇0 = l2(r
2
2 − r21) + l3r1r2 sinΨ , (10a)

φ̇m = ωh +
(
Bi +

1
2Ai

)
(r21 + r22) + Cir

2
0

+
1

2
r20Di cosΨ

[
r2
r1

+
r1
r2

]

+
1

2
r20Di sinΨ

[
r1
r2

−
r2
r1

]
.

(10b)

In addition, we introduce a system whose coordinates
are invariant under the group action, except for the re-
flection symmetry in Ψ. The resulting system is useful
for studying a particular degenerate case considered in
Section V. The advantage of such a system is that the
dynamics occur in the ”fundamental domain”, that is,
there is only one representative of each group orbit. The
system is defined in terms of the invariants

R = r20, S = r21 + r22, P = r1r2, Q = cosΨ . (11)

In terms of these coordinates, the evolution equations
become

Ṙ = 2
[
λs + l0R+ l1S + l3P

]
R (12a)

Ṡ = 2
[
λh +BrS + CrR

]
S

+4
[
ArP +DrQR

]
P

(12b)

Ṗ =
[
λh +BrS + CrR

]
P

+4
[
ArP +DrQR

]
S −DiR

√
(1−Q2)(S2 − 4P 2)

(12c)

Q̇ =
[
2l3 +

DrRS
P

]
(1−Q2)

+
[
(Ai − 2l2)−

DiRQ
P

]√
(1−Q2)(S2 − 4P 2) .

(12d)
In the study that follows, we take the nonlinear coef-

ficients lj (j = 1, 2, 3, 4) and A,B,C,D as constant and
likewise for the frequency ωh of the Hopf mode. The
amplification rates λs and λh will be used as unfolding
parameters. Our study provides predictions for the exis-
tence and stability of the possible solutions in the (λs, λh)
plane. To apply these results to the flows we are inter-
ested in, we have to specify the dependence of the ampli-
fication rates on the control parameters of the problem.
The WFA problem employs a single control parameter

TABLE I: Correspondence of the real coefficients of the
normal form (8) with the literature.

λs λh ωh l0 l1 l2 l3
[3, 28] c1µ · µ p1µ · µ q10 c1ρ c1N c20 c30
[4] α0µ+ β0ν α1µ+ β1ν ω0 c0 Re(d0) −Im(d0) f0
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R while the WFA-MC problem is specified by two con-
trol parameters R1 and R2 related to the magnitude of
the incoming velocity and the temperature difference be-
tween the object and the background, respectively. In
this case, the amplification rates can be assumed to have
the following dependence:

λs = αs(R1 −R∗
1) + βs(R2 −R∗

2),
λh = αh(R1 −R∗

1) + βh(R2 −R∗
2) ,

(13)

where R∗
1 and R∗

2 are the threshold values given by the
linear stability analysis of the axisymmetric steady state;
for the WFA problem βs = βh = 0.

In the TCF problem R1, R2 are related to the angular
velocities of the inner and outer cylinders; in the vicinity
of the bicritical (codimension-two) point (R∗

1, R
∗
2) the

amplification rates can be assumed to depend linearly on
the distance to this point:

λs = c1R1
(R1 −R∗

1) + c1R2
(R2 −R∗

2),
λh = p1R1

(R1 −R∗
1) + p1R2

(R2 −R∗
2) .

(14)

Numerical values for (R∗
1, R

∗
2) and for the parameters

c1R1
, c1R2

, p1R1
, p1R2

are tabulated in [3] for several values
of the radius ratio η < 1 (i.e. the ratio of the radii of the
inner and outer cylinders).

III. CLASSIFICATION OF THE SOLUTIONS

The nomenclature used to classify the various solutions
is given in Tables III and IV. We describe every possible
solution, although emphasis will be put on solutions that
arise generically in the third-order problem and in the
degenerate case considered in Section V.

To illustrate the various solutions graphically, we
project the four-dimensional phase space into a plane
spanned either by the complex amplitude A(t) or by
A′

j(t) for j = 0, 1, where

A(t) ≡ a0(t) + a1(t) + a2(t),
A′

j(t) ≡ A(t)e−iφj(t), for j = 0, 1,
(15)

hereafter referred to as the A-projection and the A′-
projection, respectively.

The function A provides a global measure of the dy-
namics of the system and combines contributions from
both the steady and unsteady components. In the wake
problem, the real and imaginary parts of A can be identi-
fied with the leading order contribution to the lift forces

TABLE II: Correspondence of the complex coefficients
of the normal form (8) with the literature.

A B C D
[3, 28] 2

(
p20 + iq20

)
(p1N − p20) + i(q1N − q20) p1ρ + iq1ρ p30 + iq30

[4] e1 − d1 d1 c1 f1

in the y and z directions, respectively. In the TCF prob-
lem they represent, for example, the vorticity levels at
two points located a quarter of a wavelength apart in the
periodicity direction.

The solutions that are stationary in the polar repre-
sentation are summarized in table III. The simplest so-
lution is the trivial solution (TS: (a0, a1, a2) = (0, 0, 0)).
This solution corresponds to Couette flow in the TCF
problem, and to the axisymmetric solution in the WFA
and WFA-MC problems. In the A-projection this solu-
tion corresponds to the origin (Figure 1a). There are
three primary solutions: steady-state modes (SS), rotat-
ing waves (RW) and standing waves (SW). The steady
state mode (SS) takes the form (a0, 0, 0), a0 6= 0. This
state corresponds to the Taylor Vortex state in the TCF
problem and the Steady Shedding mode in the wake prob-
lems. In the A-projection, this state is represented by an
off-center point (Figure 1b). As shown in Table V and
in Figure 1b using a thin dashed-dotted line, there is a
circle of such states related by the rotations Rφ0

; each
state is in addition reflection-symmetric.

The RW and SW solutions arise in a primary Hopf
bifurcation of the trivial state. Because of the O(2) sym-
metry, the eigenvalues at the Hopf bifurcation are dou-
bled, and the Hopf bifurcation produces simultaneously
a branch of rotating waves (RW: (a0, a1, a2) = (0, a1, 0))
and standing waves (SW: (a0, a1, a2) = (0, a1, a1)). The
RW break reflection symmetry; consequently, there are
two RW, rotating in opposite directions and related by re-
flection. In contrast, the SW are reflection-symmetric os-
cillations with zero mean. In the TCF problem the RWs
correspond to the Spiral Vortex state, while in the wake
problem they correspond to the Spiral Shedding state,
observed, for example, in the wake of a rising bubble
[31]. In the A-projection, the RW state corresponds to a
limit cycle centered at the origin (Figure 1c), while the
SW state is represented by a radial oscillation through
the origin (Figure 1d). In the TCF problem, the SWs
correspond to the Ribbon state while in the wake prob-
lem they correspond to the Symmetric Periodic Shedding
state observed, for example, in the wake of a disk when
R ≈ 150. As for SS, there is a circle of SW states re-
lated by rotations, see fig. 1d. Each of these solutions
corresponds to a one-dimensional fixed point subspace
spanned either by a0 or a1, and their presence is there-
fore guaranteed by the equivariant branching lemma.

Secondary bifurcations may lead to states with a
higher-dimensional fixed point subspace. These states
correspond to the next rung of the lattice of isotropy sub-
groups. An example is provided by mixed mode states
that correspond to a (nonlinear) superposition of the SS
and SW modes. There are two possible states of this
type. The first is denoted by MM0, and corresponds,
respectively, to a pattern called Twisted Vortices in the
TCF problem and to the reflection symmetry-preserving
mode (RSP) in the wake problem. In the A-projection
the solution oscillates back and forth in the radial di-
rection but now with non-zero mean (Figure 2a). The
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TABLE III: Nomenclature and symmetry groups of the steady-state solutions of the system (5).

Name Representative Isotropy group (complex) Isotropy group (polar) Frequencies
Pure modes:

TS (0, 0, 0, nd) O(2)× S1 D4 ⋊ Z2(κ) 0
SS (ra, 0, 0, nd) Z2(κ)× S1 Z2(κ)× Z2(Φπ) 0

RW (0, ra, 0, nd) S̃O(2) Z4(Rπ/2Φπ/2) 1
SW (0, ra, ra, nd) Z2(κ)× Z2(RπΦπ) Z2(κ)× Z2(RπΦπ) 1

Mixed modes:
MM0 (ra, rb, rb, 0) Z2(κ) Z2(κ) 1
MMπ (ra, rb, rb, π) Z2

(
κ ·RπΦπ

)
Z2

(
κ ·RπΦπ

)
1

MW (0, ra, rb,Ψ) Z2(RπΦπ) Z2(RπΦπ) 2
Precessing waves:

General (ra, rb, rc,Ψ) 1 1 2
Type A (ra, rb, rb,Ψ) 1 1 2
Type B (ra, rb, rc, 0 or π) 1 1 2
Type C (ra, rb, 0,Ψ) 1 1 2

Re(A)

Im(A)

(a) TS

Im(A)

Re(A)

(b) SS

Re(A)

Im(A)

(c) RW

Re(A)

Im(A)

(d) SW

FIG. 1: The trivial state TS and the primary branching
solutions SS, RW and SW in the complex A plane.

second mixed mode, MMπ, corresponds, respectively, to
Wavy Vortices in the TCF problem and to the reflection
symmetry-breaking mode (RSB) in the wake problem.
In the A-projection, this solution corresponds to a back-
and-forth along a line segment perpendicular to the radial
direction (Figure 2b). The phase φ0 of both these states
is arbitrary. In other words, there is a circle of solutions
of each type, as indicated in fig. 2a) and fig. 2b). Finally,
one can also find a mixed mode state involving the Hopf
modes, referred to as a modulated wave state (MW),
consisting of a (nonlinear) superposition of two rotat-
ing wave modes, and characterized in [32]. This state is
referred to as the Modulated Spiral mode (MSP) in the

Im(A)

Re(A)

(a) MM0

Im(A)

Re(A)

(b) MMπ

Im(A)

Re(A)

(c) MW: A-projection

Re(A'1)

Im(A'1)

(d) MW: A′

1-projection

FIG. 2: The secondary states (a) MM0, (b) MMπ and
(c) MW in the complex A plane. (d) The A′

1-projection
of the MW state.

TCF problem and the Modulated Wave mode (MW) in
the wake problem. It is a state with two temporal fre-
quencies, which are in general incommensurate, and so
corresponds to a 2-torus as sketched in fig. 2c. This type
of solution does not occur generically in the third-order
system, although it arises in higher order normal forms
or in the degenerate case corresponding to Ar = 0 [33].

The last solution type, that is, a state arising in a
tertiary bifurcation, corresponds to a fixed point in the
(r0, r1, r2,Ψ) coordinates with no further symmetry. Ac-
cording to eq. (10), in such states the phase φ0 of the
steady mode generically precesses at a constant rate given
by φ̇0. Consequently, states of this type display two
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Re(A)

Im(A)

(a) A-projection of PrW

Im(A'0)

Re(A'0)

(b) A′

0-projection of PrW

FIG. 3: The tertiary state PrW.

frequencies, one of which is close to the critical Hopf
frequency while the other is a low frequency given by
eq. (10a). Such modes have been called ”modulated ro-
tating waves” in [3], but here we prefer to avoid the am-
biguous word ”modulated” which has been used to de-
scribe a large variety of very different states in the past.
Instead, these solutions will be referred to as Precessing
Waves (PrW) or ”drifting waves”.

The precession of these states is best appreciated in
the A′-projection, showing the state in a frame of refer-
ence precessing with the steady-state component a0. In
this frame of reference, the PrW is periodic and takes
the form of an ellipse (Figure 3b. Note that in this rep-
resentation the polar coordinates (r0, r1, r2,Ψ) can be in-
terpreted graphically: r0 is the distance of the center of
the ellipse to the origin, (r1 + r2)/2 and (r1 − r2)/2 are
the major and minor axes, and Ψ is twice the angle be-
tween the major axis of the ellipse and the direction of
the steady-state component.

There are in fact four types of PrW as explained in Ta-
ble III. The general solution, PrW General, occurs gener-
ically in the third order normal form and corresponds
to the most general fixed-point solution of eq. (9). In
addition, there are special PrW states. The first two,
called PrW Type A and Type B, do not occur generi-
cally in the third order problem, but they are found in
normal forms of higher order or in the degenerate case
considered in section V. The third solution, PrW Type
C is another degenerate solution that arises in the third
order normal form but only when the three conditions
Ai − 2l2 = Dr = Di = 0 are satisfied.

The solutions that are periodic in the polar represen-
tation are summarized in table IV. We distinguish three
types of solutions. The first type is referred to as a Mod-
ulated Mixed Mode, since it displays the same spatial
symmetries as the mixed modes already described. For
example, in the A-projection the Modulated Mixed Mode

state M̃Mπ evolves on a 2-torus, whose shape resembles
that of MMπ (Figure 4a). The A′

0-projection (Figure 4b)
yields an identical but rotated picture, indicating that
the phase of the steady-state component remains con-

stant. The related state M̃M0 is not displayed, since its
A-projection is identical to that of the MM0 state. Its
modulus |A|, however, pulsates with two independent fre-

Re(A)

Im(A)

(a) A-projection of M̃Mπ

Re(A'0)

Im(A'0)

(b) A′

0-projection of M̃Mπ

FIG. 4: The Modulated Mixed Mode M̃Mπ in the
complex A plane.

quencies.
We also find periodic states we call Pulsating

Waves (PuW). In such states, the polar coordinates
(r0, r1, r2,Ψ) all oscillate periodically in time, but the
pulsation retains a certain symmetry. Specifically, r1 =
r2 and sinΨ = 0, where the overbar indicates an av-
erage over the pulsation period. According to eq. (10)
the phase φ0 of the steady-state component also pulsates
periodically, but the average value of its derivative over
one pulsation period vanishes. Consequently, the pat-
tern does not precess. In the A-projection, the solution
evolves on a 2-torus that remains confined within a given
angular sector (Figure 6a), indicating the absence of net
precession. The A′

0-projection (Figure 6b) also reveals a
2-torus, albeit of different form.
The last type of periodic solution corresponds to the

case where the (r0, r1, r2,Ψ) variables are once again
time-periodic, but the conditions r1 = r2 and sinΨ = 0
are violated. In the A-projection, this state appears ir-
regular (Figure 7a), while the A′

0-projection (Figure 7b)
revels a 2-torus. In fact, this solution actually evolves on
a 3-torus, owing to net drift in the phase φ0. We call
these states Three-Frequency Waves (3FW), since they
are characterized by a frequency near the critical Hopf
frequency, the pulsation frequency, and finally the pre-
cession frequency.

The classification of the solutions of the generic steady-
Hopf interaction with O(2) symmetry presented by Gol-
ubitsky et al. [3, 28] and covered in Section IID is based
on maximal isotropy subgroups of the symmetry group
O(2)×S1 of the normal form. The isotropy lattice of the
normal form (3) is represented in Figure 5. This tech-
nique predicts the existence up to tertiary bifurcations
of fixed points of the complex normal form (3). These
isotropy subgroups correspond to the symmetries of the
solutions within the fixed point subspace of each isotropy
group (cf. Table III). However, several of the states iden-
tified here have trivial symmetry (denoted by 1), and
their existence cannot be established by group-theoretic
arguments alone. Thus, the polar representation intro-
duced here is helpful for the explicit computations re-
quired to establish the presence of these more complex
states.
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TABLE IV: Nomenclature and symmetry groups of limit cycle solutions of the system (5).

Name Representative Isotropy group Frequencies
of solution in polar coordinates in primitive coordinates

M̃M0,π (ra(t), rb(t), rb(t), 0 or π) 1 2
IMM (0, rb, rc,Ψ(t)) 1 2
PuW (ra(t), rb(t), rc(t),Ψ(t)) 1 2

with rb = rc and sinΨ = 0
3-frequency waves: (3FW)

General (ra(t), rb(t), rc(t),Ψ(t)) 1 3
Type A (ra(t), rb(t), rb(t),Ψ(t)) 1 3

with sinΨ 6= 0
Type B (ra(t), rb(t), rc(t), 0 or π) 1 3

with rb 6= rc
Type C (0, rb(t), rc(t), nd) 1 3

with rb 6= rc
Type D (ra(t), rb(t), 0,Ψ(t)) 1 3

with sinΨ 6= 0

FIG. 5: Lattice of isotropy subgroups of the symmetry
group Γ (resp. Γρ).

Re(A)

Im(A)

(a) A-projection of PuW

Im(A'0)

Re(A'0)

(b) A′

0-projection of PuW

FIG. 6: The Pulsating Wave PuW in the complex A
plane.

IV. DYNAMICS OF THE SOLUTIONS

In this section, we describe the various solutions of
the truncated third-order system (8). We summarize not
only the solutions but also their stability properties, as-

Re(A)

Im(A)

(a) A-projection of 3FW

Re(A'0)

Im(A'0)

(b) A′

0-projection of 3FW

FIG. 7: The Three-Frequency Wave 3FW in the
complex A plane.

suming that all necessary nondegeneracy conditions hold.

A. Pure modes

Table V contains the definition and eigenvalues of the
trivial state and of the pure modes. Since the polar angle
Ψ is undefined for these states, the results are obtained
from the primitive amplitude equations (8). Therefore,
six eigenvalues are listed for each branch. The condition
for supercriticality of the primary branch is also given.
This can be deduced from elementary considerations. For
example, the SS branch is supercritical if l0 < 0, as can
be seen in both the equation for the branch (which is
then defined for λs > 0) and the first non-zero eigenvalue
(which is then negative, implying that stability has been
transferred to the SS branch). The conditions for su-
percriticality also provide the conditions for the subcrit-
icality (if the corresponding parameter has the opposite
sign) and nondegeneracy (if the corresponding quantity
is non-zero).
The bifurcation at λh = 0 is the standard Hopf bifur-

cation with O(2) symmetry, and so gives rise simultane-
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TABLE V: Defining equations and eigenvalues of primary branches in the third order normal form (8).

Name of solutions Definition Eigenvalues Notes
(condition for supercriticality)

Pure modes:
TS r0 = r1 = r2 = 0 λs (twice) Bif. to SS

λh ± iωh (twice each) Bif. to SW and RW

SS r0 =
√

−λs

l0
≡ rP 0 Inv. under rotation

l0 < 0 φ0 arbritrary 2l0r
2
P Bif. from TS

r1 = r2 = 0 λh + iωh + (C +D)r2P and c.c. Bif. to MM0

λh + iωh + (C −D)r2P and c.c. Bif. to MMπ

SW r1 = r2 =
√

−
λh

(2Br+Ar)
≡ rS 0 Inv. under time shift

2Br +Ar < 0 r0 = 0 0 Inv. under rotation
φ1 − φ2 arbitrary (4Br + 2Ar)r

2
S Bif. from TS

φ̇1 = φ̇2 = ωh + (2Bi +Ai)r
2
S −2Arr

2
S Bif. to RW

λs + (2l1 + l3)r
2
S Bif. to MM0

λs + (2l1 − l3)r
2
S Bif. to MMπ

RW r1 =
√

−
λh

Br
≡ rR 0 Inv. under time shift + rotation

Br < 0 r0 = r2 = 0 2Brr
2
R Bif. from TS

φ̇1 = ωh +Bir
2
R Ar2R and c.c. Bif. to SW

λs + (l1 + il2)r
2
R and c.c. Bif. to PrW

ously to branches of RW and SW. The RW rotate coun-
terclockwise (clockwise) when ωh > 0 (ωh < 0). Reflec-
tion symmetry implies that for each RW (r1, r2) = (r1, 0)
there is also a RW (r1, r2) = (0, r1) rotating in the oppo-
site direction. The condition Ar = 0 represents a degen-
eracy that is analysed theoretically in [1, 2, 33, 34]. In
the vicinity of this degeneracy, two-frequency states are
present, and these are analyzed in Appendix B.

B. Mixed modes

The defining equations for the mixed modes are given
in Table VI. We differentiate between nondegenerate so-
lutions of the third-order truncated normal form, which
are the Mixed Modes of type MM0,π, and degenerate
solutions, which are the Modulated Wave modes MW
briefly discussed in Appendix B. The nondegeneracy con-
ditions for the existence of MM branches are ∆± =
(2Br + Ar)l0 − (2l1 ± l3)(Cr ± Dr) 6= 0, with the pos-
itive sign for MM0 and the negative sign for MMπ. In-
spection shows that these states bifurcate supercritically
from the SS branch if ∆±l0 < 0 and from the SW branch
if ∆±(2Br + Ar) < 0. Modulated Wave modes MW are
degenerate solutions of the third order normal form (9)
and exist when Ar = 0 and ∆b = l3 sinΨ 6= 0.

At this point, it is interesting to point out the similar-
ities between the present problem and the related prob-
lem of the interaction between two steady-state modes
with opposite parity analyzed by Hirschberg & Knobloch
[29, 30]. The latter problem has two pure modes and two
mixed modes, which are defined by equations similar to
those defining our SS and SW pure modes and our mixed
modes. So, if we restrict to the subspace generated by the

SS and SW pure modes, all the results of Hirschberg &
Knobloch [29, 30] can be directly applied to the present
case. This is not so, however, within the system (8),
which reveals the presence of additional secondary bifur-
cations (see below).

C. Stability of mixed modes and tertiary
bifurcations

Higher order bifurcations can be detected by lineariz-
ing the normal form (8) around the mixed modes in Ta-
ble VI. Working with the primitive equations, as done
in Golubitsky et al. [28], leads to the same results, but
the procedure is more involved. Within the polar rep-
resentation four eigenvalues need to be computed; the
remaining eigenvalues are both zero owing to the two
continuous symmetries representing the invariance of the
mixed modes under rotation and time translation.

Mixed modes

To obtain the results listed in Table VI, consider the
following expansion: r0 = ra+x0, r1 = rb+x1, r2 = rb+
x2 and Ψ = Ψ0 +ψ, with either Ψ0 = 0 for MM0 or Ψ =
π for MMπ; in either case we suppose the perturbation
is infinitesimal, |x0|, |x1|, |x2|, |ψ| ≪ 1. In terms of the
quantities ρ = x1−x2 and xM = (x1+x2)/2 the resulting
liner stability problem is block-diagonal:
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TABLE VI: Defining equations and eigenvalues of mixed modes in the third order normal form (8).

Name of solutions Definition Eigenvalues Notes
(condition for supercriticality)

MM0 r2a = (2l1+l3)λh−(2Br+Ar)λs

∆+
eigs of M+

a Bif. to M̃M0

∆+ 6= 0 r2b = (Cr+Dr)λs−l0λh

∆+
eigs of M+

b Bif. to PrW and/or PuW

∆+ = (2Br +Ar)l0 − (2l1 + l3)(Cr +Dr)

MMπ r2a = (2l1−l3)λh−(2Br+Ar)λs

∆
−

eigs of M−

a Bif. to M̃Mπ

∆− 6= 0 r2b = (Cr−Dr)λs−l0λh

∆
−

eigs of M−

b Bif. to PrW and/or PuW

∆− = (Br +Ar)l0 − (2l1 − l3)(Cr −Dr)

MW r2a = 1
2

[
− Ar

2p2
N

−
√

χ

4p1
∆
p2
N

]
−2r2SW

(
Ar + 4r2SW p2N

)
Bif. from/to SW

2Br +Ar < 0, Ar > 0 r2b = 1
2

[
− Ar

2p2
N

+
√

χ

4p1
∆
p2
N

]
−r2RW

(
Ar − 2r2RW p2N

)
Bif. from/to RW

p2N < 0, p1∆ < 0 λs − l1
Ar

p2
N

Bif. to PrW or 3FW

Existence I: Ar/p
2
N < 0

Existence II: 0 < χ

p1
∆
p2
N

<
A2

r

(p2
N

)2
χ = Ar(Ar + 2Br)− 4p2N −Ar

p1N2

p2N
λh

(
ẋ0
ẋM

)
=M±

a

(
x0
xM

)
with

M±
a = 2

(
l0r

2
a (2l1 ± l3)rarb

(Cr ±Dr)rarb (2Br +Ar)r
2
b

)
,

(
ρ̇

ψ̇

)
=M±

b

(
ρ
ψ

)
with

M±
b = 2

(
−Arr

2
b ∓Drr

2
a ±Dir

2
arb

(2l2 −Ai)rb ∓Dir
2
a/rb ∓(Drr

2
a + l3r

2
b )

)
,

(16)
with the upper sign applying to MM0 and the lower one
to MMπ. The matrices M+

a , M+
b , M−

a , M−
b correspond,

respectively, to the matrices denotedM0,M1, N0 and N1

in Golubitsky et al. [28], but are obtained here in a much
more straightforward way. The expressions are identical,
except for the prefactor 2 which is missing in Golubitsky
et al. and an overall change of sign in their matrix M1.
Let us first discuss the situation in the subspace

(x0, xM ), which is governed by the system (16a). This
system is completely analogous to that studied by
Hirschberg & Knobloch [29], since it involves perturba-
tions within the SS/SW invariant subspace of the prob-
lem. In particular, the determinant of the matrix M±

a

(i.e. the product of the eigenvalues) is 4rarb∆±. It fol-
lows that a steady state bifurcation cannot occur along
either mixed mode within the SS/SW subspace. This
fact could have been anticipated by noting that this sub-
space does not admit symmetry-breaking bifurcations of
these states. As a result, only Hopf bifurcations are pos-
sible. It follows that the eigenvalues of the matrix M±

a

are either real with constant sign, or complex conjugate
with a possible Hopf bifurcation. Inspection shows that
the situation depends upon the signs of the quantities
l0, 2Br + Ar, and ∆±. If ∆± < 0, both eigenvalues

are real and their product is negative. Therefore, one of
the eigenvalues is stable and the other unstable. This
means that the corresponding branch MM0,π is always
less stable than the primary SS and SW branches. In the
case ∆± > 0, the product of the eigenvalues is positive,
and their sum is given by the trace of the matrix, i.e.
2
(
l0r

2
a + (2Br +Ar)r

2
b

)
. When l0 < 0 and 2Br +Ar < 0,

i.e., when both primary bifurcations are supercritical, the
trace remains negative, indicating that both eigenvalues
are stable along the whole mixed mode branch. Similarly,
when l0 > 0, and 2Br + Ar > 0, i.e. when both primary
bifurcations are subcritical, the trace remains positive,
indicating that both eigenvalues are unstable along the
whole branch. The last possibility, l0(2Br + Ar) < 0,
arises when one of the primary bifurcations is subcriti-
cal while the other is supercritical. In this case, the real
part of the eigenvalues changes sign somewhere along the
branch, signaling the occurrence of a Hopf bifurcation.
The solution born at such a Hopf bifurcation is referred

to here as a Modulated Mixed Mode (M̃MΨ0
, see Ta-

ble IV). The frequency of oscillation of the Modulated
Mixed Mode at the Hopf bifurcation is given by the de-
terminant of the matrix M±

a and may be expressed in
terms of r2a as follows:

ω2
a = −

l0∆±

2Br +Ar
r4a . (17)

According to Hirschberg & Knobloch [29], the corre-
sponding bifurcation is degenerate within the third or-
der truncation, and higher order terms are required to
determine whether it is subcritical or supercritical.

Consider now the situation in the (ρ, ψ) subspace, gov-
erned by the system (16b). Inspection shows that the
matrix M±

b may have complex or real eigenvalues. So,
in this subspace, each of the mixed modes can experi-
ence steady bifurcations (associated with the vanishing
of a single eigenvalue of M±

b ) and/or Hopf bifurcations
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(associated with the vanishing of the real part of a pair
of complex eigenvalues of M±

b ). To discuss the nature
of the solutions born at these tertiary bifurcations, it is
useful to note that the phase drift φ̇0 of the steady mode
component is related to these quantities by the equation

φ̇0 = −2l2rbρ± l3r
2
bψ +O(ρ3, ρ2ψ, ψ2ρ, ψ3) , (18)

obtained from eq. (10a).
A steady state bifurcation will generically give rise to

a branch with constant, nonzero (ρ, ψ), and according
to eq. (18) such a state will therefore precess at a con-
stant angular velocity. The corresponding bifurcation
will be referred to as a parity-breaking bifurcation, and
the states produced as Precessing Waves (PrW, see Ta-
ble III). On the other hand, a Hopf bifurcation will gener-
ically give rise to a limit cycle in the (ρ, ψ) plane. Since
this cycle is symmetric about (ρ, ψ) = (0, 0), eq. (18)
implies that the resulting state will drift back and forth
with zero net drift. The result is a direction-reversing
wave [35] and we refer here to states of this type as Pul-
sating Waves (PuW, see Table IV).

These predictions are in agreement with those of Gol-
ubitsky et al. except for their expectation that the
symmetry-breaking Hopf bifurcation (i.e., the Hopf bifur-
cation in the (ρ, ψ) subspace) gives rise to a 3-frequency
state. We see that while the bifurcation is indeed associ-
ated with translations of the pattern and hence motion
along a three-torus, this motion is in fact a two-frequency
motion (in the original variables).

The eigenvalues of the matrix M±
b solve a quadratic

equation which cannot be simplified easily, and generally
has to be investigated on a case-by-case basis. However,
it is instructive to consider the situation in the vicinity
of the bifurcation points of the mixed modes from the
pure modes. In the vicinity of the bifurcation from the
SS mode one has rb ≪ ra, and the eigenvalues ofM±

b are,

at leading order, (∓2Dr2a,∓Dr
2
a). Thus, if Dr > 0 (resp.

Dr < 0), the MM0 is more (resp. less) stable than the
MMπ mode in the vicinity of the bifurcation from the SS
mode. Similarly, near the bifurcation from the SW mode,
the requirement ra ≪ rb shows that the eigenvalues of
M±

b are, at leading order, (−2Arr
2
b ,∓2l3r

2
b ). The first

eigenvalue indicates stability for both MM0 and MMπ

modes provided Ar > 0. Recall that the parameter Ar

also determines if the SW branch is more or less stable
than the RW branch. Thus, the mixed modes inherit
this property from the SW branch in the vicinity of the
bifurcation point. The second eigenvalue likewise implies
that if l3 > 0 (resp. l3 < 0), the MM0 is more (resp. less)
stable than the MMπ in the vicinity of the bifurcation
from the SW mode.

D. Bifurcation from Rotating Waves to Precessing
Waves

As indicated in Table III, the RW branch has a couple
of complex eigenvalues, which may lead to a bifurcation

to a Precessing Wave (PrW). This situation was investi-
gated by Crawford et al. [36] using the primitive sixth-
order system. The derivation was lengthy and required
the demonstration of an extension of the Hopf theorem
to complex equations. The use of the polar representa-
tion introduced here leads to substantial simplifications
because, within this representation, this bifurcation is
in fact a steady-state one, and the resulting Precessing
Wave is a stationary solution of the polar equations.

We consider here the clockwise (ωh > 0) RW with
(r1, r2) ≡ (rR, 0), where rR is given in Table III. Accord-
ing to the table, a bifurcation occurs along this branch
when the bifurcation parameter, defined by

σR ≡ λs + l1r
2
R , (19)

vanishes. Inspection shows that the corresponding eigen-
vector breaks the symmetry of the mixed mode (i.e., it
points in the a0 direction). We expect, therefore, that
the branch originating in this bifurcation will be char-

acterized by r0 = O(σ
1/2
R ). We further anticipate that

r2 = O(σR) and r1 = rR + x1 with x1 = O(σR). We also
assume that Ψ has a finite limit in the vicinity of the
bifurcation point. With these assumptions, the station-
ary solutions of the polar system (12) obey the following
equations at leading order:

σR + l0r
2
0 + 2l1rRx1 + l3rRr2 cosΨ = 0 (20a)

2BrrRx1 + Crr
2
0 = 0 (20b)

ArrRr2 = −r20
(
Dr cosΨ−Di sinΨ

)
(20c)

(Ai − 2l2)rRr2 = −r20
(
Di cosΨ +Dr sinΨ

)
. (20d)

To solve these equations, we add the squares of equations
eqs. (20c) and (20d) to obtain

[
A2

r + (Ai − 2l2)
2r2Rr

2
2

]
= |D|2r40 . (21)

This equation allows us to express r2 in terms of r0. Elim-
inating sinΨ from eqs. (20c) and (20d) leads to

cosΨ = −
DrAr +Di

(
Ai − 2l2

)

|D|
√
A2

r + (Ai − 2l2)2
. (22)

Finally, x1 is easily expressed as a function of r0 from
eq. (20b). Introducing these expressions into eq. (20a)
yields a classical branching equation which can be cast
in the form

σR +Hrr20 = 0,

with Hr = l0 − l1
Cr

Br
− l3

DrAr +Di(Ai − 2l2)

A2
r + (Ai − 2l2)2

.

(23)
It follows that in the vicinity of the bifurcation point,
the Precessing Waves are given by the branching equa-
tion r0 ≈ (−σR/H

r)1/2, and the bifurcation is then su-
percritical if Hr < 0.
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The precession rate corresponding to this solution is
given by eq. (10a) and reads

φ̇0 = −l2r
2
R +Hir20

with Hi = l2
Cr

Br
+ l3

DiAr−Dr(Ai−2l2)
A2

r+(Ai−2l2)2
.

(24)

Note that the branching parameter Hr and the term Hi

correspond, respectively, to the real and imaginary parts
of the complex Hopf coefficient H computed in [36], at
the end of a much lengthier analysis.

E. Robust heteroclinic cycles

As already mentioned, one may expect the pres-
ence of structurally stable or robust heteroclinic
cycles in our system in view of its similarity to
the mode interaction problem studied in [29, 30]
when written in polar coordinates. More gener-
ally, a heteroclinic cycle is a set of trajectories

{
(
r
(j)
0 (t), r

(j)
1 (t), r

(j)
2 (t),Ψ

(j)
(t)

)
}j=1,2,...,m that connect

equilibrium solutions {
(
r
(j)
0 , r

(j)
1 , r

(j)
2 ,Ψ(j)

)
}j=1,2,...,m

with the property that
(
r
(j)
0 (t), r

(j)
1 (t), r

(j)
2 (t),Ψ

(j)
(t)

)

is backward asymptotic to
(
r
(j)
0 , r

(j)
1 , r

(j)
2 ,Ψ(j)

)
and

forward asymptotic to
(
r
(j+1)
0 , r

(j+1)
1 , r

(j+1)
2 ,Ψ(j+1)

)

with the convention
(
r
(m+1)
0 , r

(m+1)
1 , r

(m+1)
2 ,Ψ(m+1)

)
=(

r
(1)
0 , r

(1)
1 , r

(1)
2 ,Ψ(1)

)
. Such cycles are robust if each

connection is robust, i.e. cannot be destroyed by
changing parameters. Robust heteroclinic cycles do not
exist in general nonsymmetric vector fields. However,
they may exist in symmetric systems such as ours. First
examples of robust heteroclinic cycles connecting saddle
points were found in [37, 38]. Afterwards, Melbourne,
Krupa and collaborators [39, 40] established a general
approach to the existence and stability of structurally
stable heteroclinic cycles in Γ-equivariant systems. The
existence of a robust heteroclinic cycle requires the
following conditions:

• Each saddle solution sits on a flow-invariant line lj ,
say, and each such line is the fixed-point subspace
of the isotropy subgroup of the saddle solution, i.e.
lj = Fix(Σj−1) ∩ Fix(Σj).

• The isotropy subgroups of the invariant lines are
maximal isotropy subgroups.

• The invariant plane containing the invariant line
is the fixed point subspace of a maximal isotropy
subgroup.

The proof of this result is based on the existence of
cycles in the isotropy lattice, such as Figure 8 for the
present case.

The isotropy lattice in Figure 8 suggests the existence
of a robust heteroclinic cycle between the steady-state

FIG. 8: Structure within in the isotropy lattice
suggesting that there may exist of a robust heteroclinic

cycle.

mode SS and the standing wave mode SW. Such a het-
eroclinic cycle possesses two connections that lie within
the Fix

(
Z(κ)

)
and Fix

(
Z(κ · (π, π)

)
subspaces. In our

notation, the heteroclinic connections lie in the invari-
ant subspaces of the two MM solutions. Melbourne et
al. [41] found that in the supercritical case such a cy-
cle exists whenever the steady-state mode SS is a saddle
(resp. sink) in the fixed-point subspace Fix

(
Z(κ)

)
of the

isotropy subgroup of the MM0 mode and a sink (resp.
saddle) in the fixed-point subspace Fix

(
Z(κ · (π, π))

)
of

the isotropy subgroup of the MMπ mode. Similarly, the
SW mode must be a sink (resp. saddle) in Fix

(
Z(κ)

)
and

a saddle (resp. sink) in Fix(Z
(
κ · (π, π)

)
. These condi-

tions are satisfied if the first three existence conditions
in Table VII are satisfied. In addition, no other fixed
point solutions can be present in either of the fixed point
subspaces and solutions starting in the neighborhood of
the trivial mode are required to remain bounded, a con-
dition that is satisfied if the last two existence conditions
in Table VII hold.

The necessary and sufficient conditions for the asymp-
totic stability of a particular type of robust heteroclinic
cycle referred to as Type A are derived in [40]. This
type of heteroclinic cycle is constructed in such a way
that each trajectory connecting two fixed-point solutions
lies within the fixed point subspace of an isotropy group
isomorphic to Z2. Because of this the necessary and suf-
ficient condition for asymptotic stability is

m∏

j=1

min
(
− νcj , ν

e
j − νtj

)
>

m∏

j=1

νej , (25)

where νcj , ν
e
j , ν

t
j , ν

r
j denote the contracting, expanding,

transversal and radial eigenvalues of the solution j. The
contracting eigenvalue of the solution j corresponds to
the minimum eigenvalue (maximum −νj) in the fixed
point subspace of solution j; the expanding eigenvalue
corresponds to the eigenvalue with the largest real part
among the eigenvalues restricted to the fixed point sub-
space of the backward asymptotic heteroclinic connec-
tion; the radial eigenvalue is the eigenvalue with the
smallest real part (largest −νrj ) within the intersection
between the two previous fixed point subspaces and the
transverse eigenvalue correspond to the eigenvalue with
the largest real part among the eigenvalues restricted to
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TABLE VII: Definining conditions for structurally and asymptotically stable heteroclinic cycles connecting SS and
SW. Here ν±SS ≡ λh + (Cr ±Dr)r

2
P and ν±SW ≡ λs + (2l1 ± l3)r

2
S .

Name of solution Existence Asymptotic stability
(condition for supercriticality) (Asymp. stable if ii) and either i-a) or i-b) )

HetSS−SW ν+
SSν

−

SS < 0 i-a) ν+
SSν

−

SW < −ν−

SS min(−ν+
SW , ν−

SW + 2Arr
2
s)

l0 > 0 ν+
SW ν−

SW < 0 i-b) ν−

SSν
+
SW < −ν+

SS min(−ν+
SW , ν+

SW + 2Arr
2
s)

Ar + 2Br > 0 ν+
SSν

−

SW > 0 ii) Ar > 0
λs

λh

(Cr+Dr)
l0

+ λh

λs

(2l1+l0)
(2Br+Ar)

> −2
λs

λh

(Cr−Dr)
l0

+ λh

λs

(2l1−l0)
(2Br+Ar)

> −2

the orthogonal complement. The proof of the identity
(25) is based on the use of a set of Poincaré return maps
to obtain global estimates of stability from local ones.
For more details, the reader is referred to [39, 40]. Appli-
cation of eq. (25) to our case shows that the heteroclinic
cycle HetSS−SW is asymptotically stable provided con-
dition ii) and either condition i-a) or i-b) in Table VII
hold. This possibility was not considered in [28].

V. THE DEGENERATE CASE Di = 0, Ai − 2l2 = 0

In this section, we consider the scenario where the
parameters Di and Ai − 2l2 both vanish. This situation
arises when all the nonlinear coefficients in eq. (8) are
real. This case is of basic theoretical interest since it cor-
responds to the case where an additional Z2 symmetry
is present in the primitive amplitude equations. In this
case eq. (8) reduces to a special case of the equations
studied in generality by Silber & Knobloch [42] provided
we also take l0 = Ar + 2Br, λs = λh.

In this case, the equations in polar coordinates take
the form

ṙ0 =
[
λs + l0r

2
0 + l1

(
r21 + r22

)
+ l3r1r2 cosΨ

]
r0 (26a)

ṙ2 + ṙ1 =
[
λh +Br(r

2
1 + r22) +Arr1r2

+r20(Cr +Dr cosΨ)
]
(r1 + r2)

(26b)

ṙ2 − ṙ1 =
[
λh +Br(r

2
1 + r22)−Arr1r2

+r20(Cr −Dr cosΨ)
]
(r2 − r1)

(26c)

Ψ̇ = −
[
2l3r1r2 +Drr

2
0

r21 + r22
r1r2

]
sinΨ , (26d)

while PQRS equations take the form

Ṙ = 2
[
λs + l0R+ l1S + l3PQ

]
R (27a)

Ṡ = 2
[
λh +BrS + CrR

]
S

+4
[
ArP +DrRQ

]
P

(27b)

FIG. 9: Lattice of isotropy groups of the degenerate
normal form.

Ṗ = 2
[
λh +BrS + CrR

]
P

+
[
ArP +DrRQ

]
S

(27c)

Q̇ =
[
2l3P

2 +DrRS
]
1−Q2

P . (27d)

The former possess an additional reflection symmetry

κr : (r0, r1, r2,Ψ) → (r0, r2, r1,Ψ) (28)

responsible for a reflection symmetry in Ψ:

(κr · κ) · (r0, r1, r2,Ψ) = (r0, r1, r2,−Ψ).

This symmetry has several consequences. First, the

isotropy group of the polar normal form is now Γ
(d)
ρ ≃

Z2
2 ⋊ D4 ≃ Z4

2 ⋊ Z2. Its isotropy lattice, depicted in
Figure 9, displays new isotropy groups whose fixed point
subspaces are of dimension three, viz. ΣPrWA

, ΣPrWB
,
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TABLE VIII: Nomenclature and symmetry groups of steady-state solutions of the system (26).

Name Representative Isotropy group (polar) Frequencies
Primary bifurcations:

SS (ra, 0, 0, nd) Z2(κr)× Z2(κ)× Z2(Φπ) 0
RW0 (0, ra, 0, nd) D4(Rπ/2Φπ/2, κ · κr) 1
RWπ (0, ra, 0, nd) D4(Rπ/2Φπ/2, κ · κr · Φπ) 1
SW0 (0, ra, ra, nd) Z2(κr)× Z2(κ)× Z2(RπΦπ) 1
SWπ (0, ra, ra, nd) Z2(κrΦπ)× Z2(κ)× Z2(RπΦπ) 1

Secondary bifurcations:
MM0 (ra, rb, rb, 0) Z2(κr)× Z2(κ) 1
MMπ (ra, rb, rb, π) Z2(κrΦπ)× Z2

(
κ ·RπΦπ

)
1

MW0 (0, ra, rb, 0) Z2(κr · κ)× Z2(RπΦπ) 1
MWπ (0, ra, rb, π) Z2(κr · κ · Φπ)× Z2(RπΦπ) 1

Tertiary bifurcations:
PrWA (ra, rb, rb,Ψ) Z2(κr) 2
PrWB (ra, rb, rc, 0 or π) Z2(κr · κ) 2
IMM (0, ra, rb,Ψ(t)), Ψ(t) = φ1(t)− φ2(t) Z2(RπΦπ) 2

ΣIMM. The fixed point subspaces Fix
(
ΣPrWA

)
and

Fix
(
ΣPrWB

)
are characterized by r1 = r2 and sinΨ = 0,

respectively, and are of dimension four in the space of
complex amplitudes, i.e., they display two-frequency be-
havior, see Table VIII. In contrast, the fixed point sub-
space Fix

(
ΣIMM

)
is characterized by r0 = 0. Strictly

speaking this is not an invariant subspace of the cubic
truncation (since Ar 6= 0) but it does become so when
the truncation is extended to fifth order, cf. Appendix B.
This subspace is also of dimension four, and is spanned
by solutions of the form (0, a1, a2), i.e., by r1 6= r2 and
the corresponding phases (φ1, φ2).

In addition, it turns out that the isotropy subgroups
associated to the Mixed Waves ΣMW0

and ΣMWπ
are

not conjugates of each other, i.e., these solutions are dis-
tinct, just as in the case of the Mixed modes MM0 and
MMπ. The reason behind the distinction between the
subgroups ΣSW0

, ΣSWπ
(resp. ΣRW0

, ΣRWπ
) is algebraic:

these isotropy groups are not conjugate of each other, al-
though their fixed point representatives are of the same
type. This is because the phase Ψ is undefined for ei-
ther rotating waves and standing waves, a consequence
of the fact that for these states a0 = 0. However, we
find it convenient to distinguish between SW0 and SWπ

(resp. RW0 and RWπ) based on the limiting behavior
of the Mixed Modes (resp. Mixed Waves) as r0 → 0, as
indicated in the isotropy lattice in Figure 9.

In this degenerate case the conditions for higher or-
der bifurcations, as well as the complete definition of all
possible branches of precessing waves, can be obtained
explicitly. The corresponding results are tabulated in Ta-
ble IX. It is found that there are at most three branches
of precessing waves. The first two are denoted PrWA

and PrWB , while the third kind is generic with no ad-
ditional symmetry and hence trivial isotropy, and is de-
noted PrWG.

A. Bifurcations from Mixed Modes and Rotating
Waves

Bifurcations from Mixed Modes are governed by the
eigenvalues of the matrices M±

b defined in Section IVC
(apart from the possible bifurcation to a modulated
mixed mode if l0(2Br + Ar) < 0). In the present case,
the matrix is diagonal with real eigenvalues. Therefore,
symmetry-breaking bifurcations from MM can only lead
to PrW (Precessing Waves), excluding the possibility of
PuW (Pulsating Waves). The number of such bifurca-
tions follows from the eigenvalues of M±

b . The first of
these is 2(−Arr

2
b ∓Drr

2
a), and this quantity changes sign

along the MM0 (MMπ) branch. The second eigenvalue
of M±

b is ∓2
(
l3r

2
b +Drr

2
a

)
. Thus, if l3Dr > 0, this eigen-

value remains of one sign for both mixed modes. On the
other hand, if l3Dr < 0, it changes sign somewhere along
both branches. So, the number of branching points to
Precessing Waves along the MM branches is either one
(if l3Dr > 0) or three (if l3Dr < 0). These results are
restated in the top part of Table IX, where the condi-
tions for a zero eigenvalue are stated in terms of λs and
λh instead of ra and rb using Table VI.

We also report in the table the branching point from
the RW branch, investigated in Section IVD. This point
exists generically, and the corresponding branch has Ψ =
0 (resp. Ψ = π) if ArDr < 0 (resp. ArDr > 0). We end
up with a total number of either 2 or 4 bifurcation points
to Precessing Waves.

The IMM solution is degenerate, as was the case al-
ready for the generic third order normal form. The addi-
tion of higher order terms, as done in Appendix B, leads
to the existence of the solution IMM, which in this degen-
erate case is a heteroclinic connection between the Mixed
Waves MW0 and MWπ. This last statement follows from
the integration of eq. (26d) with r0 = 0, which leads to
Ψ → 0 as t → ∞ and Ψ → π as t → −∞ if l3rarb > 0
and to Ψ → π as t → ∞ and Ψ → 0 as t → −∞ if



15

l3rarb < 0.

B. The subspace r1 = r2

The dynamics within the invariant subspace
Fix

(
ΣPrWA

)
, defined in polar coordinates as

Fix
(
ΣPrWA

)
= {(r0, r1, r2,Ψ) : r1 = r2}, (29)

take the form

ṙ0 =
[
λs + l0r

2
0 + 2l1r

2
1 + l3r

2
1 cosΨ

]
r0 (30a)

ṙ1 =
[
λh + (Ar + 2Br)r

2
1 + (Cr +Dr cosΨ)r20

]
r1 (30b)

Ψ̇ = −2
[
l3r

2
1 +Drr

2
0

]
sinΨ . (30c)

The RPQ coordinates can also be used in this subspace
(which corresponds to S = 2P ):

Ṙ = 2
[
λs + l0R+ (2l1 + l3Q)P

]
R (31a)

Ṗ = 2
[
λh + (2Br +Ar)P + (Cr +DrQ)R

]
P (31b)

Q̇ = 2
[
l3P +DrR

]
(1−Q2) . (31c)

The resulting systems are formally identical to those gov-
erning the interaction of two steady-state modes with op-
posite parity studied by Hirschberg & Knobloch, eq. (10)
of [29], given by the correspondence

r0 ≡ r, r1 ≡ ρ,Ψ ≡ 2Ψ, λs ≡ λ, λh ≡ µ, l0 ≡ a,
2l1 ≡ b, l3 ≡ e, 2Br +Ar ≡ d, Cr ≡ c,Dr ≡ f.

(32)

The results of [29, 30] can therefore be applied to the
system eq. (30). We use these results to conclude that
when Drl3 < 0 the two branches of mixed modes are
connected by a tertiary branch of the form r0 6= 0,
r1 = r2 6= 0, sinΨ 6= 0. In the nomenclature of the
present manuscript, this branch corresponds to a Precess-
ingWave of type A (see Table III). The defining equations
for this solution are

R = r20 =
σ0A − σπA
2DrΣA

, (33a)

P = r21 = r22 = −
σ0A − σπA
2l3ΣA

, (33b)

Q = cosΨ =
σπA + σ0A
σπA − σ0A

, (33c)

where

ΣA ≡ (2Br +Ar + 2l1)Dr − l3(Cr + l0) 6= 0,
Σa

A ≡ Dr(Ar + 2Br)− l0l3,

H0,π
A ≡ (∆+ +∆−)− 4Drl3(1− ΣA/Σ

a
A),

1
2

(
σ0A + σπA

)
≡

(
(2Br +Ar)Dr − Crl3

)
λs

+
(
2Drl1 − l0l3

)
λh,

1
2

(
σ0A − σπA

)
≡ Drl3(λs + λh),

(33d)
as in eq. (17) of [29]. The range of existence of this
connecting branch in the (λs, λh) plane is obtained by
imposing the requirement cosΨ ∈ [−1, 1] on eq. (33c);
the conditions obtained from cosΨ = ±1 are identical to
the conditions obtained from the vanishing of the second
eigenvalue of M±

b and displayed in Table IX, confirming
that the PrWA branch connects the two Mixed Mode
branches.

The stability of all the solutions within the invariant
subspace Fix

(
ΣPrWA

)
is determined as in Ref. [29]. The

linearized dynamics within this subspace are governed by
a 3×3 matrix with determinant DA, trace TA and second
invariant IA given below:

DA = −
4

DrΣ2
Al3

σπAσ0A (σπA − σ0A) , (34a)

TA =
Σa

A (σπA − σ0A)

Drl3ΣA
, (34b)

IA = −
∆+σ

2
πA +∆−σ

2
0A

Drl3Σ2
A

+
(−4Drl3 +∆+ +∆−)

Drl3Σ2
A

σπAσ0A.
(34c)

Since −1 < Q < 1 along the PrWA branch, the quan-
tity σπA − σ0A ≡ −2Drl3(λs + λh) cannot vanish along
it. As a consequence, DA only vanishes at the bifur-
cations to Mixed Modes (defined by Q = ±1), and no
steady state bifurcations occurs within the invariant sub-
space ΣPrWA

along the branch. The necessary and suffi-
cient conditions for the stability of the branch within its
fixed point subspace are DA < 0, TA < 0, IA > 0 and
HA ≡ IA − DA/TA > 0. Inspection of eq. (34a) shows
that the determinant is negative (resp. positive) when-
ever σπA − σ0A > 0, which occurs when l3 > 0, Dr < 0
(resp. l3 < 0, Dr > 0) corresponding to the bifurcation
of PrWA from the MMπ mode (resp. MM0). When the
determinant is negative, the trace is negative if and only
if ΣAΣ

a
A > 0. If these two conditions are satisfied, the

necessary and sufficient condition of the positivity of the
second invariant IA all along the branch is that ∆+ ≥ 0
and ∆− ≥ 0 (defined in Table VI), since σ0AσπA ≤ 0 all
along the branch. The fourth condition is as follows,

0 < HA ≡
1

Drl3Σ2
A

[
−∆+σ

2
πA −∆−σ

2
0A

+σπAσ0A(∆+ +∆− − 4Drl3(1− ΣA/Σ
a
A)

]
.

(35)
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TABLE IX: Higher order bifurcations in the degenerate case Di = 0, Ai − 2l2 = 0. Note: (1)Results for bifurcations
to modulated mixed modes hold in the generic case. (2)Results relevant to the PrW of type A also hold in the less
degenerate case to Di = 0, Ai − 2l2 6= 0. (3)The bifurcation from rotating waves leads to a PrWB in the present case,
and to a general PrW in the generic case. (4)The conditions listed for the existence of Hopf bifurcations ensure an

odd number of Hopf lines (1 or 3). The condition for an odd number of Hopf lines in the case of a termination at the
MMπ fixed point is ∆+Λ

+
B > 0.

Branch New solution Bifurcation point Condition for existence

MM0 PrW
(2)
A σ0A ≡

[
l3(Cr +Dr)−Dr(2Br +Ar)

]
λs +

[
(2l1 + l3)Dr − l0l3

]
λh = 0 l3Dr < 0

PrWB σ0B ≡ −
[
ArCr − 2BrDr

]
λs +

[
Arl0 −Dr(2l1 + l3)

]
λh = 0 ArDr < 0

M̃M
(1)

0 2(Br +Ar)(Cr +Dr − l0)λs + l0(2l1 + l3 − 2Br −Ar)λh = 0 (2Br +Ar)l0 < 0

MMπ PrW
(2)
A σπA ≡

[
l3(Cr −Dr)−Dr(2Br +Ar)

]
λs +

[
(2l1 − l3)Dr − l0l3

]
λh l3Dr < 0

PrWB σπB ≡ −[ArCr + 2BrDr]λs + [Arl0 +Dr(2l1 − l3)]λh = 0 ArDr > 0

M̃M
(1)

π (2Br +Ar)(Cr +Dr − l0)λs + l0(2l1 + l3 − 2Br −Ar)λh = 0 (2Br +Ar)l0 < 0

RW PrW
(1,3)
B σR ≡ λs − l1λh/Br = 0 Generic

PrWA PrWG σAG ≡
(
l3(σ0A + σπA)−Ar(σπA − σ0A)

)
/
(
ΣAl3) = 0 l3Dr < 0, A2

r < l23
3FW(A) HA = 0 eq. (38).

PrWB PrWG σBG ≡ [2l3BrDr −A2
rCr]λs + [A2

rl0 − 2l1l3Dr − l3ArDr]λh = 0 If ArDr < 0, A2
r −Arl3 < 0,

If ArDr > 0, A2
r +Arl3 < 0

3FW(B)(4) HB = 0 eq. (49)
PrWG 3FW Ω4 − IIGΩ

2 +DG = 0, TGΩ
2 − IG = 0 −

Thus, if the previous three conditions are satisfied, the
necessary and sufficient condition for HA > 0 all along
the branch is

∣∣∣
(
1−

ΣA

Σa
A

)
−

∆+ +∆−

4Drl3

∣∣∣ ≥ −

√
∆+∆−

2Drl3
, (36)

which is immediately satisfied if 0 < ΣA/Σ
a
A < 1. Sum-

marizing, the necessary and sufficient condition for the
stability of the branch within the invariant subspace
ΣPrWA

all along its existence is

∆+ > 0, ∆− > 0, 0 <
Σa

A

ΣA
< 1, l3 > 0 . (37)

The condition ΣA

Σa
A

< 1 can be replaced by eq. (36).

The quantity HA(σ0,A, σπ,A) can be interpreted as the
distance to a Hopf bifurcation of the PrWA branch, which
is located at HA(σ0,A, σπ,A) = 0. In particular, because
the trace TA divides DA, we have at most two Hopf bi-
furcations. There is a supercritical Hopf from the PrWA

branch leading to a stable 3FW if the following conditions
are satisfied:

∆+ > 0, ∆− > 0, l3Dr < 0,√
∆+∆−

2Drl3
≤

(
1−

ΣA

Σa
A

)
−

∆+ +∆−

4Drl3
≤ −

√
∆+∆−

2Drl3
.

(38)
The case of a single Hopf bifurcation arises when the
following two degeneracy conditions hold, ∆−∆+ = 0
and ΣA = Σa

A. Therefore, whenever eq. (38) is satisfied
and ∆+∆− 6= 0 we have two Hopf bifurcations in the
(σ0,A, σπ,A) plane, located at

σπA = K±
A,Hσ0A,

K± ≡
H0,π

A

2∆+
± 1

∆+

(
(H0,π

A )2 − 4∆+∆−

) 1
2 ,

(39)

with H0,π
A defined in eq. (33d).

In the present situation, we also need to determine one
additional eigenvalue that describes the stability in the
r2−r1 direction. This eigenvalue, hereafter σAG, is given
by

σAG ≡ 2P (l3Q−Ar)

=
l3(σ0A + σπA)−Ar(σπA − σ0A)

ΣAl3
.

(40)

A necessary and sufficient condition ensuring the exis-
tence of a steady state bifurcation associated with the
vanishing of σAG is that the signs of σAG at either end
of the branch are opposite. This leads to the condition
reported in the last column of Table IX.

C. The subspace sinΨ = 0

The second fixed point subspace corresponds to
sinΨ = 0. At first glance, this subspace corresponds
to two distinct cases, Ψ = 0 and Ψ = π. However, be-
cause of the symmetry of the polar equations, a jump in
Ψ by π is equivalent to a change of sign of either r1 or r2.
As a consequence, to investigate this subspace, we may
set Ψ = 0 but allow arbitrary signs of r1 and r2. Both
Mixed Mode solutions belong to this subspace (MMπ cor-
responds to Ψ = 0, r2 = −r1). The pure modes can also
be considered as part of this subspace, even though Ψ is
not defined for these branches. Within this subspace, the
equations take the form:

ṙ0 =
[
λs + l0r

2
0 + l1

(
r21 + r22

)
+ l3r1r2

]
r0 (41a)

ṙ1 =
[
λh +Brr

2
1 + (Ar +Br)r

2
2 + Crr

2
0

]
r1

+Drr
2
0r2

(41b)
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ṙ2 =
[
λh +Brr

2
2 + (Ar +Br)r

2
1 + Crr

2
0

]
r2

+Drr
2
0r1

(41c)

Ṙ = 2
[
λs + l0R+ l1S + l3P

]
R (42a)

Ṡ = 2
[
λh +BrS + CrR

]
S

+4
[
ArP +DrR

]
P

(42b)

Ṗ = 2
[
λh +BrS + CrR

]
P

+
[
ArP +DrR]S .

(42c)

To detect the existence of Precessing Waves in the
present subspace, we look for steady solutions of the
above equations. From eqs. (42b) and (42c) we obtain
the conditions

λh +BrS + CrR = 0, ArP +DrR = 0. (43)

The Precessing Waves in question belong to this sub-
space, leading to

R = r20 = −
Ar

Dr

σ0B − σπB
4ΣB

, (44a)

S = r21 + r22 = −
σ0B + σπB

2ΣB
, (44b)

P = r1r2 =
σ0B − σπB

4ΣB
, (44c)

where ΣB ≡ Br(Arl0 −Drl3)− l1(ArCr) 6= 0,

σR ≡ λs −
l1
Br

λh,

σ0B + σπB ≡ 2
[(
ArCr

)
λs +

(
l3Dr −Arl0

)
λh

]
,

σ0B − σπB ≡ 4BrDrσR .
(44d)

These expressions define a single branch of Precessing
Waves, referred to as the PrWB branch. One may check
that the conditions obtained on imposing P = 0 and S =
2|P | yield, respectively, the conditions listed in Table IX
for the bifurcation from Rotating Waves and the relevant
Mixed Mode, confirming that the PrWB branch connects
these two branches. Note that the sign of P is given by
ArDr. So, had we adopted the convention that both r1
and r2 are positive and Ψ is either 0 or π we would have
arrived at the conclusion that PrWB is associated with
Ψ = 0 if ArDr < 0 and Ψ = π if ArDr > 0. Note
that the precession frequency given by eq. (10a) vanishes
when l2 = 0. In this case, the resulting mode will actually
be singly periodic in the primitive variables, instead of a
two-frequency wave. However, this property is not visible
when working with the polar variables.

The stability of the PrWB branch within its invariant
subspace Fix (ΣPrWB

) can be determined by studying its

characteristic polynomial in a similar manner as done for
PrWA in Section VB. The invariants of the 3×3 stability
matrix are the determinant DB , trace TB and IB given
below:

DB = −4ΣBR(2P − S)(2P + S)

=
Ar

DrΣ2
B

σπBσ0B (σπB − σ0B)
(45a)

TB = 2l0R+ (Ar + 2Br)S

=
Arl0

(
σπB − σ0B

)
−Dr(Ar + 2Br)

(
σ0B + σπB

)

2DrΣB
(45b)

IB = R
(
∆+ (2P + S) + ∆− (−2P + S)

)

+2ArBr

(
S2 − 4P 2

)

=
Ar

4DrΣ2
B

(
∆−σ

2
πB −∆+σ

2
0B

)

+
Ar

4DrΣ2
B

(
8BrDr +∆+ −∆−

)
σ0BσπB .

(45c)

The vanishing of σR coincides with the origin of the
PrWB branch along the RW branch. Note that the van-
ishing of σR implies σ0B = σπB . Similarly, one of the
quantities σ0B or σπB vanishes at the termination of the
PrWB branch on one of the mixed modes. One may ver-
ify that the third point where DB vanishes is located out-
side the existence interval of the branch, confirming that
no parity-breaking bifurcation occurs along the branch.
In addition, one may confirm that σ0BσπB > 0, except
at the termination point.
The necessary conditions for stability within the

Fix(PrWB) subspace are DB < 0, TB < 0, IB > 0 and
HB ≡ IB − DB/TB > 0. From eq. (45a) one may eas-
ily verify that the determinant is negative if and only
if ΣB < 0. Similarly, the trace has a negative sign if
Ar+2Br < 0 and l0 < 0, which are the conditions for the
supercriticality of Standing Waves and the Steady-State
mode, respectively. If instead l0(Ar +2Br) < 0, then the
trace changes sign within the region of existence of the
PrWB solution. Analogously, the necessary conditions
for a positive sign of the second invariant IB everywhere
along the branch are

ArBr > 0 and ∆+ > 0 if ArDr < 0
or ∆− > 0 if ArDr > 0 .

(46)

The first condition ensures that the second invariant is
positive at its birth from the RW branch, while the sec-
ond condition ensures that IB is positive at its termina-
tion on the corresponding MM branch. To ensure that
IB > 0 along the whole PrWB branch it suffices to have
∆− > −C+ if ArDr < 0, a condition that depends only
on ∆+ and BrDr, or ∆+ > −C− if ArDr > 0 for C− > 0,
a condition that depends only on ∆− and BrDr.

The PrWB branch is stable when HB > 0. If HB

changes sign along the PrWB branch, a Hopf bifurcation
with frequency Ω takes place (HB = 0), characterized by
the following set of conditions

TBΩ
2 −DB = 0, Ω2 − IB = 0 . (47)
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These equations yield the conditions for the presence of
a Hopf bifurcation along the PrWB branch stated above.
In terms of the eigenvalues σ0B(λs, λh) and σπB(λs, λh)
of the Mixed Modes the Hopf distance HB is given by

HB ≡ −
Ar

8D2
rΣ

3
B

(
∆−Λ

−
Bσ

3
πB −∆+Λ

+
Bσ

3
0B

+
[
Λ+
B

(
8BrDr −∆−

)
+ 2Arl0∆+ − 8DrΣB

]
σπBσ

2
0B

+
[
Λ−
B

(
8BrDr +∆+

)
+ 2Arl0∆− + 8DrΣB

]
σ2
πBσ0B

)

Λ±
B ≡ Dr(Ar + 2Br)±Arl0 .

(48)

The condition HB = 0 describes a planar cubic al-
gebraic curve in (σ0B , σπB). A possible procedure is to
determine the type of the planar curve isomorphic to one
of the five canonical forms [43], and then determine the
number of solutions from it. Instead of following this pro-
cedure, we prefer to provide a sufficient condition for the
appearance of a Hopf bifurcation along this branch. Pro-
vided eq. (46) holds, the frequency Ω is real, and there
exists an odd number (one or three) of Hopf bifurcations
whenever HB has opposite signs at the two endpoints of
the branch. This occurs when

∆−Λ
−
B < 0 (MM0), ∆+Λ

+
B > 0 (MMπ) . (49)

When eq. (49) does not hold, the number of Hopf bifur-
cations is even (none or two). In such a case one can
distinguish between the different scenarios using, for in-
stance, the Descartes sign rule for positive roots.

In addition to the three eigenvalues governing the sta-
bility of the PrWB branch within the sinΨ = 0 subspace
discussed above, there is a fourth eigenvalue governing
the stability in the orthogonal direction, given by

σBG = −(2l3P −ArS). (50)

The vanishing of this eigenvalue leads to the birth of a
branch of General Precessing Waves. The resulting con-
dition in terms of λs and λh is listed in Table IX. A
condition ensuring that such a bifurcation occurs some-
where along the branch is that σBG has opposite signs at
its termination points on RW and the relevant MM. This
leads to the condition reported in the last column of Ta-
ble IX. This condition is the same as for the bifurcation
from PrWA.

D. The third branch of precessing waves

As demonstrated in the previous sections, two bifur-
cations can occur along the precessing waves of type A
and B giving rise to a precessing wave with no symmetry
called PrWG. Here we investigate this branch as well as
its stability. We look for a steady solution of the polar
equations with r0 6= 0, r1 6= r2 and sinΨ 6= 0, cf. Ta-
ble VIII. The same manipulations as before lead to the

following conditions:

0 = PQl3 +Rl0 + Sl1 + λs,
0 = BrS + CrR+ λh,
0 = ArP +DrQR,
0 = DrRS + 2P 2l3 .

(51)

The solution of this system yields the conditions for the
presence of the PrWG branch:

R =
2Brλs − (2l1 +Ar)λh

ΣG
,

S = 2
Crλs − l0λh

ΣG
,

P =
−1

l3ΣG

(
Drl3

(
Brλs − (2l1 +Ar)λh

)(
Crλs − l0λh

)) 1
2

,

Q = Ar

( Crλs − l0λh
Drl3[2Brλs − (2l1 +Ar)λh]

) 1
2

,

where ΣG = Cr(Ar + 2l1)− 2Brl0 6= 0.
(52)

These expressions define a single solution branch. One
may check that imposing Q2 = 1 and S = 2|P | yields,
respectively, the same conditions as found for the steady
bifurcations from the PrWA and PrWB branches listed
in table IX, confirming that the PrWG solution indeed
links these two branches.
The invariants of the stability matrix are

TG = 2Rl0 + S (Ar + 2Br)

=
2 (σS (Ar + 2Br) + l0σR)

ΣG
,

DG = 8ΣGDrl3R
2(4P 2 − S2)(Q2 − 1)

=
32

Σ3
Gl3

σSσR
(
A2

rσS +Drl3σR
)
(DrσR + σSl3) ,

IG =
4Ar

Σ2
G

(
2(Br −Ar)σ

2
S −D2

rσ
2
R

)

+
σSσR
Σ2

Gl3

(
4Dr(2ArBr − 3l23) + 4l0l3(Ar + 2Br)

)

−4
σSσR
Σ2

Gl3

(
(Ar + 2l1)(ArDr + Crl3)

)
,

IIG = −
8

Σ3
G

(
D2

r l0σ
3
R + 4A2

rBrσ
3
S

)

+
8DrσSσ

2
R

Σ3
Gl3

(
2ΣB + l3(ΣA − 4BrDr)− l0(A

2
r + l23)

)

+
8σ2

SσR
Σ3

Gl3

(
Arl3ΣG − 6BrDrl

2
3

)

+
8σ2

SσR
Σ3

Gl3
A2

r

(
DrAr + 2Dr(l1 −Br)− 2l3l0

)
.

(53)
The determinant DG only vanishes at the termination
points, that is, whenever Q2 = 1 or S = 2|P |, which
rules out the possibility of a steady state bifurcation.
Thus there can only be Hopf bifurcations along the PrWG

branch. The frequency Ω solves the following equations
obtained from the characteristic polynomial

Ω4 − IIGΩ
2 +DG = 0, TGΩ

2 − IG = 0 , (54)
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leading to the following sixth order equation in terms of
λs and λh:

II2G − IIGIGTG + T 2
GDG = 0 . (55)

E. A robust heteroclinic cycle

The isotropy lattice (see Figure 9) of the degenerate
case under discussion suggests the possibility that new
heteroclinic cycles may exit. One of the most intriguing
possibilities is a connection between the isotropy sub-
space of Mixed Modes and the subspaces of Precessing
Waves A and B, corresponding to a cycle of type C in the
classification of Krupa and Melbourne [40]. The condi-
tions for the existence of a robust heteroclinic cycle con-
necting Mixed Modes consists in demanding that MM0

is a saddle whose unstable manifold is of dimension one
(resp. sink) within ΣPrWB

and a sink (resp. saddle)
within ΣPrWA

. Then MMπ would need to be a sink
(resp. saddle) within ΣPrWB

and a saddle (resp. sink)
within ΣPrWA

. However, for the mixed mode MMπ to
be a saddle within ΣPrWA

and the mixed mode MM0

to be a sink it is necessary that σπA
− σ0A < 0 with

Drl3 < 0, conditions that indicate that there is a fixed
point within the invariant subspace ΣPrWA

, i.e., PrWA

(resp. PrWB). Despite the existence of a fixed point
within the invariant subspace ΣPrWA

(resp. ΣPrWB
), a

robust heteroclinic cycle may still exist, cf. [44] In the
case of an invariant fixed point subspace of dimension
two the existence of heteroclinic cycles relies on the use
of the Poincaré-Bendixson theorem, see for instance [41].
In this case, the fixed-point subspace is required to be
free of any other fixed point other than those connected
by the heteroclinic cycle. Instead, when the dimension is
three, one may use the invariant sphere theorem, or more
generally a Lyapunov functional to establish attraction.
In our case, the presence of a robust heteroclinic cycle
requires that the coefficients Cr ±Dr and 2l1 ± l3 should
both be positive, since otherwise the Precessing Waves
A and B are globally attracting except possibly within
a ball of size O(λs, λh) in the subspace R,P, S. These
conditions are listed in Table X. Note that our reasoning
does not exclude the existence of a small heteroclinic cy-
cle within the O(λs, λh) ball near PrW, although such a
state (if it exists) would require a larger set of defining
conditions and would be restricted to a small region of
phase space.

If the conditions listed in Table X are satisfied then
there exists a robust heteroclinic cycle between the Mixed
Modes, which bifurcates to a 3FW in the case Ai−2l2 6= 0
and Di = 0, and to a PuW or 3FW in the case with
Ai − 2l2 6= 0 and Di 6= 0, see Figure 10. Finally, the
application of the theory of Krupa and Melbourne [40]
also allows one to establish the existence of heteroclinic
cycles between standing waves and mixed modes, whose
existence and stability conditions are listed in Table X.
As for the heteroclinic cycles between mixed modes, these

(a) A-projection of PuW (b) A′

0-projection of PuW

FIG. 10: Heteroclinic cycle between MM0 and MMπ in
the polar normal form (9) with

Ai − 2l2 = Di = sinΨ = 0 (black line) and
corresponding results when Ai − 2l2 6= 0 and Di = 0
(red line) or Di 6= 0 and Ai − 2l2 = 0 (blue line).

(a) A-projection of PuW (b) A′

0-projection of PuW

FIG. 11: Heteroclinic cycle (black) between MMπ and
SW in the polar normal form (9) with

Ai − 2l2 = Di = sinΨ = 0 (black line) and
corresponding results with Ai − 2l2 6= 0 (red line) or

Di 6= 0 (blue line).

heteroclinic cycles persist in the form of limit cycles of
the polar normal form when the degeneracy conditions
are not satisfied, see Figure 11.

VI. NUMERICAL EXPLORATION OF THE
THIRD-ORDER NORMAL FORM (9)

Section V has shown the existence of multiple fixed
points with additional symmetries, e.g., PrWA and
PrWB , in the degenerate case (equivariant under the
group O(2) × Z2 × S1). The additional Z2 symmetry
is characteristic of mode interactions in O(2) symmet-
ric systems with strong resonance conditions (1:2 [44],
1:3 [45]). Departure from the degeneracy conditions
(Ai − 2l2 = Di = 0) breaks this additional Z2 symmetry
and may be responsible for destroying the HetSS−SW het-
eroclinic cycle, leading to more complex dynamics. This
section is devoted to the numerical exploration of the de-
generate case Ai − 2l2 = Di = 0 and the implications of
the departure from this condition (Ai − 2l2 6= 0 and/or
Di 6= 0). For this purpose, we choose generic values for
the normal form coefficients, listed in Table XI. These
coefficients are chosen in such a way that primary bifur-
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TABLE X: Defining conditions for structurally and asymptotically stable heteroclinic cycles connecting Mixed
Modes or Standing Waves and a Mixed Mode.

Name of solution Existence conditions Asymptotic stability
(comments) (Asymp. stable if either i-a) or i-b) )

HetMM0−MMπ

Stable radial dir. ∆+ > 0, ∆− > 0, l0 < 0, Ar + 2Br < 0 i-a) σπA + σπB < 0,
Sink-saddle conditions σ0Aσ0B > 0, σπAσπB < 0, l3Dr < 0, ArDr > 0, i-b) σ0A − σ0B > 0
Non-attractivity of PrW 2l1 ± l3 > 0, Cr ±Dr > 0

HetSW−MMπ

Stable radial dir. ∆− > 0, l0 < 0, Ar + 2Br < 0, Ar > 0 i-a) 2
(
2Br +Ar

)
λs −

(
2l1 −Ar

)
λh > 0

SW saddle in Fix(ΣMMπ ) σ−

SW > 0, σ+
SW < 0 i-b) σπA + σπB < 0

MMπ saddle in Fix(ΣPrWB
) σπAσπB < 0, ArDr > 0

HetSW−MM0

Stable radial dir. ∆+ > 0, l0 < 0, Ar + 2Br < 0, Ar > 0 i-a) 2
(
2Br +Ar

)
λs −

(
2l1 −Ar

)
λh > 0

SW saddle in Fix(ΣMM0) σ−

SW < 0, σ+
SW > 0 i-b) σπA − σπB > 0

MM0 saddle in Fix(ΣPrWB
) σ0Aσ0B > 0, ArDr < 0

cations, i.e., bifurcations leading to SS, SW and RW are
supercritical, and the flow is globally stable, that is, there
is no finite-time blow-up.

As the bifurcation parameter, we have selected the
polar angle θ such that the unfolding parameters are
λS = ρ cos θ and λH = ρ sin θ, with ρ = (0,∞) and
θ ∈ [0, 2π). In contrast to [44] the bifurcation diagram
barely depends on ρ, and we have fixed the value of ρ at
ρ = 0.5. The numerical continuation of the polar nor-
mal form is carried out with the numerical continuation
software MATCONT [46]. In the following, we show the
bifurcation diagrams associated to the degenerate and
nondegenerate cases. There are two major differences.
First, the two connected branches of symmetric Precess-
ing Waves (PrWA and PrWB) are a characteristic feature
of the degenerate case (symmetry O(2)×Z2×S

1). In the
nondegenerate case, these two branches split into two dis-
connected branches of general Precessing Waves PrWG.
Secondly, in the degenerate case we observe HetSS−SW

cycles, which break apart as the orbit intersects the in-
variant subspace r1 = r2. Instead, in the nondegener-
ate case, we have identified complex heteroclinic cycles
around HetPrWA

. Such a feature was also observed by
Porter and Knobloch [44], who concluded that the tran-
sition from HetSS−SW cycles to this second set is a char-
acteristic of systems with O(2)×Z2 symmetry where the
Z2 symmetry is weakly broken.

A. The degenerate case Ai − 2l2 = Di = 0

Figure 12 shows the bifurcations of the fixed point
branches of the polar normal form with the parame-

TABLE XI: Cubic coefficients of the normal form.

l0 l1 l3 Ar Br Cr Dr

−6.19 −1.4 −1.7 0.96 −1.08 4 10

-2 -1 0 1 2 3 4
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FIG. 12: Bifurcation diagram in the degenerate case
when ρ = 0.5, showing |r| =

√
r20 + r21 + r22 as a

function of the angle θ.

ters listed in Table XI and the degeneracy conditions
Ai − 2l2 = Di = 0. Along this particular path, the
trivial state first loses stability at θ = −π/2 in a pri-
mary pitchfork bifurcation to the SS mode, which termi-
nates at θ = π/2. The SS mode gives birth to the MM0

branch when θ = arctan (Cr +Dr)/l0 ≈ −1.15 and to
the MMπ branch when θ = arctan (Cr −Dr)/l0 ≈ 0.77
(Table V). The mixed mode MM0 subsequently produces
the PrWA branch in a symmetry-breaking bifurcation
when σ0A = 0 (Table IX) and then terminates on the
SW branch. A magnified visualization is displayed in Fig-
ure 13(a), where we can observe the PrWA which termi-
nates on the MMπ branch and eventually gives birth to a
general precessing wave PrWG via a symmetry-breaking
bifurcation when σAG = 0. The PrWG mode experiences
a Hopf bifurcation that leads to a 3FW (blue point in
Figure 12); Figure 14 illustrates the stable periodic orbit
(3FW) with a thick black line and the stable manifold of
PrWA with a thin gray line. The existence of a global
attractor (PrWA) in the invariant subspace r1 = r2 pre-
vents the existence of a true heteroclinic cycle HetSS−SW ,
but allows the existence of shadowing stable periodic or-



21

PrWA PrWA

PrWG

PrWG

PrWB
PrWG,2

SW SW

RW RW

MM  MM  

 (c) Ai-2l2 = -1, Di = 0 (b) Ai-2l2 = 0, Di = 0.35 (a) Ai-2l2 = 0, Di = 0

  0.4           0.5          0.6           0.7           0.8

SW

RW

  0.4           0.5         0.6           0.7           0.8

PrWA

MM  

PrWA

PrWG

PrWG

|r
|

0.8

0.7

0.6

0.5

0.4

  0.4           0.5          0.6           0.7           0.8

FIG. 13: Bifurcation diagram in the degenerate case when ρ = 0.5, showing |r| =
√
r20 + r21 + r22 as a function of the

angle θ. Legend: Solid (dashed) lines correspond to stable (unstable) fixed points. Symmetry-breaking bifurcations
are illustrated with gray points, and Hopf bifurcations with blue points. Note: in (a) as well as in Figure 12 the

PrWG branch has been artificially displaced upwards to visually differentiate it from the PrWA branch.

FIG. 14: Example of the heteroclinic cycle SS-SW
(thick line). The gray line corresponds to the stable

manifold of PrWA.

bits that approximate it, see Figure 14. These orbits
exist in 0.52 < θ < 0.592 and collapse in a global bifur-
cation when the limit cycle intersects the invariant sub-
space r1 = r2 at θ ≈ 0.592. Once a trajectory intersects
the r1 = r2 subspace, it is trapped within it and so is
attracted to the only attractor in this subspace, i.e., the
PrWA state. The same phenomenon occurs in the small
region of coexistence of MMπ and the heteroclinic cycle,
0.78 < θ < 0.82. The PrWG branch terminates on the
PrWB branch, which connects RW and MMπ. Finally,
the MMπ branch is stable between its endpoint on the
SW branch and its symmetry-breaking bifurcation that
leads to the PrWB branch. For 0.82 < θ ≤ π the only
stable state is the SW branch.

3FW

|r
| PrWG,2

PrWG,1

SW

RW

M
M

0.3 0.4 0.5 0.6 0.7 0.8

0.8

0.7

0.6

0.5

0.4

FIG. 15: Bifurcation scenario in the nondegenerate
case, showing |r| =

√
r20 + r21 + r22 as a function of the

angle θ with the same legend as in Figure 13. The end
point of PrWG,1 is located at θ ≈ 0.6581 (gray point),
i.e., below θSN but above the global bifurcation at

θ ≈ 0.6454 (not shown). Note: The blue point and the
associated 3FW branch have been artificially displaced,
so the crossing point between the SW and PrWG,1 and

the blue Hopf point do not coincide.

B. Nondegenerate case Ai − 2l2 = −1, Di = 0.35

The general picture of the bifurcation scenario, de-
picted in Figure 12, remains qualitatively unchanged.
However, the Precessing Wave branches are modified.
We first examine the case when one of the two degen-
eracy conditions is still satisfied. The case Ai − 2l2 = 0
but Di 6= 0 is illustrated in Figure 13(b) and reveals
the existence of two distinct PrWG branches. This case
corresponds to an imperfect bifurcation, where the two
symmetry-breaking pitchfork bifurcations leading to the
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(a)

(b)

FIG. 16: Heteroclinic cycle at θSN ≈ 0.663445.

PrWG branch in the degenerate case are replaced by a
saddle-node bifurcation on each branch. The second case,
Di = 0 but Ai−2l2 6= 0, illustrated in Figure 13(c), shows
the presence of PrWA and PrWG branches, the latter re-
placing the symmetric PrWB branch. These branches
connect via a transcritical bifurcation, which is respon-
sible, in this case, for the stability of the whole upper
section of the PrWG branch since no Hopf bifurcation
takes place.

We next turn our attention to the nondegenerate case
Ai − 2l2 6= 0, Di 6= 0. The bifurcation diagram of the
fixed points of the polar normal form is depicted in Fig-
ure 15. The figure displays two disconnected branches
of general Precessing Waves PrWG. The first of these,
referred to as PrWG,1 in the figure, becomes unstable
through a Hopf bifurcation, leading to a 3FW branch
(not shown). The second PrWG branch, labeled PrWG,2,
bifurcates from and terminates on the MMπ branch with
a saddle-node bifurcation in between: the upper section
is stable, whereas the lower is unstable. Because of the
symmetry under the reflection κ, there is in fact a pair of
such saddle-node bifurcations, PrW±

G,2, both occurring
at θ = θSN ≈ 0.663445. Moreover, each is of Saddle-
Node-in-a-Periodic-Orbit (SNIPER) type but with com-
plex leading eigenvalues at the fold points PrW±

G,2: (0,

−0.6795, −0.0182 ± 0.4418i). For a study of this sit-

(a)

(b)

FIG. 17: (a) Evolution of the period of the stable limit
cycles shadowing the heteroclinic cycle as a function of
the distance θSN − θ to the saddle-node bifurcation. (b)
Evolution of the period near the heteroclinic bifurcation

at θhet, where σhet = −0.0251 is the leading stable
eigenvalue of the PrWG,1 fixed point.

uation in the absence of κ symmetry, see [47]. In the
presence of this symmetry, this case can either lead to a
pair of symmetry-related homoclinics to PrW±

G,2 or, as

in this case, to a heteroclinic cycle connecting PrW+
G,2

to PrW−
G,2 and vice versa, a consequence of the inter-

twined nature of the stable and unstable manifolds of
PrW±

G,2. In the former case the near-homoclinic orbit to

the left of PrW±
G,2 contains a certain number of decreas-

ing oscillations as it approaches and leaves PrW±
G,2, the

number of these oscillations depending on the speed with
which the trajectory passes through the PrW±

G,2 neigh-
borhood, and hence on the distance of θ from θSN . In
the latter case the unstable manifold associated with the
degenerate eigenvalue injects the trajectory into the im-
age fold point and the same local behavior there leads
to reinjection back into the original fold, generating a κ-
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(a) (b) (c) (d)

FIG. 18: Stable attractors in a (r0, r1, r2) projection for (a) θ = 0.663 (symmetric periodic orbit); (b) θ = 0.647
(asymmetric orbit); (c) θ = 0.645 (asymmetric orbit); (d) θ = 0.643 (asymmetric orbit). The symmetry-related

PrWG,2 fixed points corresponding to the saddle-node at θ ≈ 0.663445 are indicated by red points, with the PrWA

point (present in the degenerate case only) depicted as a blue point; these are shown for orientation only.

symmetric heteroclinic cycle, cf. [48]. Figure 16 shows
such an orbit in two projections, computed for θ just
below θSN ≈ 0.663445. At this θ the PrW±

G,2 points
are absent and the orbit shown is actually a long period
periodic orbit. Figure 17a shows the period of such or-
bits as a function of θSN − θ, confirming the expected
relation T ∼ (θSN − θ)−1/2. This divergence is a conse-
quence of a slowdown of the trajectory in the vicinity of
the phase space location where the PrWG,2 appear when
θ increases through θSN , resulting in increased accumu-
lation of turns as this point is approached. Note that
these orbits inherit the stability of the (upper) PrWG,2

branch (cf. Figure 15) and hence represent attractors of
the system.

Figure 18 shows sample attractors found on decreas-
ing θ further. Figure 18a shows a stable symmetric orbit
at θ = 0.663, followed by asymmetric chaotic attractors
(with a positive Lyapunov exponent) generated with in-
creasing distance from θSN . The absence of chaotic states
near θSN is a consequence of the fact the flow in this re-
gion is locally contracting.

To understand the origin of these states, we examine
the behavior of a typical periodic orbit associated with
the SNIPER bifurcation. As already explained this orbit
depends sensitively on the value of θ < θSN . In Fig-
ure 19a we show the period T of this orbit as a function
of θ obtained using numerical continuation. This period
diverges as θ → θSN from below and the orbit approaches
the heteroclinic cycle shown in Figure 16. As θ decreases,
the period T decreases, although this decrease is inter-
rupted by a series of back-to-back folds. Each such pair
is responsible for the elimination of one small amplitude
turn of the trajectory (not shown), resulting in a gradual
unwinding of the trajectory. As θ decreases towards the
leftmost fold and beyond, the trajectory develops small
loops in the vicinity of PrWG,1 (Figure 20) and its period
begins to diverge again, this time logarithmically (Fig-
ure 17b), indicating approach to a heteroclinic connec-
tion involving PrWG,1 and located at θ = θhet ≈ 0.6454.
Since the leading unstable eigenvalues of PrWG,1 at this
parameter values are complex, 0.2446±0.3661i, while the
leading stable eigenvalue is real, −0.0251, these points

are both saddle-foci. The complex unstable eigenvalues
account for the oscillatory approach to the global bifur-
cation at θ ≈ 0.6454 while the fact that the flow near
PrWG,1 is locally expanding implies that we should ex-
pect stable chaotic dynamics near this parameter value,
as in the classical example of Shil’nikov where the signs
of the eigenvalues are reversed [49–51].

In Figure 19a the solid line tracks the period of the
κ-symmetric orbit. As θ → θhet ≈ 0.6454 from above,
this orbit collides with PrWG,1, forming a heteroclinic
connection from PrWG,1 to its image under κ and back
again. Near θhet this orbit is accompanied by back-to-
back symmetry-breaking bifurcations, generating asym-
metric periodic orbits (Figure 19b). These asymmetric
orbits are free to period-double into chaos, resulting in
’bubbles’ of chaotic behavior, as described in [52] and
references therein. Close to the primary heteroclinic bi-
furcation, these bubbles ’burst’ via the formation of pairs
of subsidiary homoclinic orbits. The red dashed and thin
solid lines in Figure 19b show examples of this generic
behavior in our problem; Figure 19c compares the homo-
clinic orbit at the green dashed asymptote with the corre-
sponding period-doubled orbit on the red dashed branch
at the same θ value. Further details are omitted. Thus,
the primary symmetric periodic orbit is associated with a
number of chaotic intervals located around subsidiary ho-
moclinic orbits originating in global bifurcations of asym-
metric orbits associated with it, cf. Figure 18. In partic-
ular, stable chaotic motion is also observed for θ below
the primary heteroclinic bifurcation at θhet ≈ 0.6454.

We mention that the periodic orbit originating from
the Hopf point on the PrWG,1 branch (θ ≈ 0.3841, blue
point in Figure 15) is stable from the Hopf point to
θ ≈ 0.4518, where the first of several Neimark-Sacker
bifurcations takes place. These are interspersed with ad-
ditional global bifurcations and intervals of chaos as θ
increases towards θhet ≈ 0.6454. Some sample solutions
are shown in Figure 21 to whet appetite. The details
depend on the parameters used and are omitted.
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(a) (b)

(c) (d) (e) (f)

FIG. 19: (a) Evolution of the period T of a symmetric periodic orbit born in the SNIPER bifurcation θ ≈ 0.663445
and terminating in a heteroclinic bifurcation at θ ≈ 0.6454 (thick solid line). Secondary branches of asymmetric

states are displayed in thin lines: solid line for the branch whose period diverges at θ ≈ 0.64377 and dashed lines for
the other branches, see panel (b) for more detail. The secondary branches are accompanied by back-to-back

period-doubling cascades (three period-doubling points are indicated with solid circles of the same color as the
branch) which open up via the formation of subsidiary homoclinic orbits as in panel (c), black line; the superposed
red curve shows an accompanying period-doubled solution. Portraits (d-f) display the (r1, r2) projection at θ = 0.65
for the dashed magenta, blue, and orange branches in (b) showing a symmetric and two asymmetric periodic orbits,
respectively. The location of PrWG,1 is indicated with a small circle in (c-f). Only (c) is close to homoclinic; the

proximity of orbit (e) to the lower fixed point is a projection effect.

VII. NORMAL FORM REDUCTION

The process of reducing the governing equations to nor-
mal form near a multiple bifurcation is based on center
manifold reduction followed by a series of near-identity
variable changes to simplify the dynamical equations on
the center manifold. The resulting equations are then
unfolded by introducing parameters that break apart
the multiple bifurcation in a generic way. In infinite-
dimensional problems, such as those arising in fluid me-
chanics, it is preferable to employ multiple scales tech-
niques to compute both the normal form and the coeffi-
cients within it as part of the same calculation. We em-
ploy here this technique to determine all the coefficients
in the third-order normal form (8).

First, let us introduce the following formal expression

for the governing equations on a domain Ω:

B
∂q

∂t
= F(q,η) ≡ Lq+N(q,q) +G(q,η), x ∈ Ω ,

Dbcq(x) = q∂Ω, x ∈ ∂Ω .
(56)

Here ∂Ω represents the domain boundary. This form
of the governing equations takes into account a lin-
ear dependence on the state variable q through L

and a quadratic dependence on the state variable and
the parameters η through the operators G(·, ·) and
N(·, ·). Equation (56) formally includes the incompress-
ible Navier–Stokes equations written in cylindrical co-
ordinates for the TCF and WFA problems, whereas for
WFA-MC one must consider the Boussinesq approxima-
tion of the incompressible Navier–Stokes equations writ-
ten in cylindrical coordinates as well. For this set of
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(a) (b)

FIG. 20: The periodic orbit at the seventh and eighth
folds from the right in Figure 19b, with a

period-doubling bubble in between (not shown). (a)
θ = 0.6437. (b) θ = 0.6466.

(a) (b)

(c) (d)

FIG. 21: (a) Phase portrait of a near-homoclinic orbit
to the SW state in the (r0, r1, r2) space at θ = 0.452,
and (b) the corresponding time series showing r0(t)

(red), r1(t) (green) and r2(t) (blue). Near the
homoclinic connection r1 approaches r2 and r0 falls to

zero. (c) A trajectory at θ = 0.457 in the
(Re(a0), Im(a0), r2) space showing that the trajectory
intermittently visits SW states with different phases φ,
each visit resulting in a switch between an oscillation
about one PrWG,1 state to an oscillation about the
other; red circles represent the group orbit of the two

PrWG,1 states while the blue circle represents the group
orbit of the SS states [53]. (d) Chaotic attractor at
θ = 0.49 (thin dashed grey line) together with an
(unstable) κ-symmetric periodic orbit computed at

θ ≈ 0.4896.

equations, the operators in eq. (56) take the following

form,

Lq =




−∇P
∇ ·U
0


 ,

N(q1,q2) = −




U1 · ∇U2

0
U1 · ∇T


 ,

G(q,η) =




1
Re∇ ·

(
∇U+ (∇U)T

)
+RiTez

0
1

RePr∇
2T


 .

(57)
In red color we have included the modification for the
WFA-MC problem with respect to the WFA problem.
The set of parameters η ∈ RNp , where Np is the
number of parameters, is composed of the two dimen-
sionless angular velocities of the cylindrical annulus for
TCF, the inverse Reynolds number for WFA, and the
inverse Reynolds number together with the Richardson
and Prandtl numbers for WFA-MC. In the following, we
will consider the most general case, that is, the WFA-
MC case where the vector of parameters takes the form
η ≡ [η0, η1, η2] = [Re−1,Ri,Pr]T . The Reynolds num-
ber is defined as the ratio of inertial and viscous forces,
i.e., Re = U∞D

ν , with U∞ the uniform velocity at the far
field, D the diameter of the bluff body and ν the kine-
matic viscosity; the Prandtl number, Pr = ν

κ , is the ratio
of viscosity and the thermal diffusivity κ. The Richard-

son number is defined as Ri = −
β(eU∞

·g)(Tb−T∞)D
U2

∞

, with

β the thermal expansion coefficient, eU∞
= U∞/U∞ the

unit vector in the direction of the far field velocity, g the
gravitational acceleration, and Tb and T∞ the tempera-
ture of the bluff body and in the far field, respectively.
Finally, we suppose that the dependence of the solution
restricted to the boundary of the domain is linear, i.e., we
takeDbc to be a linear boundary condition operator. One
can also consider the dependence of the boundary con-
ditions on parameters, that is either Dbc(η) or q∂Ω(η),
which may be used, for instance, for modelling of a mov-
ing wall. For the sake of simplicity this possibility is not
considered.

The multiple scales expansion of the solution q of
eq. (56) consists of an expansion of eq. (1) in powers
of a small parameter ε≪ 1:

q(t, τ) = Q0 + εq(ε)(t, τ) + ε2q(ε2)(t, τ) +O(ε3) . (58)

The departure η − ηc of the parameters from criticality
is assumed to be of second order, i.e., ηi − ηi,c = O(ε2)
for i = 0, 1, 2. The expansion (58) encompasses a two-
scale expansion of the original time, t 7→ t + ε2τ , that
incorporates the fast time scale t of the self-sustained in-
stability and the slow time scale τ of the evolution of the
amplitudes ai(τ) in eq. (1), for i = 0, 1, 2. The resulting
expansion of the left side of eq. (56) up to third order is
given by

εB
∂q(ε)

∂t
+ ε2B

∂q(ε2)

∂t
+ ε3

[
B
∂q(ε3)

∂t
+B

∂q(ε)

∂τ

]
(59)
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while the right side is

F(q,η) = F(0) + εF(ε) + ε2F(ε2) + ε3F(ε3) . (60)

The resulting problem is solved order by order.

1. Order ε0

The leading order solution Q0 of the multiple scales
expansion (58) is the steady state of the governing equa-
tions evaluated at the threshold of instability, i.e., η =
ηc,

0 = F(Q0,0) , x ∈ Ω ,
DbcQ0(x) = Q0,∂Ω , x ∈ ∂Ω .

(61)

2. Order ε1

The first order correction q(ε)(t, τ) in the multiple
scales expansion (58) is composed of the eigenmodes of
the linearized system

q(ε)(t, τ) ≡ Re
(
a0(τ)e

−im0θq̂0

)

+ Re
(
a1(τ)e

−iωte−im1θq̂1

)

+ Re
(
a2(τ)e

−iωtei−m2θq̂2

)
,

(62)

where the reflection symmetry in O(2) imposes the re-
quirement m2 = −m1.

Each term q̂ℓ in the first order expansion (62) solves
the corresponding linear problem:

J(ωℓ,mℓ)q̂ℓ =
(
iωℓB− ∂F

∂q |q=Q0,η=ηc

)
q̂ℓ = 0, x ∈ Ω,

Dbcq̂ℓ(x) = 0, x ∈ ∂Ω ,
(63)

where ∂F
∂q |q=Q0,η=ηc

q̂ℓ = Lmℓ
q̂ℓ + Nmℓ

(Q0, q̂ℓ) +

Nmℓ
(q̂ℓ,Q0). The subscript mℓ indicates the azimuthal

wavenumber used for the evaluation of the operator.

3. Order ε2

The second order expansion term q(ε2)(t, τ) is deter-
mined from the resolution of a set of forced linear sys-
tems, with the forcing terms evaluated in terms of the
(known) zeroth and first order terms. The expansion in
terms of amplitudes ai(τ) of q(ε2)(t, τ) is assessed from
term-by-term identification of the forcing terms at the
second order. The nonlinear second order terms are

F(ε2) ≡
2∑

j,k=0

(
ajakN(q̂j , q̂k)e

−i(mj+mk)θe−i(ωj+ωk)t + c.c.
)

+
2∑

j,k=0

(
ajakN(q̂j , q̂k)e

−i(mj−mk)θe−i(ωj−ωk)t + c.c.
)

+
2∑

ℓ=0

∆ηℓG(Q0, eℓ) ,

(64)

where eℓ is an element of the orthonormal basis of RNp ,
a vector composed of zeros except at the position ℓ where
it is equal to unity.

Since no quadratic combination of elements in eq. (62)
results in resonant terms, the second order term can be
expanded as

q(ε2) ≡
2∑

j,k=0
k≤j

(
ajakq̂j,k+ajakq̂j,−k+ c.c.

)
+

2∑

ℓ=0

∆ηℓQ
(ηℓ)
0 ,

(65)

with the rules q̂j,k = q̂k,j and q̂−j,−k = q̂j,k. Note

the slight abuse of notation with q̂−0 = q̂0. Terms q̂j,j

are harmonics of the flow, q̂j,k with j 6= k are coupling
terms, q̂j,−j are harmonic base flow modification terms

and Q
(ηℓ)
0 are base flow corrections due to the assumed

departure of the parameter ∆ηℓ = ηℓc − ηℓ from the crit-
ical point measured by ε.

Finally, the second-order terms are computed by solv-
ing the following nonresonant system of equations,

J(ωj+ωk,mj+mk)q̂j,k = F̂
(j,k)
(ε2) , (66)

where F̂
(j,k)
(ǫ2) ≡ N(q̂j , q̂k) +N(q̂k, q̂j) and

J(0,0)Q
(ηℓ)
0 = G(Q0, eℓ). (67)

4. Order ε3

At third order resonant terms are generated and these
lead to secular (nonperiodic) terms in the expansion. We
eliminate these terms by imposing a solvability condi-
tion on the system via the Fredholm alternative. This
condition determines the required normal form at third
order in ε. Specifically, the linear terms λs and λh are
determined as follows

λs =
〈q̂†

0, F̂
(a0)
(ǫ3) 〉

〈q̂†
0,Bq̂0〉

, λh =
〈q̂†

1, F̂
(a1)
(ǫ3) 〉

〈q̂†
1,Bq̂1〉

=
〈q̂†

2, F̂
(a2)
(ǫ3) 〉

〈q̂†
2,Bq̂2〉

, (68)

while the (real) cubic coefficients li for i = 0, 1, 2, 3 are
given by

l0 =
〈q̂†

0, F̂
(a0|a0|

2)
(ǫ3) 〉

〈q̂†
0,Bq̂0〉

, l3 =
〈q̂†

0, F̂
(a0a1a2)
(ǫ3) 〉

〈q̂†
0,Bq̂0〉

l1 − il2 =
〈q̂†

0, F̂
(a0|a1|

2)
(ǫ3) 〉

〈q̂†
0,Bq̂0〉

, l1 + il2 =
〈q̂†

0, F̂
(a0|a2|

2)
(ǫ3) 〉

〈q̂†
0,Bq̂0〉

.

(69)
Finally, the complex coefficients A,B,C and D are given
by

B =
〈q†

1, F̂
(a1|a1|

2)
(ǫ3) 〉

〈q̂†
1,Bq̂1〉

, A+B =
〈q†

1, F̂
(a1|a2|

2)
(ǫ3) 〉

〈q̂†
1,Bq̂1〉

,

C =
〈q†

1, F̂
(a1|a0|

2)
(ǫ3) 〉

〈q̂†
1,Bq̂1〉

, D =
〈q†

1, F̂
(a2

0a2)

(ǫ3) 〉

〈q̂†
1,Bq̂1〉

.

(70)
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The forcing terms associated with the solvability condi-
tions in eqs. (68) to (70) are detailed in Appendix A 1.

VIII. CONSTRUCTION OF BIFURCATION
DIAGRAMS

We now explain how the results derived in the previous
section can be used to construct consistent bifurcation di-
agrams. The method is similar to that used in Hirschberg
& Knobloch [29] and is explained in Figure 22. As illus-
trated in this figure, the conditions for the occurrence
of the various bifurcations can be interpreted as lines in
the (λs, λh) plane. For example, the primary steady-
state bifurcation occurs along the line λs = 0, which is
the horizontal axis in this representation. Similarly, the
primary Hopf bifurcation occurs along the line λh = 0,
which is the vertical axis. The conditions relevant to the
birth of mixed modes also correspond to straight lines,
as displayed in the figure. For both the wake problem
(WFA or WFA-MC) and the TCF problem, variation of
the base-flow parameters defines a path in the (λs, λh)
plane. The bifurcation diagram can then be constructed
by considering the successive crossings of this path with
the lines defining the bifurcations.

Let us consider first the bifurcation scenario of the
WFA-MC case as a function of Reynolds numbers ηRe

and ηRi, at a constant distance in terms of the second
parameter from the organizing centre. We denote by
ηRe|Ri=Ric the path followed at a constant Richardson
number equal to that at which the unsteady and steady
modes become simultaneously unstable. Similarly, we
denote by ηRe|Ri=0 the straight line path from quadrant
III (defined by λs < 0, λh < 0), traversing quadrant
IV (λs > 0, λh < 0), and then crossing into quadrant I
(λs > 0, λh > 0). This path is relevant to the wake prob-
lem (WFA) for increasing Reynolds number if we assume
a linear dependence of the form (13). When following
this path, the first bifurcation is the primary bifurcation
leading to the SS mode. There are two possible secondary
bifurcations on this branch, leading to MM0 and MMπ

and these occur along the lines −l0λh +(Cr ±Dr)λs = 0
with positive sign for MM0 and negative sign for MMπ.
The sign of Dr indicates which of these bifurcations oc-
curs first along the given path. For example, ifDr < 0, as
displayed on the figure, the bifurcation to MMπ occurs
first. Moreover, if ∆− > 0 (as assumed in the figure),
this bifurcation is supercritical and gives rise to a sta-
ble branch. The bifurcation from SS to MMπ may occur
subsequently, as found in the figure, but the branch born
at this bifurcation is necessarily unstable, according to
the considerations in Section IVC.

Similarly, the lines −(2Br+Ar)λs+(l1± l3)λh = 0 in-
dicate secondary bifurcations from SW to MM0 (positive
sign) and MMπ (negative sign). Starting from the pure
SW mode and following the prescribed path backward,
the sign of l3 lets us distinguish which of these lines will
be crossed first. For example, if l3 < 0, as displayed in

the figure, the bifurcation to MMπ occurs first, leading
to a stable branch if ∆− > 0.
Figure 22b exhibits the case corresponding to l3 < 0,

Dr < 0, ∆+ > 0, ∆− > 0, the situation relevant to wake
flow past a fixed disk. The figure displays the bifurcation
diagram for a disk of aspect ratio χ = 10. For details,
see Section VIII B.
In the following, we analyze the predicted transition

behavior of the flow past a fixed sphere and a fixed disk.
In some figures, we use the lift coefficient to illustrate the
bifurcation diagram; this is defined as CL = L

1
2
ρ∞U2

∞
D
,

with L the lift force, ρ∞ and U∞ the density and veloc-
ity in the far field (assumed equal to unity) and D the
diameter of the object.

A. Mixed convection in the flow past a sphere

Let us revisit the problem of pattern formation behind
a sphere falling through a thermally stratified fluid. In
our formulation the sphere is held fixed, with upward flow
past it (the WFA-MC problem). Specifically, a sphere of
diameter D is held at a constant temperature Tb subject
to upward flow characterized by a constant velocity U∞

and temperature T∞ far from the body. The problem
is specified by the Reynolds number as Re = U∞D

ν and

the Richardson number Ri = −
β(eU∞

·g)(Tb−T∞)D
U2

∞

. This

problem has many practical applications in engineering
such as cooling, heating [26], sedimentation [54], melting
[55], combustion [56], and vaporization [57]. A hot sphere
represents a heat source embedded within the physical
domain, where the solid body is subjected to forces of
hydrodynamic and thermal origin. There are two main
cases of interest. The case of a hot falling sphere where
the fluid within the wake is accelerated with respect to
the spherical body is called the assisting case and is char-
acterized by a positive Richardson number (Ri > 0).
The opposite case, where the wake of a hot ascending
spherical particle is decelerated by buoyancy effects, is
referred to as the opposing case and corresponds to a
negative Richardson number (Ri < 0). Kotouc et al. [26]
studied numerically both configurations for two Prandtl
numbers, Pr = 0.72 and Pr = 7. The assisting flow case
displays an organising center of Hopf-Hopf type with az-
imuthal wavenumbers m = 1 and m = 2. The opposing
flow configuration exhibits instead a point in the (Re,Ri)
parameter space where a steady-state mode and a pair
of unsteady modes with azimuthal wavenumber m = ±1
are simultaneously unstable, cf. Figure 22.
The opposing flow case at Pr = 0.72 displays a

large variety of patterns. The codimension-two point at
(Rec,Ric) point, see Tables XII and XIII, splits the pa-
rameter space in the following sense: for Ric < Ri < 0
the primary bifurcation breaks the axisymmetry of the
steady-state solution, i.e., it corresponds to a steady-
state mode (state I in Kotouc et al. [26]); for Ri < Ric
the primary branch is a standing wave (state XIV in Ko-
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II
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(a) (b)

FIG. 22: Construction of the stability diagram for the WFA problem with a fixed disk of aspect ratio χ = 10. (a)
The unfolding plane (λs, λh). Dashed lines indicate the loci of bifurcations from SS and SW to MM0,π. The paths
labeled ηRe|Ri=Ric and ηRe|Ri=0 are the paths followed in this plane for Ri = Ric and Ri = 0, respectively. For this
case Ric < 0 and so increasing Ri destabilizes the system. (b) Bifurcation diagram corresponding to the ηRe|Ri=0

path. See Section VIII B for details.

TABLE XII: Location of the codimension-two point and the corresponding Strouhal number (Src) at unsteady
onset, together with the linear coefficients in the normal form for the WFA-MC flow past a sphere or a disk.

Case Rec Ric Src λs λh

Sphere 172 −0.13 8.5 · 10−2 86.7 · ηRe + 0.82 · ηRi

(
84.7− 67.9i

)
· ηRe +

(
2.19− 3.31i

)
· ηRi

Disk χ = 10 129.4 −0.069 1.07 · 10−1 76.8 · ηRe + 0.057 · ηRi

(
66.0− 25.2i

)
· ηRe +

(
0.52− 1.10i

)
· ηRi

Disk χ = 3 152.9 −0.079 9.5 · 10−2 95.3 · ηRe + 0.37 · ηRi

(
92.5− 40.0i

)
· ηRe +

(
1.10− 1.48i

)
· ηRi

touc et al. [26]), i.e., a solution with mean-zero lift force
preserving the symmetry plane. For Richardson numbers
Ri < Ric the observed transition to more complex spatio-
temporal patterns is explained by the interaction between
the unsteady pair of modes. In this regime the cubic
truncation is degenerate, as already explained, and in or-
der to lift the degeneracy between the modulated wave
states MW and IMM (these states are labelled XX in Ko-
touc et al. and not distinguished) one must either include
higher order terms in the normal form or introduce terms
that break the O(2) symmetry, see Appendix B. These
modulated wave states then bifurcate further, generat-

TABLE XIII: Cubic and quintic coefficients of the
normal form for the WFA-MC flow past a sphere.

l0 l1 l2 l3 p1∆
−10.57 −4.57 −0.078 0.27 −201.1

A B C D p2N
1.07 + 0.75i −2.8 + 3.54i −3.78 + 3.02i 0.79− 1.0i −18.10

ing general Precessing Waves. In the study of Kotouc
et al. [26], the authors did not observe PrWG, and in-
stead identified aperiodic states, i.e., states that did not
display any particular spatiotemporal symmetry. This
finding could be explained by a subsequent bifurcation
towards a 3FW, although this is not taken into account
in the normal form.

When Ri > Ric a large variety of states exist. The
axisymmetric steady state loses stability with respect to
a nonaxisymmetric steady-state mode, thereby losing ax-
isymmetry. The resulting SS state then transitions into
a mixed mode MM0 that preserves reflection symmetry
and is associated with a nonzero mean lift. The MM0

state further transitions into a general Precessing Wave
(PrWG), i.e., a state without a symmetry plane and
slowly rotating mean lift, which in turn bifurcates into a
3FW and finally to a Pulsating Wave state. These three
states are located within small regions of the parameter
space. However, they have been numerically determined:
PrWG was numerically observed by Kotouc et al. [26] for
Ri > −0.1 (state XIII) and the 3FW (or PuW) state was
identified for Ri ≈ −0.1 (state XIX), which is a state that
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FIG. 23: Predicted flow patterns for flow past a hot sphere (the opposing case of mixed convection) in parameter
space. Snapshots of the reconstructed states are included. The direction of gravity g is represented by a dashed line

parallel to the axis of revolution and points from the sphere towards the wake when Tb − T∞ > 0.

displays a temporary symmetry plane and at least two
frequency components. The Pulsating Wave state even-
tually transitions into MMπ, i.e., a mixed mode without
a symmetry plane (see also state XIII in [26]). This se-
ries of bifurcations is followed either by SW or MW (or
a Precessing Wave), in qualitative accordance with the
study of Kotouc et al.

B. Mixed convection in the flow past a disk

Let us now examine the transition scenario for ax-
isymmetric wake flow past a disk, focusing again on the
opposing flow case under mixed convection conditions.

TABLE XIV: Cubic and quintic coefficients of the
normal form for the WFA-MC flow past a disk with

χ = 10.

l0 l1 l2 l3 p1∆
−4.45 −5.94 0.92 −2.28 −50

A B C D p2N
0.1− 1.29i −2.14 + 1.69i −0.64− 2.35i −1.05 + 1.10i −1

This problem depends on three control parameters, the
Reynolds number Re, the Richardson number Ri, and the
aspect ratio of the disk χ, where 1/χ is the dimensionless
thickness.

The WFA problem for Ri = 0 and 1/χ ≈ 0 has already
been studied by Fabre et al. [13] using numerical simula-
tions and normal form coefficients fitted from the simula-
tions. The case χ = 3 was studied in detail by Auguste et
al. [14]. A more rigorous study via multiple-scale anal-
ysis was performed by Meliga et al. [27]. Later, Chrust
et al. [15] explored the flow dependence on the param-
eters (Re, χ) using numerical simulations and proposed
a classification of the patterns observed. These studies
demonstrated the importance of the disk thickness on the
transition scenario. Chrust et al. observed that, when
the thickness 1/χ is large, for instance χ = 1, the sym-
metry plane is preserved for large values of the Reynolds
number, i.e., only SS and MM0 (possibly with modu-
lated mixed modes or precessing waves) are observed be-
fore spatio-temporal chaos appears. In the limit of zero
thickness, when 1/χ ≈ 0, we will see that the transition
scenario starts with the formation of a SS pattern fol-
lowed by the breaking of the symmetry plane, leading
to a MMπ mode and eventually to standing waves SW.
At intermediate values of the thickness, a large variety of
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FIG. 24: Predicted flow patterns for flow past a hot disk with χ = 10 (the opposing case of mixed convection) in
parameter space. Snapshots of the reconstructed states are included. The direction of gravity g is represented by a

dashed line parallel to the axis of revolution pointing from the disk towards the wake when Tb − T∞ > 0.

spatio-temporal patterns may be observed, as highlighted
by the study of Auguste et al. In the present study, we
shall look for the connections between the opposing flow
case in mixed convection and the situation at Ri = 0,
in terms of the spatio-temporal patterns observed in the
flow.

Figure 25 displays the location of the codimension-two
point corresponding to the Hopf-Steady State bifurca-
tion, obtained by varying 1/χ ∈ [0, 1]. The top pan-
els show the corresponding temperature distribution in
space and the growing extent of the recirculation bubble
in the steady states associated with two distinct values
of the aspect ratio χ of the disk. In the range of as-
pect ratios considered here, the critical Reynolds number
grows linearly with the thickness 1/χ of the disk, as previ-
ously observed by Fernandes et al. [18]. In addition, the
critical Richardson number displays a maximum around
1/χ ≈ 0.1 followed by a linear decrease. In the following,
we shall discuss in detail the two cases χ = 10 and χ = 3.
The case χ = 10 corresponds to a case with a relatively
simple transition scenario, similar to that explained by
Meliga et al. [27]. On the other hand, the case χ = 3 dis-
plays a larger number of spatio-temporal structures, and
is qualitatively similar to the case of the sphere discussed
in Section VIIIA.

The parameter space summarizing the normal form
predictions for χ = 10 is displayed in Figure 24. In
this case, to the left of the codimension-two point (gray
point in the diagram), the trivial steady state transi-
tions to standing waves and the subsequent bifurcations
are uniquely explained by the unsteady modes. To the
right of the codimension-two point the primary bifurca-
tion breaks the axisymmetry of the steady state, i.e., it
generates the SS state, followed by a periodic state with
no reflection symmetry and nonzero mean lift, i.e., the
MMπ state. The mixed mode MMπ state eventually bi-
furcates into a standing wave solution, which finally bi-
furcates to MW via the effect of higher order terms.

The dynamics near the organizing center for the flow

TABLE XV: Cubic and quintic coefficients of the
normal form for the WFA-MC flow past a disk with

χ = 3.

l0 l1 l2 l3 p1∆
−6.19 −4.86 0.47 −2.76 −50

A B C D p2N
0.56− 0.38i −2.3 + 2.3i −1.7 + 0.32i 0.79 + 0.52i −6
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(a) χ = 10 (b) χ = 3

FIG. 25: The location of the codimension-two
Hopf-Steady State bifurcation in the (Re, Ri) plane as a
function of the aspect ratio χ of the disk (Re: black

line; Ri: red line). The color-coded symbols refer to the
points obtained in numerical computations. Top:

temperature distribution in the trivial steady state at
(a) 1/χ = 0.1 (Re ≈ 130, Ri ≈ −0.068), (b) 1/χ ≈ 0.33

(Re ≈ 150, Ri ≈ −0.078).

past a disk with thickness 1/χ = 1/3 is richer. As in
the previous cases, to the left of the organizing center
the transition scenario is based on the initial formation
of standing waves, followed by modulated waves and a
possible tertiary bifurcation, not taken into account in
the normal form, leading to temporal chaos. To the
right of the organizing center, the transition scenario is
qualitatively similar to that of the sphere (compare Sec-
tion VIIIA and Figure 26), although in the present case
the codimension-two point is sufficiently close for the the-
ory to provide quantitative predictions of the transition
scenario. In other words, the transition scenario in the
simple WFA problem of the disk with aspect ratio χ = 3
is constrained by the dynamical structures emanating
from the organizing center at Ri 6= 0, something that
is not the case for the sphere, see Kotouc et al. [26, Fig
4]. Figure 27 displays the reconstruction of the lift coef-
ficient from the normal form at Ri = 0, in comparison to
the results obtained numerically by Auguste et al. in [14].
It distinguishes five regions, with the Knit-Knot (KK) re-
gion among them. The transition begins at Re ≈ 159.4
(Re ≈ 159.8 [14]) via the formation of a steady-state pat-
tern (SS), which eventually bifurcates into a mixed mode

(MM0) at around Re ≈ 182.5 (Re ≈ 179.9 in [14]). The
MM0 state loses stability at around Re ≈ 184.5. Quan-
titatively, up to this point, the sequence of bifurcations
is reasonably well predicted with regard to the data re-
ported in [14]. The Knit-Knot region in our analysis
covers a large variety of states with similar characteris-
tics in terms of the frequency components (at least two),
and the lift coefficient CL. Auguste et al. [14] identified
this motion as temporally quasiperiodic motion result-
ing from spontaneously broken reflection symmetry. The
temporal dynamics of the KK state may be described
as the composition of a state with frequency ωh and a
low frequency state, whose frequency experiences large
variation within its region of existence (from Tp ≈ 96 2π

ωh

at Re = 185 to Tp ≈ 48 2π
ωh

at Re = 187 and then to

Tp ≈ 54 2π
ωh

at Re = 190, cf. Figure 29). This bifurcation
sequence is followed by the appearance of the MMπ state,
estimated to be around Re ≈ 198.5 (Re ≈ 190.4 in [14])
which connects to the standing wave branch at around
Re ≈ 214 (Re ≈ 215.2 in [14]). According to theory, this
sequence of bifurcations should be followed by the forma-
tion of a modulated wave branch and precessing waves.
However, we do not discuss these patterns here due to
the lack of simulation data to compare with and because
these patterns can only be described using the fifth order
normal form whose coefficients we have not computed.
For more information, see Figure 26.

Let us return to the discussion of the Knit-Knot region.
In our more detailed analysis, this state is actually com-
posed of several simpler states, see Figure 28. The MM0

bifurcates into a precessing wave PrWG at Re ≈ 184.5.
This precessing wave is stable up to Re ≈ 186.3, where a
saddle-node bifurcation takes place leading to a 3FW ,
denoted as 3FWA in Figure 28. The three-frequency
wave is observable only in a small interval, however, and
eventually reconnects to a Pulsating Wave via a global
homoclinic bifurcation at around Re ≈ 186.9. This Pul-
sating Wave is stable up to around Re ≈ 191.9. At
this stage, we can observe two other bifurcations lead-
ing to three-frequency waves with 3FWB (unstable) and
3FWC (stable); both of these branches reconnect to the
main branch (PuW) following a saddle node bifurcation
of limit cycles. The pulsating wave state finally recon-
nects with the symmetry-breaking mixed mode (MMπ)
branch.

IX. DISCUSSION & CONCLUSION

In this article, we have analyzed the properties of the
normal form and the bifurcation scenario relevant to the
bifurcations observed in axisymmetric wakes described
by the Navier-Stokes equation. We have shown that near
the onset of instability, it is possible to reduce the dynam-
ics via center manifold reduction to a normal form, i.e.,
an ordinary differential equation, whose unfolding fully
captures the local behavior of the Navier-Stokes equa-
tion. Such normal forms inherit the discrete and con-



32

FIG. 26: Predicted flow patterns for flow past a hot disk with χ = 3 (the opposing case of mixed convection) in
parameter space. Snapshots of the reconstructed states are included. The direction of gravity g is represented by a

dashed line parallel to the axis of revolution pointing from the disk towards the wake when Tb − T∞ > 0.

tinuous symmetries of the system, in the present case
O(2) symmetry. We have shown that this approach, car-
ried out in the vicinity of a steady state-Hopf interaction,
suffices to predict much of the observed behavior.

Our analysis of the generic steady state-Hopf case re-
lied on a reduction to polar coordinates. The fixed point
solutions of the normal form, e.g. the pure modes and
the mixed modes, have been observed in a variety of fluid
flows, including Taylor-Couette and wake flows. Here, we
have attempted to provide a complete description of the
fixed point solutions of the normal form, as well as the
possible bifurcations to periodic solutions of the polar
normal form corresponding to two- and three-frequency
waves.

Particularly noteworthy is our discovery of robust, po-
tentially attracting, heteroclinic cycles in this mode in-
teraction. In previous studies [58, 59], self-sustained pro-
cesses have been related to a three-step process involv-
ing rolls advecting streamwise velocity, leading to streaks
which once unstable lead to wavy perturbations whose
nonlinear interaction with itself feeds the rolls. In terms
of the mode interaction, the self-sustained cycle described
by Dessup et al. [58] corresponds to a HetSS−SW cycle
or to an orbit that shadows it. In this sense, one could
expect that other, more complex dynamics, for instance

a HetPrWA
cycle, may also be observed in the bifurcation

scenario of real fluid systems. We mention that the indef-
inite increase in period associated with the approach to
an attracting robust heteroclinic cycle cannot in general
be seen in numerical integration of the normal form, on
account of rounding error. Instead, the solution trajec-
tory settles into a statistical limit cycle with a finite mean
period [60]. This is even more so for partial differential
equations [61] and in experiments where the presence of
noise prevents approach to such a cycle [62]. This fact
points to the importance of fluctuations in applications
of the theory to fluid dynamics problems, as also empha-
sized in [48] in connection with the SNIPER bifurcation.

We have applied here the general theory to several dis-
tinct fluid flows and used it to explore the bifurcation
scenario of wake flows behind a sphere or disk falling
through either a constant density fluid or a vertically
stratified fluid (problems WFA and WFA-MC, respec-
tively). In particular, in Section VII, we determined the
normal form coefficients for these problems on the as-
sumption that each object is held fixed, and used these
results in Section VIII to construct consistent stability di-
agrams for these flows, comparing the predicted bifurca-
tion scenarios for mixed-convection flow past a fixed ax-
isymmetric object, a disk or a sphere, with the results of
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FIG. 27: Bifurcation diagram for a disk with χ = 3 in
terms of the lift coefficient CL for the WFA problem
(Ri = 0). Solid lines were computed from the normal

form, dashed lines were extracted from [14]. Black lines
denote CL,max and red lines denote the average of CL.
See legend in Figure 28 for a description of the markers.

direct numerical simulations of these flows. These results
enabled us to rationalize the results of previous numeri-
cal studies including those in the complicated Knit-Knot
region of Auguste et al. [14] for the WFA problem for a
disk of thickness χ = 3 and the WFA-MC problem for a
sphere of Kotouč et al. [26], states XIII or XIX, thereby
demonstrating the utility of our bifurcation-theoretic ap-
proach. Unfortunately, neither of these cases predicts
the presence of structurally stable heteroclinic cycles, al-
though such states may arise for other parameter values.
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Appendix A: Normal form reduction

1. Third order forcing terms

The third order forcing terms are obtained from the
substitution of the Ansatz (58) into F(q,η). The gen-
eral expression of the third order forcing term F(ε3) is as

FIG. 28: Bifurcation diagram in the Knit-Knot region
of Figure 27 in terms of the period Tp of the low
frequency modulation. Square markers: Hopf

bifurcation. Circles: saddle-node bifurcation. Triangles:
Neimark-Sacker bifurcation.

follows:

F(ε3) ≡
2∑

j=−2
k,ℓ=−2

ajakaℓ
[
N(q̂j , q̂k,ℓ) +N(q̂k,ℓ, q̂j)

]
e−imnθe−iωnt

+
2∑

j=−2,ℓ=0

aj∆ηℓ
[
N(q̂j ,Q

(ηℓ))
0 +N(Q

(ηℓ)
0 , q̂j)

]
e−imjθe−iωjt

+
2∑

j=−2,ℓ=0

aj∆ηℓG(q̂j , eℓ)e
−imjθe−iωjt ,

(A1)

with a slight abuse of notation such that q̂j = q̂−j ,

q̂k,j = q̂−k,−j and aj = a−j . Therefore, the azimuthal
wave number and the frequency associated with a neg-
ative index are both considered to be of the opposite
sign, i.e., ω−j = −ωj and m−j = −mj . Finally, ωn

and mn are defined by the relations ωn = ωj + ωk + ωℓ,
mn = mj +mk +mℓ, where n = j + k + ℓ.

Resonant terms are those for which (ωn,mn) is equal to
either (0,m0), (ω1,m1) or (ω1,−m1) (plus the complex
conjugate pairs). The remaining terms only play a role
in higher-order truncations.
Hierarchically, the first class of third-order forcing

terms consists of those that are linear with respect to
the amplitudes aj for j = 0, 1, 2,

F̂
(aj)

(ε3) ≡

2∑

ℓ=0

∆ηℓ

([
N(q̂j ,Q

(ηℓ))
0 +N(Q

(ηℓ)
0 , q̂j)

]
+G(q̂j , eℓ)

)
.

(A2)
The second type of resonant forcing terms are those

used to compute the real coefficients lj for j = 0, 1, 2, 3.
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(a)

(b)

FIG. 29: The homoclinic orbit ReHom
MM0

(gray line) at
Re = 186.4 of Figure 28. The gray dot is the location of
MM0 while the red markers indicate the location of the
PrWG states. The red and blue trajectories represent
limit cycles for higher values of Re; the period of these
states diverges logarithmically as Re → 186.4 from

above (not shown).

These are proportional to the cubic terms in the first
equation of the complex normal form (8), and are given
by

F̂
(a0|a0|

2)
(ε3) ≡

[
N(q̂0, q̂0,−0) +N(q̂0,−0, q̂0)

]

+
[
N(q̂−0, q̂0,0) +N(q̂0,0, q̂−0)

]
,

(A3)

with the notation q̂−0 = q̂0. Similarly, the terms

F̂
(a0|aj |

2)

(ε3) for j = 1, 2 are given by

F̂
(a0|aj |

2)

(ε3) ≡
[
N(q̂0, q̂j,−j) +N(q̂j,−j , q̂0)

]

+
[
N(q̂−j , q̂0,j) +N(q̂0,j , q̂−j)

]

+
[
N(q̂j , q̂0,−j) +N(q̂0,−j , q̂j)

]
,

(A4)

while F̂
(a0a1a2)
(ε3) is expressed as

F̂
(a0a1a2)
(ǫ3) ≡

[
N(q̂−0, q̂1,−2) +N(q̂1,−2, q̂−0)

]

+
[
N(q̂1, q̂−0,−2) +N(q̂−0,−2, q̂1)

]

+
[
N(q̂−2, q̂−0,1) +N(q̂−0,1, q̂−2)

]
.
(A5)

The third class of forcing terms are those used for the
computation of the complex coefficients A,B,C and D.

These are F̂
(aj |aj |

2)

(ε3) for j = 1, 2:

F̂
(aj |aj |

2)

(ε3) ≡
[
N(q̂j , q̂j,−j) +N(q̂j,−j , q̂j)

]

+
[
N(q̂−j , q̂j,j) +N(q̂j,j , q̂−j)

]
,

(A6)

F̂
(aj |ak|

2)

(ǫ3) for j = 1, 2 and k = 0, 1, 2 with j 6= k,

F̂
(aj |ak|

2)

(ε3) ≡
[
N(q̂j , q̂k,−k) +N(q̂k,−k, q̂j)

]

+
[
N(q̂−k, q̂j,k) +N(q̂j,k, q̂−k)

]

+
[
N(q̂k, q̂j,−k) +N(q̂j,−k, q̂k)

]
.

(A7)

Finally, the term F̂
(a0a

2)
(ǫ3) is expressed as

F̂
(a0a

2)
(ε3) ≡

[
N(q̂0, q̂0,2) +N(q̂0,2, q̂0)

]

+
[
N(q̂2, q̂0,0) +N(q̂0,0, q̂2)

]
.

(A8)

Appendix B: Modulated wave mode

The modulated wave mode is a degenerate solution of
the normal form (8) truncated at third order. Craw-
ford & Knobloch [33] analyzed the unfolding of the three
simplest degeneracy conditions: (i) Ar + 2Br = 0, (ii)
Br = 0 and (iii) Ar = 0. Here we briefly summarize
some of their results, and list sufficient conditions for the
branching and stability of the modulated wave solution.

The existence of the MW solution is subject to the
following conditions

p1(0, r21 + r22, (r
2
2 − r21)

2, 0, 0, λ) ≡ 0
p2(0, r21 + r22, (r

2
2 − r21)

2, 0, 0, λ) ≡ 0 .
(B1)

Hill and Stewart [63] observed that the condition p2 ≡ 0
is a degeneracy condition if one evaluates the polynomial
p2 at the origin, i.e. p2(0, 0, 0, 0, 0, 0) ≡ Ar. Since, to
fifth order,

p1(0, r21 + r22, (r
2
2 − r21)

2, 0, 0, λ) ≡
λh + ( 12Ar +Br)(r

2
1 + r22)

+p1∆(r
2
2 − r21)

2 + p1N (r21 + r22)
2 ,

p2(0, r21 + r22, (r
2
2 − r21)

2, 0, 0, λ) ≡
1
2Ar + p2N (r21 + r22) + p2∆(r

2
2 − r21)

2 ,

(B2)

the {r1, r2} evolution is given by

ṙ1 = r1

[
λh +Brr

2
1 + (Ar +Br)r

2
2

+(p1∆ + p1N2 − p2N )r41 + (p1∆ + p1N2 + p2N )r42
+2(p1N2 − p1∆)r

2
2r

2
1 + p2∆(r

2
2 − r21)

3
]
,

ṙ2 = κ · ṙ1,
(B3)

where κ · ṙ1 stands for the action of the reflection symme-
try, defined in eq. (6), and p2∆ = 0 to restrict the equation
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to fifth order. Inspection of eq. (B3) shows that the fixed
points ra, rb satisfy

r2a =
1

2

[
−

Ar

2p2N
−

√
χ

4p2Np
1
∆

]

r2b =
1

2

[
−

Ar

2p2N
+

√
χ

4p2Np
1
∆

]
,

(B4)

where the symbol χ, which is a function of the parameter
λh, is defined in Table VI. Evidently, the MW states exist
when Ar/p

2
N < 0 and 0 < χ/(p2Np

1
∆) < A2

r/(p
2
N )2.

The stability within the MW subspace, i.e., with re-
spect to perturbations in {r1, r2} only, can be analyzed
in terms of the determinant and trace of the Jacobian
stability matrix restricted to this subspace:

det(MMW ) = 32p2Np
1
∆r

2
ar

2
b (ra − rb)

2
(ra + rb)

2
,

(B5a)

tr(MMW ) =
Ar

p2N

[Arp
1
N2

p2N
−

1

2
(Ar + 2Br)

]

+
(
r2a − r2b

)2(
4p1∆ − 2p2N

)
,

(B5b)

In view of eq. (B5a), the determinant vanishes when
rarb = 0 corresponding to the rotating wave branch
and when ra = rb corresponding to the standing wave
branch. Therefore, the modulated wave branch connects
the branches of rotating and standing waves. The stand-
ing waves changes stability when σSW ≡ −2r2SW (Ar +
4r2SW p2N ) changes sign, which can happen if Arp

2
N < 0.

The corresponding standing wave amplitude is given by

r2SW = −
Ar

4p2N
. The standing wave emerges as a stable

(resp. unstable) solution within the {r1, r2} subspace if
Ar > 0 (resp. Ar < 0) and it becomes unstable (resp.

stable) when r2SW = −
Ar

4p2N
. The stability of the rotat-

ing wave within the {r1, r2} subspace is determined by
the eigenvalue σRW ≡ −r2RW (Ar − 2r2RW p2N ) which is
stable (resp. unstable) if Ar < 0 (resp. Ar > 0). The

corresponding amplitude is r2RW = −
Ar

2p2N
.

The conditions on the determinant show that the MW
branch does not experience steady bifurcations, except
at the two end points. The MW solution is stable if
det(MMW ) > 0, that is, p2Np

1
∆ > 0, and the trace is

negative. It is sufficient to ensure that the trace is nega-
tive at the end points, a condition equivalent to Ar > 0,
p2N < 0, p1∆ < 0 and Br + Ar < 0. Otherwise, the MW
branch may experience a Hopf bifurcation leading to a
3FW.
Let us now focus on the stability of the MW branch

with respect to perturbations in the variable r0. We see
that the MW can bifurcate into a Precessing Wave solu-
tion whenever

λs − l1
Ar

p2N
≥ 0 .

In the supercritical case, the PrW connects in parameter
space a Mixed Mode with a Modulated Wave. Finally, a
possible scenario for a bifurcation from PrW towards a
three-frequency wave arises whenever eq. (9d) does not
possess a fixed point.
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of the transition in the wake of oblate spheroids and flat
cylinders, Journal of Fluid Mechanics 665, 199 (2010).

[16] P. Ern, F. Risso, D. Fabre, and J. Magnaudet, Wake-
induced oscillatory paths of bodies freely rising or falling
in fluids, Annual Review of Fluid Mechanics 44, 97



36

(2012).
[17] P. Fernandes, P. Ern, F. Risso, and J. Magnaudet, On the

zigzag dynamics of freely moving axisymmetric bodies,
Physics of Fluids 17, 098107 (2005).

[18] P. C. Fernandes, F. Risso, P. Ern, and J. Magnaudet,
Oscillatory motion and wake instability of freely rising
axisymmetric bodies, Journal of Fluid Mechanics 573,
479 (2007).

[19] P. C. Fernandes, P. Ern, F. Risso, and J. Magnaudet,
Dynamics of axisymmetric bodies rising along a zigzag
path, Journal of Fluid Mechanics 606, 209 (2008).

[20] F. Auguste, J. Magnaudet, and D. Fabre, Falling styles
of disks, Journal of Fluid Mechanics 719, 388 (2013).

[21] M. Chrust, S. Goujon-Durand, and J. E. Wesfreid, Loss
of a fixed plane symmetry in the wake of a sphere, Journal
of Fluid Mechanics 41, 51 (2013).

[22] J. Tchoufag, D. Fabre, and J. Magnaudet, Global lin-
ear stability analysis of the wake and path of buoyancy-
driven disks and thin cylinders, Journal of Fluid Mechan-
ics 740, 278 (2014).

[23] J. Tchoufag, D. Fabre, and J. Magnaudet, Weakly non-
linear model with exact coefficients for the fluttering and
spiraling motion of buoyancy-driven bodies, Physical Re-
view Letters 115, 114501 (2015).

[24] J. Tchoufag, J. Magnaudet, and D. Fabre, Linear insta-
bility of the path of a freely rising spheroidal bubble,
Journal of Fluid Mechanics 751, R4 (2014).

[25] P. Bonnefis, D. Fabre, and J. Magnaudet, When, how,
and why the path of an air bubble rising in pure water
becomes unstable, Proceedings of the National Academy
of Sciences 120, e2300897120 (2023).
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The first stages of the path instability phenomenon affecting the buoyancy-driven motion
of gas bubbles rising in weakly or moderately viscous liquids are examined using a
recently developed numerical approach designed to assess the global linear stability of
incompressible flows involving freely evolving interfaces. Predictions for the critical
bubble size and frequency of the most unstable mode are found to agree well with
reference data obtained in ultrapure water and in several silicone oils. By varying the
bubble size, stability diagrams are built for several specific fluids, revealing three distinct
regimes with different bifurcation sequences. The spatial structure of the unstable modes
is analysed, together with the variations of the bubble shape, position and orientation. For
this purpose, displacements of the bubble surface are split into rigid-body components and
volume-preserving deformations, allowing us to determine how the relative magnitude
of the latter varies with the fluid properties and bubble size. Predictions obtained with
freely deformable bubbles are compared with those found by maintaining the bubble
shape determined in the base state frozen during the stability analysis. This comparison
reveals that deformations leave the phenomenology of the first bifurcations unchanged in
low-viscosity fluids, especially water. Hence, in such fluids, bubbles behave essentially as
freely moving rigid bodies submitted to constant-force and zero-torque constraints, at the
surface of which the fluid obeys a shear-free condition. In contrast, deformations change
the nature of the primary bifurcation in oils slightly more viscous than water, whereas,
somewhat surprisingly, they leave the near-threshold phenomenology unchanged in more
viscous oils.
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1. Introduction

A great deal of effort has been invested since the middle of the last century to elucidating
the origin and predicting the characteristics of the intriguing path instability phenomenon
affecting the buoyancy-driven motion of millimetre-sized gas bubbles rising in weakly or
moderately viscous liquids. Attempts were mostly experimental during the first decades,
before numerical simulation techniques became mature enough to shed some new light
on this puzzling phenomenon. Among them, linear stability analyses have kept pace with
advances in the computational techniques required to determine efficiently the discretized
form of the stationary solutions of the Navier–Stokes equations subjected to appropriate
boundary conditions, and to solve subsequently the large-size generalized eigenvalues
problems giving access to the possibly linearly unstable eigenmodes.

Early studies considered bubbles with a frozen shape held fixed in a uniform stream.
Assuming an oblate spheroidal shape with an arbitrary aspect ratio (the ratio of the
major and minor axes lengths, hereinafter denoted as χ ), with the short axis of the
spheroid aligned with the incoming flow, conditions under which the axisymmetric wake
becomes unstable, the nature of the corresponding first bifurcations and the structure of
the associated unstable modes could be explored (Yang & Prosperetti 2007; Tchoufag,
Magnaudet & Fabre 2013). It was eventually concluded that wake instability occurs
within a finite range of Reynolds number when χ � 2.21, in agreement with predictions
provided by the numerical solution of the full Navier–Stokes equations in the same
configuration (Magnaudet & Mougin 2007). The first bifurcation is stationary, i.e. the
corresponding eigenvalue is real. Beyond this bifurcation, the stationary wake exhibits a
pair of counter-rotating trailing vortices which are responsible for a non-zero lift force. For
larger aspect ratios, increasing the Reynolds number beyond the primary threshold while
keeping χ fixed or vice versa, a second bifurcation of Hopf type takes place. The wake
keeps the previous planar symmetry unchanged beyond the corresponding threshold but
vortices are periodically shed downstream, resulting in periodic oscillations of the lift force
about a non-zero mean. This transition scenario, with the axisymmetric wake becoming
unstable through a stationary bifurcation and the resulting non-axisymmetric stationary
wake undergoing a Hopf bifurcation, is similar to that obeyed by the wake of rigid spheres
and discs (Natarajan & Acrivos 1993).

Compared with the actual problem of buoyancy-driven rising bubbles, the configuration
contemplated in the above studies is purely academic, as the bubble is held fixed despite
the existence of a non-zero lift force. An important step towards physically realistic
conditions was achieved during the last decade, starting with global linear stability
studies of the flow past freely moving buoyancy/gravity-driven rigid bodies with various
shapes. In this situation, the body motion is subjected to two additional constraints, since
the hydrodynamic force must balance the net body weight at all times (implying that
the horizontal force remains null whatever the body orientation and velocity), and the
hydrodynamic torque must also remain zero, provided that the body density is uniform.
Therefore, disturbances in the body velocity or orientation modify the velocity and
pressure distributions in the surrounding fluid, which in turn induce changes in the force
and torque acting on the body that must respect the above constraints. Two-dimensional
plates and rods were considered by Fabre, Assemat & Magnaudet (2011) and Assemat,
Fabre & Magnaudet (2012). The former study focused on ‘heavy’ bodies with a density
much larger than that of the fluid. An asymptotic approach could then be employed and
revealed the existence of four ‘aerodynamic’ modes distinct from the ‘fluid’ (or ‘wake’)
modes associated with wake instability (qualitatively similar modes are encountered in
flight dynamics, and those evidenced in the above studies were coined after them). Two
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of these aerodynamic modes have real negative eigenvalues, i.e. they are always stable.
In contrast, the other two are associated with a pair of complex conjugate eigenvalues,
hence with a Hopf bifurcation. The corresponding oscillations are slow compared with
those typical of vortex shedding in two-dimensional wakes, and their frequency varies as
the inverse square root of the body-to-fluid density ratio, m∗, thus becoming vanishingly
small for very heavy bodies. Existence of these modes was confirmed for arbitrary
m∗ in the global linear stability analysis (hereinafter abbreviated as GLSA) performed
numerically by Assemat et al. (2012), and the corresponding thresholds were compared
with those of the fluid modes for thin plates and square rods. Increasing the Reynolds
number, it was observed that, for infinitely thin plates, the primary wake mode always
becomes unstable first, no matter what the value of m∗ is. The same conclusion was
found to hold for square rods as long as the density ratio exceeds 1.22. In contrast, for
lower m∗, the aerodynamic oscillatory mode is destabilized first and exhibits a frequency
(corresponding to a fluttering of the falling/rising rod about the vertical) smaller than
that of the wake mode by approximately a factor of two. Similar conclusions were
previously obtained through fully resolved numerical simulations by Alben (2008) with
light two-dimensional ellipses, and the critical Reynolds number at which the fluttering
motion sets in was found to be approximately half that corresponding to the onset of wake
instability. The two-dimensional GLSA approach of Assemat et al. (2012) was extended
to axisymmetric bodies by Tchoufag, Fabre & Magnaudet (2014a), who considered the
stability of rising/falling discs and short cylinders. Whatever the body aspect ratio, they
found the aerodynamic low-frequency mode to be always the most unstable beyond a
critical χ -dependent m∗ (note the difference with two-dimensional square rods for which
the same happens below a critical m∗). For lower m∗, the most unstable mode is either the
one associated with the wake (here characterized by weak deviations of the path in the
presence of sustained fluid oscillations at the back of the body), or a stationary mode
in which the body follows an inclined path and its wake is made of a pair of steady
counter-rotating streamwise vortices. Based on these findings, Tchoufag et al. (2014a)
concluded that the first deviation of the path of such freely moving axisymmetric bodies
cannot in general be predicted by considering the instability of the sole wake. Rather, the
instability of their path results under most conditions from the intrinsic coupling between
the body and fluid implied by the constant-force and zero-torque conditions.

Tchoufag, Magnaudet & Fabre (2014b) applied the GLSA approach to freely rising
spheroidal bubbles with a prescribed oblateness. They observed that the vertical path
becomes unstable within a finite range of Reynolds number when the bubble oblateness
exceeds 2.15, which is slightly lower than the wake instability threshold determined for a
fixed bubble (Magnaudet & Mougin 2007; Tchoufag et al. 2013). The unstable Reynolds
number range widens as χ increases. For 2.15 < χ < 2.25, increasing the Reynolds
number, i.e. the bubble size, while maintaining the oblateness fixed, the path first becomes
unstable within a narrow Reynolds number range through a low-frequency mode similar
to the aerodynamic mode encountered with heavy short cylinders and discs. Increasing
the Reynolds number further, a stationary mode yielding an inclined path and growing
much faster than the previous low-frequency mode becomes dominant. This situation
prevails within an intermediate Reynolds number range, beyond which the low-frequency
mode becomes dominant again. Last, the system restabilizes beyond a fourth critical
Reynolds number. For instance, the path of a bubble with χ = 2.22 becomes oscillatory
through a low-frequency mode in the two separate ranges 310 � Re � 340 and 450 �
Re � 980, while it takes a non-zero stationary inclination with respect to the vertical in the
intermediate range 340 � Re � 450, the Reynolds number Re being based on the bubble
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rise speed and equivalent diameter. Obviously, the description provided by this simplified
model suffers from the fact that the bubble shape is not allowed to vary with the Reynolds
number, in contrast to what happens under real conditions. Nevertheless, as will become
apparent later, the first half of the above scenario, i.e. the succession of a low-frequency
mode becoming unstable first and a stationary mode taking over it, is relevant to the case of
deformable bubbles rising in low-viscosity high-surface-tension fluids, especially water.

A somewhat more sophisticated track was followed by Cano-Lozano et al. (2016a).
Rather than prescribing arbitrarily an oblate spheroidal shape, they computed the actual
bubble shape and rise speed corresponding to the stationary axisymmetric base state,
using the open software Gerris (Popinet 2003, 2007). Then, they introduced this shape
and speed into the GLSA solver of Tchoufag et al. (2014b), keeping the shape frozen
despite the possible development of flow and path instabilities. With this approach,
they could determine for a wide variety of Newtonian fluids (characterized by their
density, viscosity and surface tension), the critical Reynolds number, i.e. the critical
bubble size, beyond which the vertical path of a bubble with a nearly realistic shape
becomes unstable. They could also compare these predictions with those corresponding to
‘pure’ wake instability, obtained by holding the same bubble fixed in a uniform stream.
For low-viscosity high-surface-tension fluids, they found that, in agreement with the
conclusions of Tchoufag et al. (2014b), the system first becomes unstable through a Hopf
bifurcation leading to low-frequency path oscillations. At the corresponding Reynolds
number, the wake of the same bubble held fixed is still stable, which proves that the
mechanism responsible for path instability is intimately linked to the constant-force and
torque-free conditions that constrain the dynamics of the coupled fluid–body system.
For liquids with a viscosity 5 to 10 times larger than water and a surface tension 3–4
times smaller, they observed that path instability first arises through an oscillatory mode
with a frequency 4–5 times higher than that found in low-viscosity high-surface-tension
liquids. However, the picture looked dramatically different in the intermediate range
corresponding to ‘moderate’ liquid viscosities and surface tensions. In particular, the
instability thresholds of freely moving and fixed bubbles were found to be identical in
that range. Hence, the first unstable mode is stationary, similar to that observed for fixed
spheroidal bubbles (Magnaudet & Mougin 2007; Yang & Prosperetti 2007; Tchoufag
et al. 2013). When compared with reference experiments carried out in ultrapure water
(Duineveld 1995; De Vries 2002) or silicone oils (Zenit & Magnaudet 2008; Sato 2009),
these predictions experience mixed successes. In low-viscosity high-surface-tension fluids,
they properly capture the low-frequency oscillatory nature of the incipient path instability,
and slightly over-predict the size of the smallest bubble whose path becomes unstable.
The same conclusion holds for the ‘high’-frequency path oscillations observed in oils
5–10 times more viscous than water. In contrast, for oils with an intermediate viscosity,
experimental observations provide evidence that the first instability of the system keeps a
similar oscillatory nature, at odds with the above predictions.

This blatant disagreement points to the role of transient bubble deformations not
accounted for in the above studies. It provided one of the main motivations that decided
us to undertake the development of a more general linear stability approach capable
of dealing with free gas–liquid boundaries, thanks to which the fate of time-dependent
deformations of the bubble–fluid interface may be predicted together with that of flow and
path disturbances. The corresponding method was successfully developed and validated
by Bonnefis (2019); other groups have pursued similar objectives in parallel (Zhou &
Dusek 2017; Herrada & Eggers 2023). These efforts may be considered as the third and
final step on the long route to the linear stability analysis of the flow past rising bubbles.
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To summarize, in the first step, the bubble shape was frozen, its centroid was assumed
to remain fixed and only the stability of the wake was assessed (Yang & Prosperetti
2007; Tchoufag et al. 2013). In the next step, the bubble shape was still frozen but the
bubble centroid was allowed to move freely under the effect of buoyancy, being only
constrained by the constant-force and zero-torque conditions (Tchoufag et al. 2014b;
Cano-Lozano et al. 2016a). Most of the investigations performed in these first two steps
assumed the bubble to keep an exact oblate spheroidal shape, except the last of them, in
which this shape was obtained as part of the stationary solution of the full Navier–Stokes
equations. The time-dependent adjustment of the bubble shape to its possibly non-straight
unsteady motion was the last ingredient missing to reach a fully realistic description of
the bubble–flow interaction. This is what the third step, achieved by Bonnefis (2019),
enables. The purpose of this paper is to present and discuss the predictions provided by
this approach across a wide range of fluids, from low-viscosity high-surface-tension liquid
metals to oils with a viscosity typically ten times larger and a surface tension four times
smaller than those of water, and to compare them with reference data when available.
Predictions obtained in the specific case of water were already summarized by Bonnefis,
Fabre & Magnaudet (2023) and are discussed in more detail here.

The numerical approach, already described by Sierra-Ausin et al. (2022), is summarized
in § 2. The characteristics of the base state are presented in § 3, before the neutral
curves resulting from the linear stability analysis are discussed in § 4, and the nature and
sequencing of the first unstable modes are examined in § 5. Then, the relative magnitude
of deformations of the bubble–fluid interface with respect to the lateral drift of the
bubble centroid are discussed in § 6. Section 7 summarizes the main findings of the
study and discusses the respective roles of wake, bubble deformation and fluid–bubble
hydrodynamic couplings in the different regimes encountered by varying the physical
properties of the carrying liquid.

2. Problem formulation and numerical approach

We assume that a single gas bubble with volume V and equivalent diameter D =
((6/π)V)1/3 rises through a large expanse of a Newtonian liquid with density ρ,
viscosity µ and surface tension γ under the effect of gravity g. The liquid is at
rest at infinity and the disturbance flow induced by the bubble ascent is assumed
incompressible. The bubble is initially axisymmetric and is released with its symmetry
axis aligned with gravity. Considering that the density and viscosity of the gas enclosed
in the bubble are negligibly small compared with those of the surrounding liquid, the
problem depends on two dimensionless parameters, namely the Bond number Bo =
ρgD2/γ and the Galilei number Ga = ρ(gD3)1/2/µ. These characteristic numbers
compare the gravitational force ρgD3 driving the bubble ascent with the capillary
force γ D and the viscous force µ(gD3)1/2, respectively. Whatever the bubble size, a
given liquid placed in a given gravitational environment is entirely characterized by
the value of the so-called Morton number Mo = Bo3Ga−4 = gµ4/(ργ 3). By defining
the visco-gravitational diffusion length scale lµ = [µ2/(ρ2g)]1/3 (the length over which
viscosity diffuses a disturbance within a [µ/(ρg2)]1/3-long period of time) and the
capillary length scale lγ = [γ /(ρg)]1/2, it is seen that lµ/lγ = Mo1/6. Hence, the Morton
number characterizes the ratio of these two length scales. The bubble diameter, D, the
gravitational time, (D/g)1/2, and their ratio, (gD)1/2, will be used throughout the paper
to make lengths, frequencies and velocities dimensionless. Once the bubble rise speed ub

is known, the non-dimensional rise speed, U = ub/(gD)1/2 allows the bubble Reynolds
number, Re = Ga U, and Weber number, We = Bo U2, to be evaluated.
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Figure 1. Flow domain and geometrical transformation involved in the L-ALE approach. The black line
represents the current bubble–fluid interface Γb(t) bounding internally the physical fluid domain Ω(t), while
the blue line corresponds to the initial interface Γ0 bounding the reference domain Ω0. Both domains exhibit a
rotational symmetry about the Γz axis.

The stability of the coupled fluid–bubble motion is examined with the help of the
linearized arbitrary Lagrangian–Eulerian approach, hereinafter abbreviated as L-ALE,
developed by Bonnefis (2019) and described by Sierra-Ausin et al. (2022). Here, we only
summarize the main steps of this approach, referring readers to the above references for
more details. The key idea is to solve the governing equations of the problem, which
hold on a time-deforming domain Ω(t) since the bubble–fluid interface Γb(t) experiences
time-dependent deformations, on a prescribed reference domain Ω0 bounded internally
by a fixed surface Γ0 representing the reference position of the interface (figure 1). In
addition to Γ0, Ω0 is bounded by a fixed external surface Γ∞ on which suitable far-field
conditions are imposed, and Γ0 and Γ∞ are connected by the vertical axis, Γz, about
which the base state exhibits an axial symmetry. The L-ALE approach is grounded on
the explicit building of the bijective mapping connecting the instantaneous position x of a
given geometrical point in the deforming domain to its position x0 in Ω0. In other words,
this approach relies on the determination of the infinitesimal displacement field ξ(x0) such
that x = x0 + ξ(x0) everywhere in Ω0 ∪ Γ0 ∪ Γz ∪ Γ∞. On Γ0, the unit normal of which
is n0, the normal component of the displacement, ξ · n0, must equal the displacement
of the bubble–fluid interface, η. In contrast, ξ may be arbitrarily chosen anywhere else.
To ensure a smooth distribution of the displacement field, we assume that ξ obeys the
Cauchy–Navier equation of elastostatics with unit Lamé coefficients in Ω0, together with
a suitable symmetry condition on Γz and a Dirichlet condition ξ = 0 on Γ∞.

Knowing ξ(x0) and its gradients everywhere, the time and space derivatives involved
in the governing equations written in Ω(t) may be expressed in Ω0 and linearized
consistently with respect to ξ , together with the variations of the unit normal and local
mean curvature of Γb(t). Governing equations in Ω0 were detailed in Sierra-Ausin et al.

(2022). They consist of the continuity and Navier–Stokes equations, while the kinematic
(no-penetration) and dynamic boundary conditions must be enforced on Γ0. Owing to
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the negligible viscosity of the gas enclosed in the bubble, the tangential component of
the dynamic boundary condition reduces to a shear-free condition that must be satisfied
on Γ0 by the gradients of the liquid velocity field, u. Since the gas density is also
negligible, the momentum balance implies that the pressure is uniform (but possibly
time dependent) within the bubble. Consequently, the normal component of the dynamic
boundary condition on Γ0 expresses the fact that the difference between the uniform
pressure pb inside the bubble and the local pressure p in the liquid (from which the
hydrostatic component has been subtracted) balances the difference between the local
capillary pressure and the normal viscous stress in the liquid. Last, two integral conditions
have to be added to ensure that the volume of the bubble does not change over time, and
that the vertical position of its geometrical centroid does not vary once the problem has
been expressed in a reference frame translating with the bubble rise speed, ub.

A key feature of the L-ALE approach is that the entire set of equations governing
the evolution of the state vector q = [u, p, η, ξ , ub, pb]T (T denoting the transpose)
is solved simultaneously (such an approach is frequently referred to as ‘monolithic’).
Starting from an arbitrary initial solution q0 = [u0, p0, 0, 0, ub0, pb0]T (here assumed to
be axisymmetric) and dropping time derivatives in the Navier–Stokes equations and in the
no-penetration condition, a Newton algorithm is used to obtain the stationary base state
through a series of global iterations in which the state vector and the reference domain are
iteratively updated. For this purpose, we express the problem in weak form and make use
of the finite element software FreeFem++ (Hecht 2012) to build and invert the various
matrices involved. The volume fields (u, p, ξ) are discretized on the finite element basis
suitable for each of them, while the normal displacement of the interface, η, is discretized
on the local Fourier basis. Provided that q0 is chosen ‘not too far’ from the stationary
solution (i.e. within its basin of attraction), the above algorithm converges quadratically in
a few iterations. Moreover, compared with time-marching algorithms, it has the decisive
advantage that unstable steady solutions may also be captured, allowing the features of the
corresponding branches (if any) of the bifurcation diagram to be studied in detail; see, e.g.
Sierra-Ausin et al. (2022).

Once the state vector and the shape of the bubble–fluid interface defining the
axisymmetric base state have been obtained, the linear stability of this solution is assessed
in the Galilean reference frame translating with the corresponding rise speed. For this
purpose, we consider a cylindrical coordinate system (r, θ, z) whose axis r = 0 and
cross-sectional plane z = 0 correspond to the symmetry axis and vertical position of
the bubble geometrical centroid in the base state, respectively. Then we compute the
complex eigenvalues λ = λr + iλi associated with disturbances of the form q

′(r, θ, z, t) =

[(û, p̂, η̂, ξ̂)eimθ , p̂b]Teλt, with m denoting the azimuthal wavenumber and θ the azimuthal

angle, the hatted amplitudes (û, p̂, η̂, ξ̂) depending on both r and z (owing to the choice
of the reference frame, ûb ≡ 0, so that the instantaneous position of the bubble centroid
no longer necessarily coincides with the origin of the reference frame). In what follows,
we shall be primarily interested in the family of non-axisymmetric modes |m| = 1 which
are those associated with the first deviations of the bubble path from the vertical, and
in modes m = 0 and |m| = 2 associated with the oscillations of the bubble shape. The
eigenvector q

′ is obtained via the Newton algorithm already employed to determine the
base state. The set of equations to be solved is similar, except that the momentum equation
and the no-penetration condition now involve terms proportional to λ since the sought
solution is time dependent; the reference state vector and domain to be considered are
those corresponding to the base state. The complex eigenvalues are finally obtained using
a Krylov–Shur projection method available in the SLEPc library.
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Obviously, the accuracy with which the base state and the eigenvalues are determined
depends critically on the finite element triangulation of Ω0, especially along the
bubble–fluid interface Γ0 and within the boundary layer and wake regions. The position
of the fictitious outer boundary Γ∞ with respect to the bubble is also important, the
computational domain having to be large enough to avoid spurious confinement effects.
It must also be kept in mind that, in low-Morton-number fluids such as water (Mo ≈
2.54 × 10−11 under standard conditions) and even more in liquid metals, such as Galinstan
(Mo ≈ 1.4 × 10−13), the onset of path instability takes place in regimes where the bubble
Reynolds number Re = ρubD/µ is of the order of 103 (≈670 in water, ≈2100 in Galinstan,
see figure 7 below). To ensure that the flow is still fully resolved in the thin boundary layers
encountered in such regimes, we design an initial grid in which 18 nodes are distributed
across a 5 × Re−1/2-thick layer surrounding the bubble. Along the bubble surface, the
number of nodes ND over a D-long arc length is approximately 7.2 × Re1/2, with at least
ND = 64 when Re becomes less than 80. Since ub, hence Re, is not known a priori, once
an approximate steady state has been computed on the initial grid, a new grid is generated
following an adaptive mesh refinement procedure. This new grid is designed based on
the previous steady-state solution, with some constraints ensuring that the boundary layer
remains sufficiently resolved. This procedure is repeated a few times until the solution
becomes grid independent. Extensive tests were carried out to evaluate the sensitivity
of the base state (appreciated for instance through the variations of Re, χ , λr and λi)
to factors such as the domain size, distance from the bubble to the downstream boundary
and density of nodes along the bubble surface. For instance, in the case of a bubble with
Bo = 0.6 rising in water, it was found that relative variations of these indicators for the
non-axisymmetric modes m = ±1 are all less than 0.1 % provided that ND � 70 and the
distance from the bubble centroid to the downstream end of the domain is at least 30D,
the upstream end and the lateral surface being both located 15D away from this centroid
(Bonnefis 2019).

3. Base state

3.1. Bubble shapes

Figure 2 shows how the equilibrium shape of the bubble changes with the Bond number
in three different fluids. As the Morton number keeps a constant value in each fluid,
increasing Bo (or Ga) in a given series amounts to increasing the bubble size; since Bo ∝

D2, the volume of the bubble grows as Bo3/2. In each series, starting from nearly spherical
shapes at low Bond number, bubbles take oblate spheroidal shapes when finite-Bo effects
become significant. The figure makes it clear that the properties of the carrying fluid have
a major influence on the range of sizes in which this geometric approximation is valid:
while the shape of a bubble with Bo = 3 is still close to a spheroid in silicone oil DMS-T05
(Mo = 6.2 × 10−7, see table 1 for the physical properties of the various fluids discussed
below), a bubble with Bo = 0.5 is seen to already exhibit a significant fore–aft asymmetry
in water. Beyond that range, the front part of the bubble flattens increasingly as its size
increases, while its rear part becomes more and more rounded. As indicated by the change
in colour of the bubble contour in the figure, the transition between these two ‘regimes’
corresponds approximately to the onset of path instability. Although they do not rise in
a straight line, bubbles with a mildly convex front and a pronounced rounded rear are
routinely observed in experiments. In contrast, bubbles with an almost flat or even concave
front such as those shown in the figure for Bo � 5 in DMS-T05 or Bo � 0.7 in water are
not. The obvious reason is that such bubbles actually experience large shape oscillations,
so that the present stationary solution makes little sense in these regimes.
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Figure 2. Equilibrium shapes of bubbles with various Bond numbers in three different fluids; the Bond number
is specified within each contour. Contours represent different bubbles; their centroids are arbitrarily shifted in
the vertical direction for readability, making the local value of z irrelevant. Blue and red contours refer to
stable and unstable configurations, respectively. (a) Silicone oil DMS-T05 (Mo = 6.2 × 10−7); (b) silicone oil
DMS-T02 (Mo = 1.6 × 10−8); (c) water at 20 ◦C (Mo = 2.54 × 10−11).

Liquid ρ (kg m−3) µ (mPa s) γ (mN m−1) Mo = gµ4/(ργ 3)

Galinstan 6440 2.40 718 1.4 × 10−13

Water (28 ◦C, 1 atm) 996 0.80 71.0 1.13 × 10−11

Water (20 ◦C, 1 atm) 1000 1.00 72.8 2.54 × 10−11

DMS-T00 761 0.49 15.9 1.8 × 10−10

DMS-T02 873 1.75 18.7 1.6 × 10−8

DMS-T05 918 4.59 19.7 6.2 × 10−7

DMS-T11 935 9.35 20.1 9.9 × 10−6

Table 1. Physical properties of some specific fluids considered in this study. Note that the surface tension of
Galinstan may vary from 535 to 718 mN m−1, depending on the exact alloy composition.

3.2. Rise speed

Variations of the equilibrium rise speed with the bubble size and liquid properties are
displayed in figure 3 in the form of a Re(Bo) diagram. Comparison with experimental
data reveals an excellent agreement in most fluids, especially in the most challenging case
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Figure 3. Rise Reynolds number vs the Bond number in several fluids. Solid lines: present predictions;
symbols: experimental data, with ⊡ (blue): ultrapure water at 20 ◦C (Mo = 2.54 × 10−11) (Duineveld 1995),
× (orange): silicone oil DMS-T00 (Mo = 1.8 × 10−10), ⊙ (yellow): DMS-T02 (Mo = 1.6 × 10−8), (green):
DMS-T05 (Mo = 6.2 × 10−7), and (purple): DMS-T11 (Mo = 9.9 × 10−6) (data for all four series taken
from Zenit & Magnaudet 2008). Red bullets mark the onset of path instability detected experimentally in each
series.

of water. A consistent 10 % over-estimate may be noticed in the least viscous silicone oil,
DMS-T00, presumably because of some variation in the actual viscosity or surface tension
of the sample used in the experiments with respect to the reference values provided by the
manufacturer (Zenit & Magnaudet 2008). In each series, the location of the incipient path
instability detected in the experiments is specified with a bullet in the figure. The threshold
Reynolds number is seen to vary by nearly one order of magnitude from water to the
most viscous oil, DMS-T11, 9.4 times more viscous than water. As the three intermediate
series make clear, the predicted Reynolds number departs from that determined in the
experiments beyond the threshold. This is no surprise, since part of the potential energy of
zigzagging or spiralling bubbles is transferred to the radial and azimuthal fluid motions,
yielding a decrease in the rise speed compared with the rectilinear regime.

Data reported in figure 3 may also be used to shed some light on the influence of the
bubble shape and properties of the carrying fluid on the bubble rise speed. To this end,
the above numerical predictions for the rise Reynolds number are replotted against the
Galilei number in figure 4. This figure reveals the succession of two distinct behaviours
in each fluid. First, at low enough Ga, all data collapse onto a master curve following the
power law Re ∝ Ga5/3. This behaviour corresponds to the regime in which the bubble rise
speed does not depend on surface tension, hence on the Morton number. In this regime,
the bubble shape remains close to a sphere, i.e. its aspect ratio χ is close to unity. For
low enough We, departures from sphericity are known to increase linearly with the Weber
number according to the law χ = 1 + 9

64 We (Moore 1965). Since We = Re2Mo1/3Ga−2/3,
the lower Mo the wider the Re range pertaining to this first regime, which extends up
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Figure 4. Numerical predictions for the rise Reynolds number, plotted vs the Galilei number. The colour
code and the meaning of the red bullets are similar to those of figure 3.

to Re ≈ 200 in water. Bubbles become flatter as We, hence Re, increases, opposing a
larger resistance to the fluid. This makes their rise speed grow more slowly with Ga

when the Weber number becomes of order unity. Since their frontal area depends on
We, which itself depends on Mo, the Reynolds number is no longer independent of
the Morton number in this second regime. To further examine the two behaviours, one
has to refer to the force balance on the bubble which, in non-dimensional form, reads
CD(Re)Re2 = 4

3 Ga2, with CD(Re) the usual drag coefficient. The drag coefficient of a
spherical bubble is known to vary from 16Re−1 at low Reynolds number to 48Re−1 in the
limit of very large Reynolds number (Batchelor 1967). Hence, for nearly spherical bubbles,
the force balance implies k(Re)Re = 1

12 Ga2, with k(Re ≪ 1) = 1, k(Re ≫ 1) = 3. The
slow increase of k(Re) in between these two limits, which follows approximately the
power law k(Re) ∼ Re1/5 up to Reynolds numbers of a few hundreds, is the reason why
the Reynolds number grows slightly more slowly than Ga2 in the first regime. Bubbles
are significantly distorted in the second regime, which corresponds to the intermediate
range We = O(1) (We ≈ 0.62 at Re = 200 in water). Assuming that their frontal area,
which is proportional to χ2/3, grows approximately linearly with the Weber number in
that range yields CD(Re) ∼ k(Re)Re−1We ∼ Re6/5Mo1/3Ga−2/3. The force balance then
implies Re ∼ Ga5/6Mo−5/48, a prediction supported by the numerical data for the various
fluids in the Ga range where path instability occurs.

3.3. Flow structure

The flow structure in the base state reveals several interesting features. Figure 5 displays
the azimuthal vorticity (left half of each panel) and pressure (right half) and distributions
past a bubble rising in three different fluids in the Bo-range where the path instability
threshold will later be shown to lie. With no surprise, the near-surface pressure distribution
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reaches its minimum very close to the equatorial plane, defined as the horizontal plane in
which the longest axis of the bubble lies. This is a mere consequence of the increase of the
fluid velocity along the interface from the apex of the bubble down to its equatorial plane.
The norm of the azimuthal vorticity also reaches its maximum in that plane because this
quantity is proportional to the product of the interface curvature in the vertical diametrical
plane and the relative fluid velocity along the interface (Batchelor 1967), both of which
are maximum there. This vorticity results directly from the shear-free condition obeyed
by the fluid at the interface and is responsible for the existence of a boundary layer that
encapsulates the bubble and turns into a wake downstream of it (Moore 1963, 1965). The
wake structure is found to depend dramatically on the Bond number and, for a given Bo,
on the fluid properties (compare panels (a, f ), both for Bo = 3). In water, all streamlines
are open for Bo = 0.4 (panel g) and they remain so up to Bo ≈ 0.5. Beyond this point,
a standing eddy exists and grows sharply with the Bond number, its length becoming of
the same order as that of the long bubble axis for Bo = 0.8 (panel i). Qualitatively similar
trends are observed in the more viscous fluids. However, for a given Bo, the normalized
rise speed U = ub/(gD)1/2 is significantly smaller, and so is the Weber number We ≡
ρu2

bD/γ = Bo U2. Indeed, keeping Bo unchanged, the Weber numbers in two different
fluids, 1 and 2, obey the relation We2/We1 = (Re2/Re1)

2(Mo2/Mo1)
1/2. Hence, in the

nearly five times more viscous silicone oil DMS-T05 for instance, the Weber number of
a bubble with Bo = 0.5 is eight times smaller than in water, leaving it nearly spherical.
Consequently, compared with water, much larger Bo are required for the tangential fluid
velocity and interface curvature to be large enough for a standing eddy to develop at the
back of the bubble. In the case of DMS-T05, the required conditions are achieved only for
Bo � 2.4.

The above information regarding the existence of a standing eddy in the various
liquids is summarized in figure 6. This plot shows the critical curve separating the upper
region of the (Bo, Ga) plane where a standing eddy exists, from the lower region in
which no such structure takes place; the two insets display an example of each situation.
Present predictions are seen to be in excellent agreement with those of the fully resolved
axisymmetric simulations carried out with Gerris by Cano-Lozano et al. (2013). It will
become clear in the next section that, in low-Mo fluids, path instability arises for (Ga, Bo)

pairs located below this critical curve. This finding is of special importance in that it
establishes that the existence of a standing eddy is not a prerequisite for the path of a
freely rising bubble to become unstable, unlike the case of a fixed bubble (Tchoufag et al.

2013). More generally, it is well established that the initial ‘seed’ leading to global wake
instability past bluff bodies held fixed in a uniform stream is the growth of disturbances
in the core of the standing eddy (Chomaz 2005). That path instability may happen in the
absence of such a near-wake structure proves that, in the relevant Mo-range, the mechanism
that governs this instability is not driven by wake instability per se. This confirms the
findings of Cano-Lozano et al. (2016a) who established that, for Mo � 10−9, the path of
bubbles with a frozen but realistic shape becomes unstable while their wake is still stable,
the low-frequency ‘aerodynamic’ mode being destabilized first.

4. Neutral curves

4.1. Critical bubble size

Using the procedure described in § 2, we selected a set of Mo values, some of which
correspond to specific liquids. For each of these values, we increased the bubble size, i.e.
the Bond and Galilei numbers, until the real part of one of the eigenvalues associated with
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Figure 5. Base flow past bubbles rising in three different liquids: (a–c) DMST05 (Mo = 6.2 × 10−7), with,
from left to right, Bo = 3, 5 and 7; (d–f ) DMST02 (Mo = 1.6 × 10−8), with Bo = 1, 2 and 3; (g–i) water at
20 ◦C (Mo = 2.54 × 10−11), with Bo = 0.4, 0.6 and 0.8. The left and right halves of each panel display the
azimuthal vorticity and pressure distributions, respectively. The thin lines are the streamlines in the reference
frame rising with the bubble.
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Figure 6. Critical curve corresponding to the onset of a recirculating region at the back of the bubble in the
(Bo, Ga) plane. Yellow line: present results; black dashed line: predictions of Cano-Lozano, Bohorquez &
Martinez-Bazán (2013). The left and right insets show some streamlines around a bubble with Bo = 0.3 in
water and a bubble with Bo = 6.5 in DMS-T05, respectively. The thin dotted lines correspond to constant
values of the Morton number, i.e. to a given liquid; Mo values are specified along the upper and right sides of
the figure.

the non-axisymmetric modes m = ±1 changes sign, which determines the threshold of
path instability. The resulting neutral curve, obtained by linking these thresholds, is shown
in figure 7. Together with figure 8, this is presumably the most important result of the
present study with respect to the original physical problem. For each fluid characterized
by a Morton number in the range 10−13–10−5, this curve readily provides the size of the
smallest bubble whose vertical path becomes linearly unstable. For instance, the path of a
bubble rising in water at a temperature of 20 ◦C becomes unstable at Bo = 0.463 and Ga =
250, yielding a critical diameter D ≈ 1.854 mm (Bonnefis 2019; Bonnefis et al. 2023).
Similarly, the critical Bond numbers for Galinstan (Mo = 1.4 × 10−13) and DMS-T11
(Mo = 9.9 × 10−6) are 0.19 and 6.85, respectively. Therefore, the critical bubble sizes
for these two fluids located close to the bounds of the Mo-interval considered here are
1.48 mm and 3.875 mm, respectively.

In figure 7 we also report some experimental data obtained under controlled conditions,
ensuring that the carrying fluid obeys a shear-free condition at the gas–liquid interface.
The reference data of Duineveld (1995) in ultrapure water at 20 ◦C yield a critical bubble
diameter close to 1.82 mm, which differs by less than 2 % from the present prediction.
De Vries (2002) also determined the onset of path instability in a tank of ultrapure
water with an average temperature of 28 ◦C (Mo = 1.13 × 10−11). However, a 1.1 ◦C m−1

stabilizing temperature gradient was established to visualize the wake thanks to optical
index gradients. The influence of this stratification on path instability is unknown and
might be at the origin of the 8 % difference between the experimentally determined
critical bubble size and the present prediction. Comparisons with data obtained with four
different silicone oils (Zenit & Magnaudet 2008) and with three other silicone oils in
which photochromic dye was added to visualize the wake (Sato 2009) prove satisfactory
in the sense that the neutral curve lies generally within the (Bo, Ga)-interval whose lower
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Figure 7. Neutral curve in the (Bo, Ga) plane, obtained by connecting the � (orange) symbols at which the
threshold was determined. The pale and dark grey lines are the two branches of the neutral curve obtained by
considering the same base state but keeping the bubble shape frozen in the stability analysis; the thin yellow
dashed line is the critical curve of figure 6 beyond which a standing eddy exists at the back of the bubble in
the base state. The thin dotted lines are iso-Morton-number lines corresponding to a given liquid; Mo values
are specified along the upper and right sides of the figure. In a given fluid, open (respectively closed) symbols
indicate stable (respectively unstable) paths observed in the simulations of Cano-Lozano et al. (2016b) ( ,�
black), in the experiments of De Vries (2002) (⊙, •, purple) and Duineveld (1995) (⊡, � purple) with ultrapure
water (performed at temperatures of 28 ◦C and 20 ◦C, respectively), and in those of Zenit & Magnaudet (2008)
( ,� purple) and Sato (2009) ( ,� purple) with various silicone oils.

(respectively upper) bound corresponds to the largest (respectively smallest) bubble for
which a stable (respectively unstable) path could be identified experimentally. The only
two exceptions correspond to a probable outlier in Sato’s data for Mo = 2.35 × 10−7,
and to DMS-T11 (the most viscous oil) in which the path of a bubble 4 % smaller than
the critical size predicted here was found to be unstable. Numerical data obtained by
Cano-Lozano et al. (2016b) with Gerris in the transition region (but not necessarily in
the close vicinity of the threshold) are also reported. These data are seen to be in good
agreement with present predictions for fluids with Mo � 10−8. In contrast, as the authors
anticipated in their conclusions, these simulations underestimate the critical bubble size
in fluids having a lower Morton number. The lower Mo the larger the underestimate,
which makes the critical diameter in water under-predicted by 15 %–20 %. Since these
simulations made use of an adaptive grid with 128 cells per bubble diameter on both
sides of the interface, this significant underestimate helps appreciate how demanding fully
resolved simulations of bubbly flows in low-viscosity fluids are.

In figure 7 we also reported the critical curve of figure 6 corresponding to the onset
of a recirculating region at the back of the bubble in the base flow (yellow dashed line).
The yellow solid and dashed lines are seen to cross each other at Mo ≈ 10−10. For lower
Mo, the critical bubble size at which the path destabilizes first is such that no standing
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Figure 8. Variation of the reduced frequency St = λiD/(2πub) at the threshold vs the Morton number. The
yellow curve was obtained by connecting the � (orange) symbols at which the frequency was determined. The
pale and dark grey lines correspond to the predictions along the two branches of the neutral curve predicted
by the FSA using the same base state (for readability, only five of the computed points are highlighted with a
marker on the dark grey line). The vertical arrow at Mo = 2.7 × 10−7 indicates the frequency jump associated
with the switching from the stationary mode to the oscillatory mode predicted by FSA. � (black): numerical
predictions of Cano-Lozano et al. (2016b); � (purple): experimental data of Duineveld (1994) for Bo = 0.54
in ultrapure water; � (purple): experimental data of Zenit & Magnaudet (2009) for Bo = 3.92 in DMS-T05.

eddy exists in the base state. For the reasons discussed in the previous section, this leads
to the conclusion that wake instability cannot be responsible for path instability in such
low-Mo fluids. The pale and dark grey lines in the figure also provide interesting insight
into the role of time-dependent bubble deformations. To obtain the neutral curve resulting
from these two lines, we considered the same base state as above, and imported the
corresponding interface shape and rise speed in the stability code used by Tchoufag et al.

(2014b) and Cano-Lozano et al. (2016a). In this code, the interface shape is kept frozen,
i.e. the bubble can only move as a rigid body. A similar neutral curve was computed by
Cano-Lozano et al. (2016a) (black line in their figure 7), using a base state obtained with
Gerris, instead of the present global Newton method. Their neutral curve is similar to that
based on the two grey lines in figure 7 but the critical Ga they found at a given Bo stands
consistently below that determined here, with differences ranging from 5 % for Bo 	 5 to
15 % for Bo = 0.5. Again, the reasons for these differences are to be found in the limited
spatial resolution of the Gerris-based computations in high-Ga low-Bo configurations.

Since the yellow and grey lines in figure 7 are based on strictly identical base states,
time-dependent deformations not accounted for in the stability analysis used to produce
the second of them are entirely responsible for the differences observed in the fate of
the imposed disturbances. As the comparison of the thresholds predicted by the two
approaches in a given fluid evidences, deformations always lower the threshold, i.e. they
promote path instability. However, for fluids with Morton numbers less than ≈5 × 10−7,
the lower Mo the weaker this influence. For instance, the ‘frozen-shape’ approximation,
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hereinafter referred to as FSA, over-predicts the critical bubble size by nearly 23 % for
Mo = 10−7, but this overestimate is reduced by a factor of three in the case of Galinstan.
The FSA actually predicts that the neutral curve involves two distinct modes intersecting
at Mo ≈ 2.8 × 10−7. In the narrow range 4 × 10−7 � Mo � 6.5 × 10−7, the mode that
becomes most unstable beyond this intersection (dark grey line) exhibits a S shape,
implying a destabilization–restabilization scenario. In contrast, the neutral curve resulting
from the stability analysis carried out with freely deforming bubbles remains single valued
throughout the whole range of Morton number. For larger Mo, the FSA prediction based
on this second mode is also quite good, with for instance a 16 % over-prediction of the
critical bubble size in DMS-T11.

At this point it is also worth mentioning that Cano-Lozano et al. (2016a) established
that the neutral curve predicted by FSA and that corresponding to the onset of ‘pure’ wake
instability for a bubble with the same frozen shape held fixed in a uniform stream coincide
in the range 10−9 � Mo � 6 × 10−7. Outside of this range, the threshold values of the
Bond and Galilei numbers corresponding to the onset of wake instability in a given fluid
are consistently larger than those at which FSA predicts the occurrence of path instability.
For Mo � 10−9, the difference between the two thresholds increases gradually as Mo is
decreased. For Mo � 6 × 10−7, the threshold of wake instability coincides with the upper
neutral branch captured by FSA (here the pale grey line). In other words, depending on the
Morton number, the threshold corresponding to the onset of wake instability past a fixed
bubble is either identical to or larger than that of the path instability predicted by FSA.
These findings, combined with the fact that figure 7 reveals that FSA overestimates the
threshold of path instability whatever Mo, establish that the wake of a fixed bubble with a
frozen shape is always stable at the actual onset of path instability. Hence, path instability
cannot be explained on the sole basis of the mechanism responsible for wake instability.

4.2. Frequency at threshold

The most spectacular qualitative difference between the predictions of the present
approach and those of FSA is seen in figure 8. This figure displays the Strouhal number, or
reduced frequency, corresponding to the first unstable mode at the onset of the instability,
computed as St = λiD/(2πub), with λi the imaginary part of the unstable eigenvalue at
the threshold. As the yellow curve evidences, the present approach predicts that the most
unstable mode of the system is always oscillatory, in line with experimental observations.
The reduced frequency increases continuously with the Morton number, ranging from
St ≈ 0.02 for Mo = 10−13 to St ≈ 0.12 for Mo = 10−5. The FSA predicts that the first
non-vertical path of the bubble is associated with ‘low-frequency’ oscillations in low-Mo

liquids (Mo � 7 × 10−11) and with ‘high-frequency’ oscillations in liquids with Mo �
3 × 10−7, in agreement with the conclusions of Cano-Lozano et al. (2016a). Present
findings with deformable bubbles are qualitatively consistent with these predictions in
both ranges. The reduced frequencies determined in both approaches for low-Mo liquids
are even in fairly good quantitative agreement. This confirms that deformations do not
bring major changes in the dynamics of isolated bubbles rising in such liquids, which
extends to all low-Mo fluids the conclusions drawn by Bonnefis et al. (2023) in the
specific case of water. More surprisingly, the agreement is still reasonable in fluids
with Mo � 3 × 10−7, where the FSA neutral curve (now corresponding to the dark grey
line) underestimates the reduced frequency by only roughly 20 %. In contrast, the two
approaches dramatically disagree in the intermediate Mo-range, where FSA predicts that
the most unstable mode (pale grey line) is stationary. Hence, one has to conclude that, in
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Figure 9. Influence of the fluid properties on (a) the critical Reynolds number and (b) the critical Weber
number.

the linear framework adopted here, time-dependent deformations promote the instability
of the oscillatory mode and succeed in making it more unstable than the stationary mode
in this intermediate range, while only the latter mode may become unstable if these
deformations are ignored. Some experimental and numerical data are also reported in
figure 8. Most of them were obtained significantly above the threshold, which explains why
the corresponding frequencies lie above present predictions (for instance, the bubble size
is 8 % beyond the threshold value in the two experimental determinations). Only the two
numerical determinations of Cano-Lozano et al. (2016b) in silicone oils DMS-T02 (Mo =
1.6 × 10−8) and DMS-T11 (Mo = 9.9 × 10−6) correspond to near-threshold conditions
according to figure 7. The corresponding two St values are seen to agree very well with
present predictions.

Having determined the normalized rise speed in the base state, we can re-plot the neutral
curve of figure 7 in two different forms, to make the variations of the critical Reynolds
number, Re = Ga U, and Weber number, We = Bo U2, with the liquid properties apparent.
Figure 9(a) shows that the critical Reynolds number decreases sharply as Mo increases,
from ≈2070 for Mo = 10−13 to 70 for Mo = 10−5, via Re = 668 for water at 20 ◦C.
Conversely, the critical Weber number (figure 7b) is seen to increase gradually from 3.20
for Mo = 10−13 to 6.36 for Mo = 10−5, via We = 3.30 for water. The above values for
water are to be compared with those reported by Duineveld (1995), namely Re = 658,
We = 3.275, from which they only differ by 1.5 % and 0.75 %, respectively.

5. Unstable modes: order of occurrence and physical nature

In this section, we examine the variations of the most unstable eigenvalues of the coupled
bubble–fluid system as the size of the bubble (here measured through the Bond number) is
varied in the vicinity of the primary threshold. We also analyse the spatial structure of the
associated global modes. It will soon become apparent that the order in which the unstable
modes follow one another as the Bond number increases, and even in some cases the way
the nature of a given mode varies, depends dramatically on the range of fluid properties
under consideration, the complexity of the picture increasing as the Morton number is
decreased. For this reason, we discuss these features in descending order of Mo.
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Figure 10. Variation of the first five unstable eigenvalues with the Bond number for bubbles rising in DMS-T05
(Mo = 6.2 × 10−7). (a) Growth rate (λr), normalized by the gravitational time (D/g)1/2; (b) radian frequency
(λi) normalized similarly; (c) equilibrium shapes at the threshold (labels refer to the transition points marked
with bullets in a). In (a,b), dashed (respectively solid) lines represent the stable (respectively unstable) part
of the various branches. In (c), the bubble contour in the vertical diametrical plane is shown at the threshold
of each of the five successive modes in the base state (black solid line) and, with an arbitrary amplitude of
the disturbance, for t = 0 (red dashed line) and t = π/(2λi) (blue dashed line); bubble centroids are arbitrarily
shifted in the z direction for readability.

5.1. Silicone oil DMS-T05 (Mo = 6.2 × 10−7)

5.1.1. First unstable eigenvalues: thresholds and nature of the associated modes

Figure 10 displays the variations of the first five eigenvalues whose real part becomes
positive as the Bond number, hence the size, of a bubble rising in silicone oil DMS-T05 is
increased. All but one of these eigenvalues have a non-zero imaginary part, indicating
that the corresponding instabilities arise through Hopf bifurcations. The threshold of
path instability is encountered at Bo = 3.4. This first unstable mode, associated with
azimuthal wavenumbers |m| = 1, has a dimensionless frequency λi/2π ≈ 0.115 at the
threshold (throughout this section, eigenvalues are normalized using the gravitational time
scale (D/g)1/2). As panel (c) suggests, this mode is essentially associated with a lateral
drift of the bubble centroid accompanied by some rigid-body rotation. Time-dependent
deformations are small: it will be shown in § 6 that their maximum magnitude is barely
3 % of that of the horizontal displacement of the bubble centroid. For this reason, we refer
to this mode as ‘rigid’.

We continue to track this mode and other possible ones beyond this primary threshold
by computing the base flow, still assumed axisymmetric, at the relevant Bond number. The
growth rate of the rigid oscillatory mode continues to increase with Bo, and a second mode
becomes unstable at Bo ≈ 5.5 (point B in figure 10a). This mode is axisymmetric and
oscillatory, with a dimensionless frequency approximately 5.5 times higher than that of
the rigid mode. Examination of the corresponding successive contours in panel (c) reveals
that this mode is associated with shape oscillations known as l = 2, m = 0, or (2, 0), in
the terminology of spherical harmonics, i.e. the associated interface displacements leave
the interface position unchanged at two angular positions located on both sides of the
equatorial plane. We shall show in § 6 that these deformations have a magnitude of the
same order as the vertical displacement of the bubble centroid with respect to its reference
position in the base state. For these reasons, we refer to this mode and those sharing
similar properties as ‘shape’ modes. By further increasing Bo, a third unstable mode is
encountered at point C (Bo ≈ 5.9). Its growth rate increases strongly beyond the threshold
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so that this mode would quickly become dominant, were its amplitude similar to that of
the primary oscillatory mode. Panel (b) reveals that this mode is stationary and, since its
azimuthal wavenumber is |m| = 1, it is also asymmetric. These two properties imply that
this mode induces an inclined path of the bubble centroid. Moreover, panel (c) indicates
that the corresponding interface deformations are weak compared with those associated
with the previous ‘shape’ mode, so that this stationary mode can be considered ‘rigid’, just
like the primary mode. Therefore, two rigid modes coexist in the system beyond Bo ≈ 5.9,
but one is oscillatory while the other is stationary. To the best of our knowledge, steady
oblique bubble paths have never been reported in experiments, suggesting that this second
rigid mode never becomes dominant. Nonlinearities not being taken into account here, i.e.
the fact that the actual base flow at point C is no longer axisymmetric due to the nonlinear
corrections brought by the primary oscillatory mode and is presumably even not stationary
owing to the shape oscillations associated with the (2, 0) shape mode, are likely the reason
for this.

A fourth mode becomes unstable at point D (Bo ≈ 6.6), and restabilizes itself within
the narrow interval 8.65 � Bo � 9.45 before becoming unstable again at larger Bo. This
mode has much in common with the (2, 0) shape mode, except that it is not axisymmetric.
Rather, it is associated with azimuthal wavenumbers |m| = 2 and, in the Bo-range under
consideration, its frequency is nearly half that of the (2, 0) mode. That the frequencies
of two modes with the same l but different m differ in this context is no surprise, since
spherical harmonics are no longer the eigenmodes with which a bubble oscillates when
its undisturbed shape is not spherical (Meiron 1989). Here, the Bond number is large, and
it is only in the small-Bo limit that the two frequencies are expected to get close to each
other. Due to the symmetries preserved by angular variations of the form e±2iθ , this (2, 2)

mode does not induce any lateral displacement of the bubble. Last, at point E (Bo ≈ 9.45),
a third shape mode with a frequency close to that of the (2, 2) mode becomes unstable.
Deformations associated with this mode share the same characteristics as those induced by
modes (2, 0) and (2, 2) on both sides of the bubble equatorial plane. In contrast, as panel
(c) makes clear, the two halves of the bubble deform in an asymmetric manner at every
instant of time in the vertical diametrical plane, one half becoming more pointed while
the other becomes more rounded. These characteristics identify this mode as the (2, 1)

shape mode. Unlike those associated with m = 0 and |m| = 2, this mode may contribute
to the lateral drift of the bubble at large enough Bond numbers, owing to its azimuthal
asymmetry. It must be stressed that the full sequence described above is kept unchanged
when the Morton number is increased up to 10−5.

5.1.2. Spatial structure of the first unstable mode

Figure 11 shows the spatial structure of the first unstable mode slightly above the threshold.
The real and imaginary parts of a given mode may be thought of as the associated
disturbance at two different instants of time a quarter of a period apart, i.e. shifted by
an interval τ = (π/2)λ−1

i . Therefore, if the bubble is zigzagging in a vertical plane (as it
does if the two disturbances associated with modes m = +1 and m = −1 have the same
amplitude), the real part corresponds to the time instant by which the bubble reaches its
maximal lateral excursion (red contours in figures 11(a) and 10(c)), while the imaginary
part corresponds to that by which it crosses the midline of its path (blue contours in
figures 11(b) and 10(c)). The streamlines pattern evidences the antisymmetric nature of the
disturbance flow. An alternation of positive and negative vorticity zones may be noticed in
the wake, both in every horizontal plane (varying r) and at every radial position from
the axis of the base flow (varying z). This pattern is indicative of a vortex shedding
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Figure 11. Structure of the first unstable mode past a bubble rising in DMS-T05 at Bo = 3.7. (a,c) Real part of
the mode near the bubble and further downstream in the wake, respectively; (b,d) same for the imaginary part.
The left and right halves in (a,b) display the pressure and azimuthal vorticity iso-levels, respectively; those
in (c,d) display the azimuthal velocity and vorticity iso-levels, respectively; some streamlines defined in the
reference frame of the base configuration are also shown. Black, red and blue bubble contours correspond to
the base state, and the real and imaginary parts of the interface disturbance (η̂), respectively.

process. A specific structure in which fluid particles rotate clockwise on both sides of
the axis of the base flow is visible near the bottom of panel (b); in a three-dimensional
representation, this structure would look like a pair of crescents connected through their
horns in the vertical plane θ = ±π/2, with fluid particles rotating in the same direction in
every azimuthal plane. As panels (c,d) make clear, this structure is actually the first of a
series that develops further downstream in the wake, with alternating positive and negative
directions of rotation.
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Figure 12. Same as figure 10 for bubbles rising in DMS-T02 (Mo = 1.6 × 10−8).

5.2. Silicone oil DMS-T02 (Mo = 1.6 × 10−8)

We now move to silicone oil DMS-T02 which is 2.6 times less viscous than DMS-T05
and has almost the same surface tension. Figure 12 shows how the first five eigenvalues
yielding unstable modes vary with the Bond number in this case. The beginning of the
sequence is similar to that described for DMS-T05. That is, path instability first arises
through an oscillatory ‘rigid’ mode that becomes unstable at Bo = 1.56 (point A in panel
a). Then the shape mode (2, 0) becomes unstable at point B (Bo = 2.2), followed by the
stationary rigid mode at point C (Bo = 2.43). Further increasing Bo, the (2, 1) and (2, 2)

shape modes become unstable at points E (Bo = 3.89) and D (Bo = 4.12), respectively.
Note that, compared with the case of DMS-T05, these last two modes emerge in reverse
order.

Nevertheless, the main originality of the present bifurcation diagram compared with
that of DMS-T05 is that the growth rate of the primary mode starts to decrease slightly
beyond point B, and becomes even very weakly negative within a tiny interval around Bo ≈
2.55, before turning positive again and growing continuously up to the upper bound of the
explored Bond number range. This non-monotonic behaviour is to be related to the fact
that DMS-T02 stands in the middle of the Mo-range where FSA predicts the emergence of
path instability through a stationary bifurcation instead of a Hopf bifurcation, being unable
to detect that the oscillatory rigid mode becomes actually unstable first. This failure is
presumably closely connected with the fact that, although interface deformations succeed
in making the oscillatory mode unstable first, the growth rate of this mode remains quite
low throughout the interval bounded by points A and C. We shall come back to this point
in § 7.

5.3. Water at 20 ◦C (Mo = 2.54 × 10−11)

5.3.1. First unstable eigenvalues: thresholds and nature of the associated modes

We finally consider the case of bubbles rising in pure water maintained at a temperature of
20 ◦C. Variations of the eigenvalues leading to the first five unstable modes are shown in
figure 13. Again, the sequence begins with the emergence of an oscillatory rigid mode
that becomes unstable at Bo = 0.463 with a dimensionless frequency λi/2π = 0.088,
followed by the (2, 0) shape mode at Bo = 0.525. However, the next steps differ deeply
from those encountered in the previous two cases. The primary mode grows continuously
until Bo ≈ 0.64. There, this mode splits into two separate branches, both of which are
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Figure 13. Same as figure 10 for bubbles rising in water at 20 ◦C (Mo = 2.54 × 10−11). In (a), the square
indicates the codimension-two ‘exceptional’ point at which the pair of complex conjugate eigenvalues
associated with the first unstable mode turns into a pair of real eigenvalues.

stationary. Therefore, at the point (marked with a square in the figure) where the three
branches meet, the pair of complex eigenvalues associated with the oscillatory mode
turns into a pair of real eigenvalues. Such a codimension 2 singular point is referred to
as ‘exceptional’ in the theory of non-Hermitian Hamiltonian systems (Bergholtz, Budich
& Kuns 2021). In the present case, this exceptional point, at which the two eigenvalues
change their nature, corresponds to a Takens–Bogdanov bifurcation with O(2)-symmetry
(Dangelmayr & Knobloch 1987). Beyond this point, the upper stationary branch exhibits
a rapid and continuous growth. Conversely, the growth rate of the lower branch decreases
sharply with the distance to the exceptional point, until it becomes negative at Bo = 0.685
(point C in the figure). Similar to the cases of DMS-T02 and DMS-T05, and undoubtedly
for the same reasons, inclined paths corresponding to the above stationary modes have not
been observed in experiments carried out in water, irrespective of the bubble size.

Next, figure 13 indicates that the mode (2, 2) becomes unstable at Bo = 0.68 (point D

in the figure) and then grows slowly with the Bond number. Then, a fourth mode becomes
unstable at Bo = 0.809 (point A′) with a dimensionless frequency λi/2π = 0.162. This
mode (identified as rigid osc. II in the legend of figure 13a) is associated with an
azimuthal wavenumber |m| = 1, exhibits low-frequency oscillations (panel b), and is not
accompanied by significant shape oscillations (panel c). These characteristics point to
another rigid mode. Hence, similar to the right part of figures 10 and 12, two rigid modes
coexist in the case of water beyond point A′. In all three cases, the most amplified of them is
stationary (yellow curve in figure 13) while the other (red curve) exhibits slow oscillations.
Finally, figure 13 indicates that a fifth eigenvalue crosses the real axis at Bo ≈ 0.88 (point
E). As panels (b,c) make clear, this eigenvalue corresponds to the asymmetric shape mode
(2, 1) already encountered with DMS-T02 and DMS-T05. One may notice that the mode
(2, 1) becomes unstable at a larger Bo than the mode (2, 2) in the cases of water and
DMS-T05, while the reverse is true for DMS-T02. It is also worth noting that, among
the three shape modes revealed by figure 13, the mode (2, 2) is the one with the lowest
frequency in the range of Bond numbers relevant here, say Bo � 0.4, followed by the mode
(2, 0) and then the mode (2, 1). This is in line with the conclusions obtained by Meiron
(1989) assuming an inviscid potential flow. In contrast, figures 10 and 12 show that modes
(2, 1) and (2, 2) have nearly equal frequencies, both significantly lower than that of the
mode (2, 0), in DMS-T05 and DMS-T02. This suggests that vortical effects not accounted
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for in the above reference significantly modify the dynamics of shape oscillations of
strongly deformed bubbles, even in low-viscosity fluids. Indeed, although the viscosity
of DMS-T02 is less than twice that of water, its surface tension is four times lower, so that
the relevant Bond numbers in DMS-T02 are typically larger than 3.0, while those in water
are less than 1.0.

To finish with figure 13, it is important to stress that the succession of modes it reveals
is the canonical sequence encountered throughout the low-Mo-range, say for Mo � 10−9.
For instance, the same first five modes become unstable in the same order in the case
of DMS-T00 (Mo = 1.8 × 10−10), with the low-frequency rigid mode splitting into two
stationary modes at an exceptional point, just as in figure 13. Only the thresholds and
frequencies differ, with points A–B then located at Bo = 0.66 and 0.805, followed by
points C and D almost coincident at Bo = 0.98, and finally points A′ and E located at
Bo = 1.135 and 1.42, respectively.

5.3.2. Spatial structure of rigid and shape modes

Figure 14 displays the structure of the three successive rigid modes encountered in the
sequence analysed above. Panels (a,b) look qualitatively similar to their counterparts
in figure 11. However, the ‘double-crescent’ structure identified in the bottom part of
the latter is not present here. The reason is that the Strouhal number of the primary
low-frequency mode is approximately three times lower in water (see figure 8). For this
reason, the vertical distance separating vortices shed in the wake is much larger, so that the
double-crescent structure closest to the bubble is located further downstream. Panels (c,e)
compare the wake structure of the primary and secondary oscillatory rigid modes. They
evidence the higher vortex shedding frequency of the latter, in line with the nearly twice
as large dimensionless frequency noticed at point A′ in figure 13 compared with that at
point A. In the case of the stationary mode displayed in panel (d), the azimuthal vorticity
and velocity disturbances are seen to keep a constant sign all along the wake (the real part
of the azimuthal velocity is null in this case, which is why the imaginary part is shown
in the figure). This is the generic hallmark of wakes associated with stationary inclined
paths of axisymmetric bodies; e.g. Tchoufag et al. (2014a, b). No vortex shedding takes
place in that situation, the inclination of the body path resulting from the constant lift force
generated by a pair of semi-infinite counter-rotating streamwise vortices.

Figure 15 reveals the structure of the (2, 0) and (2, 1) shape modes at Bo = 0.54 and
Bo = 0.9, respectively. The axial symmetry of the flow field is obvious in panels (a,b),
with a succession of toroidal eddies of alternate signs shed downstream of the bubble. The
red and blue contours evidence the fact that the bubble alternatively ‘inflates’ and ‘deflates’
along its axis while simultaneously shortening or lengthening in its equatorial plane. The
streamlines in panels (c,d) make the antisymmetry of the mode (2, 1) just as obvious.
The wake is dominated by a series of double-crescent structures qualitatively similar
to those identified in figure 11. The wavelength separating two consecutive structures is
slightly shorter than that of the toroidal eddies in panels (a,b), although the dimensionless
frequency of the mode (2, 1) at Bo = 0.9 is approximately 30 % lower than that of
the mode (2, 0) at Bo = 0.54 according to figure 13(b). However, these structures are
advected downstream by the base flow, so that their wavelength is determined by the
Strouhal number St = λi/(2πU), not directly by λi. Therefore, what the comparison of the
wavelengths for the two modes indicates is that the normalized rise speed U decreases by
slightly more than 30 % from Bo = 0.54 to Bo = 0.9, owing to the progressive flattening
of the bubble (in the regime where bubbles keep an approximate oblate spheroidal shape,
U is known to vary approximately as Bo−1/2 for Bo ≪ 1 and Bo−1 for Bo ≫ 1; see
equation (7-3) and the associated figure in Clift, Grace & Weber 1978).
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Figure 14. Structure of the rigid modes past a bubble rising in water. (a,b) Primary low-frequency mode
at Bo = 0.48 in the bubble vicinity, with the real and imaginary parts shown in (a,b), respectively. The left
and right halves of the two panels display the pressure and azimuthal vorticity iso-levels, respectively; some
streamlines defined in the reference frame of the base configuration are also shown. Black, red and blue bubble
contours correspond to the base state, and the real and imaginary parts of the interface disturbance, respectively.
(c–e) Wake structure of the successive rigid modes. (c) Primary low-frequency mode at Bo = 0.48; (d) most
amplified stationary mode at Bo = 0.75; (e) secondary oscillating mode at Bo = 0.85. The right half of each
panel displays the real part of the azimuthal vorticity iso-levels; the left half of (c,e) (respectively d) displays
the real (respectively imaginary) part of the azimuthal velocity iso-levels.

6. Respective magnitudes of rigid-body motions and time-dependent deformations

6.1. Decomposition technique

In the previous section, we identified ‘rigid’ and ‘shape’ modes qualitatively, stating that
the former leave the bubble shape almost unchanged while the latter are associated with
significant time-dependent shape oscillations. However, this distinction deserves a more
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Figure 15. Structure of the first axisymmetric and asymmetric shape modes past a bubble rising in water.
(a,b) Axisymmetric (2, 0) mode at Bo = 0.54, with the real and imaginary parts shown in (a,b), respectively.
(c,d) Same for the asymmetric (2, 1) mode at Bo = 0.90. For caption see figures 11 and 14.

quantitative basis. Moreover, determining how large the deformations at the threshold of
path instability are, compared with the lateral drift of the bubble, is key to clarifying the
relative role of the various possible causes of instability present in the system. In order to
quantify time-dependent deformations, we define a (x, y, z) Cartesian coordinate system,
the origin of which stands at the centroid of the bubble in the base state. We assume that
the bubble performs planar zigzags in the vertical (x, z) plane corresponding to the plane
θ = (0, π) in the cylindrical (r, θ, z) system defined in § 2. At any position x0 on the
undisturbed bubble–fluid interface, the normal displacement of the interface, η̂(x0), may
be decomposed into a rigid motion inducing a lateral (respectively vertical) displacement

T̂x (respectively T̂z) about the x (respectively z) axis and an inclination ψ̂ resulting from
a rotation about the y axis, augmented by a local volume-preserving deformation ζ̂ (x0) in
the normal direction. Projecting this decomposition onto the local normal unit vector n0,
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one has

η̂(x0) = T̂x(ex · n0) + T̂z(ez · n0) + ψ̂(x0 × n0) · ey + ζ̂ (x0), (6.1)

with ex, ey, ez the unit vectors in the x, y, z directions, respectively. Odd modes m = ±1
do not induce any translation in the vertical direction, so that T̂z = 0 for such modes.
Conversely, the lateral displacement T̂x and the inclination ψ̂ of the bubble remain null
for even modes m = −2, 0, 2. To determine the non-zero displacement and inclination
associated with a given mode, we make use of a least-squares fitting technique. That is,
we define the local functional F

T̂x,T̂z,ψ̂
(x0) ≡ {η̂ − [T̂x(ex · n0) + T̂z(ez · n0) + ψ̂(x0 ×

n0) · ey]}2, integrate it over the entire bubble contour and minimize the corresponding
residue with respect to the non-zero components of the triplet (T̂x, T̂z, ψ̂). Given the linear
framework of the present study, the magnitude of the displacements is arbitrary, and only
their relative magnitudes with respect to a common reference makes sense. This is why
we normalize the local displacement η̂(x0) by T̂x for odd modes and T̂z for even modes, in
order to make the translational displacement of the bubble centroid unity in all cases.

Thanks to this procedure, the evolution of the bubble shape and the relative magnitude
of the interface displacements induced by the rigid-body rotation and volume-preserving
deformations may be tracked along each branch of the bifurcation diagram. To save space,
we do not discuss shape evolutions here (examples are provided by Bonnefis 2019), and
focus on the relative variations of the different contributions and their physical origin.

6.2. Variations of the inclination/deformation-induced contributions and path styles

Figure 16(a) considers the case of the most amplified rigid mode for a bubble rising
in water at 20 ◦C, i.e. the low-frequency oscillating mode up to Bo ≈ 0.64, followed
by the upper branch of the stationary mode for higher Bo (figure 13). It shows how
the maximum over the bubble contour of the three contributions to η̂ varies with the
Bond number. In the vicinity of the threshold (Bo = 0.463), the inclination-induced
displacement is seen to be essentially in quadrature with the lateral drift, which is the
expected behaviour in a planar zigzagging motion if the bubble axis remains aligned with
the path (i.e. its inclination is maximum when the bubble reaches the centreline of its
zigzagging path). The relative magnitude of the maximum normal displacement resulting
from this inclination is 7 × 10−2 and experiences little variation up to Bo ≈ 0.55. At the
threshold, the maximum of the volume-preserving deformation is almost in phase with
the lateral drift. This is because the rise speed reaches a maximum at each extremity
of the zigzag (Mougin & Magnaudet 2006), resulting in some flattening of the bubble.
Conversely, the rise speed is minimum when the bubble crosses the centreline of the
zigzag, which slightly reduces its oblateness, yielding the small non-zero imaginary
component of the deformation (dashed green line in figure 16a). The relative magnitude of
the deformation does not exceed 3 × 10−3 in this Bo range. This provides the confirmation
that time-dependent deformations are extremely weak at the onset of path instability for
bubbles rising in low-Mo liquids. These findings also validate the ‘rigid’ qualification
employed for the primary low-frequency mode throughout § 5. Conversely, the relative
magnitude of deformations in modes (2, 0) and (2, 1) (not shown) is almost unity at
their respective thresholds. The real (respectively imaginary) part of the displacements
associated with the bubble inclination (respectively deformation) is typically one order
of magnitude smaller than its imaginary (respectively real) counterpart. These weak
components exhibit abrupt variations close to the threshold (and for one of them around
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Figure 16. Decomposition of the normal displacement of the bubble surface into a horizontal uniform
translation, an inclination-induced displacement resulting from a rigid-body rotation, and a volume-preserving
deformation. (a) Variation with Bo for the most amplified rigid mode |m| = 1 in the case of a bubble rising in
water at 20 ◦C; the yellow vertical line indicates the threshold of path instability; (b) variation with the fluid
properties at the path instability threshold. Each line figures the maximum of the corresponding component
over the bubble contour; for each component, the solid and dashed lines refer to the real and imaginary parts,
respectively.

Bo = 0.6), presumably because such low-magnitude quantities are only determined with
a limited accuracy by the least-squares technique.

These two weak components increase sharply with Bo and become dominant for
Bo � 0.55, marking a change in the style of the bubble ascent. In particular, the real
part of the displacement associated with the bubble inclination exceeds the imaginary
part for Bo 	 0.59. This behaviour indicates that the bubble now exhibits a non-zero
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inclination at the extremities of its zigzagging path, so that its minor axis is no longer
aligned with its velocity. In between two successive extremities of the zigzag, the bubble
now glides along its path rather than facing it. This makes the part of its surface pointing
in the direction of the lateral drift slightly more pointed, while the opposite part becomes
slightly more rounded. This is the reason why the imaginary part of the deformation is
significant in this second style of zigzagging motion. Conversely, owing to the non-zero
bubble inclination at the extremities of the zigzag, the rise speed is slightly lower than in
the previous zigzag style. This mitigates the flattening of the bubble, thus reducing the
real part of the volume-preserving deformation, as observed on the solid green line of
figure 16(a) in the range 0.5 � Bo � 0.6.

At Bo = 0.64, the imaginary parts of the rotation- and deformation-induced
contributions fall to zero, a consequence of the change in nature of the primary rigid
mode at the exceptional point revealed by figure 13. Beyond this point, the rigid mode
is stationary, yielding a non-oscillatory inclined path. When the Bond number increases
in the range 0.6–0.8, the bubble gradually flattens and the size of the standing eddy at
its back grows significantly, as panels (h,i) of figure 5 show. This makes the strength of
the trailing vortices that set in at the path instability threshold increase with Bo, which
translates directly into an increase of the lift force acting on the bubble, hence an increase
of its inclination with the Bond number. This scenario is confirmed by the solid red
line in figure 16(a), which shows that the maximum displacement associated with the
bubble inclination increases by a factor of four from Bo = 0.64 to Bo = 0.8. The larger
the bubble inclination, the lower its rise speed, which in turn makes its oblateness reduce
compared with that in the base state. This is the origin of the sharp increase of the real
part of the volume-preserving deformation (solid green line in figure 16a), which gains two
orders of magnitude between Bo = 0.6 and Bo = 0.8. Nevertheless, deformations remain
small compared with the lateral drift, reaching only a relative magnitude of 3 × 10−2 at
Bo = 0.8.

Figure 16(b) shows how the relative magnitude of the three contributions to η̂

vary with the Morton number at the path instability threshold, i.e. along the neutral
curve of figure 7. Since the corresponding unstable mode is always oscillatory, one
expects the relative magnitude of the different contributions to behave qualitatively
in the same way as in the case of water in the vicinity of the primary threshold.
Indeed, in line with the behaviours noticed above, deformation-induced displacements
are essentially in phase with the bubble lateral drift throughout the eight decades of
Mo explored here, while those associated with the bubble inclination are almost in
quadrature. Again, we attribute the non-smooth variations of the weak real (respectively
imaginary) component of the inclination-induced (respectively deformation-induced)
contribution observed for Mo � 10−10 to the limitations of the minimization technique.
In contrast, the dominant component of these two contributions is seen to increase
smoothly with the Morton number. The relative deformation-induced displacements, say
η̂

def
max|0, follow the approximate power law η̂

def
max|0 ∼ Mo0.23, increasing by two orders of

magnitude from Galinstan (η̂def
max|0 ≈ 10−3) to DMS-T11 (η̂def

max|0 ≈ 7 × 10−2). The relative
inclination-induced displacements only grow by one order of magnitude, from 4 × 10−2 to
5 × 10−1, in between the same two limits. Nevertheless, the fact that these displacements
reach 50 % of the lateral drift for DMS-T11 (to be compared with 7 % in the case of
water) indicates that bubbles wobble significantly when their path becomes unstable in
liquids having a Morton number four to five orders of magnitude higher than that of
water.
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7. Summary and final discussion

7.1. Main findings

Thanks to an innovative numerical approach allowing the linear stability of the viscous
flow past freely rising and deforming bubbles to be assessed accurately, even when the rise
Reynolds number is large, we explored the conditions under which the path of such bubbles
deviates from a straight vertical line and the physical nature of the underlying instability
modes over a wide range of properties of the carrying liquids. Present results extend over
eight orders of magnitude of the Morton number. Over this range, the critical Bond number
increases by a factor of 35 from Galinstan to silicone oil DMS-T11 (yielding an increase by
a factor of 2.6 of the critical bubble size), whereas the critical Reynolds number decreases
by a factor of 30, from ≈ 2100 to 70, in between the same two liquids. We showed that
path instability always arises through the destabilization of a non-axisymmetric oscillatory
mode associated with weak time-dependent changes of the bubble shape. Increasing the
bubble size in a given fluid, the nature of this primary ‘rigid’ mode stays unchanged
if the Morton number is large enough, say Mo � 10−7. Conversely, this mode gives
birth to two stationary modes if the Morton number is low enough (Mo � 10−9). In the
intermediate range 10−9 � Mo � 10−7, this mode remains oscillatory even far from the
primary threshold but its growth rate varies non-monotonically with the bubble size, and
it may even re-stabilize within a narrow size range. A second rigid mode, which turns to
be stationary for intermediate and ‘high’ Morton numbers but oscillatory for low Morton
numbers also arises further away from the primary threshold. ‘Shape’ modes distinct from
the previous rigid modes in that they exhibit much larger oscillations of the bubble surface
also become unstable as the bubble size is increased.

Comparison of present predictions with reference experimental and numerical data
revealed a very good agreement, both on the threshold (most often measured through
the Bond or Galilei number, or alternatively the rise Reynolds number) and the reduced
frequency of path oscillations (measured through a Strouhal number). This agreement
fully supports the view that the path instability of real gas bubbles results from a linear
mechanism associated with a Hopf bifurcation. In contrast, oblique paths which are the
hallmark of stationary modes have not been reported in experiments, nor in fully resolved
simulations. We see their absence as an indication that the changes introduced in the base
flow by the primary non-axisymmetric oscillatory mode are significant enough to alter the
next steps of the actual bifurcation sequence compared with the predictions of the linear
approach.

To better quantify time-dependent bubble deformations and their influence on the
path instability mechanisms and characteristics, we employed two additional and
complementary tools. First, a least-squares minimization technique allowed us to split
the displacements of the bubble–fluid interface into contributions associated with a
rigid-body motion and volume-preserving deformations. By doing so, we could among
other things establish how the amplitude of the deformations varies with the Morton
number at the onset of path instability. It turned out that the ratio of the maximum
deformation to the maximum lateral drift of the bubble centroid is always much smaller
than unity. In particular, this ratio is approximately 10−3 for Galinstan and 3 × 10−3 for
water. It exceeds 1 % only for liquids with Mo � 1.5 × 10−8, reaching 7 % for DMS-T11
(Mo = 9.9 × 10−6). Second, we took advantage of the base states computed with the
present numerical technique to update the predictions obtained in the framework of the
FSA by Cano-Lozano et al. (2016a). With this procedure, any difference in the nature
of the primary bifurcation or/and the corresponding threshold may be ascribed to effects
of time-dependent bubble deformations. We found that, despite their weak magnitude,
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these deformations lower significantly the threshold whatever the Morton number. Hence,
a general conclusion of the present study is that deformations always promote path
instability in the linear framework. Differences between the predicted critical size of
deformable and non-deformable bubbles increase gradually from 8 % at Mo ≈ 10−13 to
23 % at Mo ≈ 6 × 10−7, before decreasing sharply to nearly 15 % for larger Mo. For Mo �
7 × 10−11, FSA correctly predicts that the most unstable mode is a ‘low-frequency’ one
with St = O(0.01) at the threshold. Similarly, it rightly predicts that path instability arises
through a ‘high-frequency’ mode with St = O(0.1) at the threshold for Mo � 3 × 10−7.
The predicted reduced frequencies lie 20 to 30 % below those obtained with deformable
bubbles, but their variations with the Morton number are qualitatively similar. In contrast,
FSA dramatically fails to detect that the most unstable mode is still oscillatory in the
intermediate-Morton-number range 7 × 10−11 � Mo � 3 × 10−7.

7.2. Discussion

To better understand the above issue and gain some insight into the subtle balances
involved in the various regimes encountered by varying the fluid properties, it is useful
to put the first stages of the bifurcation diagrams obtained with deformable bubbles in
perspective with those determined by Tchoufag et al. (2014b) who assumed a perfectly
oblate spheroidal bubble with a frozen shape. By increasing the geometrical aspect ratio
χ in the range [2.21, 2.30] they identified three successive phenomenologies summarized
in their figures 1 and 2. For 2.21 
 χ 
 2.23, the system first becomes unstable through
a low-frequency mode which, by increasing the bubble size (i.e. the Reynolds number in
their case), turns into a pair of stationary modes, one of which is quickly damped as the
bubble size is increased further while the other gets strongly amplified (their figure 1).
Present findings summarized in figure 13 indicate that this is exactly what happens with
deformable bubbles rising in water and more generally in low-Mo liquids. That the
scenario relevant to frozen spheroidal bubbles remains unchanged in the case of freely
deforming bubbles rising in low-Mo liquids strongly supports the view that time-dependent
deformations do not play any causal role in the mechanisms governing the first stages of
path instability in such fluids, although they lower the critical bubble size by 18 % for
water and increase the reduced frequency by nearly 30 %, as may be deduced from the
two neutral curves in figures 7 and 8 for Mo = 2.54 × 10−11. The wake alone is not the
source of the instability, since it is still stable at the FSA threshold (Cano-Lozano et al.

2016a). Therefore, as already stated by Bonnefis et al. (2023) in the case of water, the key
explanation of path instability in low-Morton-number fluids lies in the specific physical
processes accounted for in FSA, namely the degrees of freedom allowed by the rigid-body
buoyancy-driven motion of the bubble, and the back reaction imposed by the fluid to this
motion by the constant-force and zero-torque constraints.

Increasing the bubble aspect ratio to the range 2.23 
 χ 
 2.25, Tchoufag et al. (2014b)
observed that, although it is still present, the low-frequency mode is no longer unstable, its
growth rate keeping weak negative values. In the approximation they used, path instability
then arises through a stationary bifurcation, similar to what the FSA neutral curves (pale
grey lines) in figures 7 and 8 indicate for 7 × 10−11 � Mo � 3 × 10−7. The corresponding
stationary mode is that associated with the wake instability observed when the bubble is
held fixed in a uniform stream. Hence, one has to conclude that the additional degrees of
freedom offered by the free motion of a frozen-shape bubble are not sufficient to change
qualitatively the overall dynamics of the system in that range. The yellow neutral curve
St = f (Mo) in figure 8 proves that, despite their weak relative magnitude (from 0.4 %
for DMS-T00 to 2 % for Mo = 3 × 10−7 according to figure 16b), deformations are able
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to restore the instability of the oscillatory mode and to make it more unstable than the
stationary mode, keeping the near-threshold path instability phenomenology unchanged
with respect to the one prevailing in the low-Mo range. Nevertheless, expanding the growth
rate in the form λr ≈ α(Mo)(Bo − Boc(Mo)), with Boc the threshold Bond number, and
considering variations of α(Mo) from water (figure 13a) to DMS-T02 (figure 12a) via
DMS-T00 (not shown), one finds α(Mo) ∼ Mo−0.15. Hence, the larger Mo the slower the
increase of the growth rate of the oscillatory mode with the distance to the threshold,
despite the fact that the magnitude of surface deformations at the threshold increases as
Mo0.23 (figure 16b). This confirms that the damping mechanism predicted by FSA, be it
with the schematic spheroidal shape prescribed by Tchoufag et al. (2014b) or with the more
realistic shape corresponding to the actual base state, is still active in this intermediate
Mo-range in the case of deformable bubbles. The reasons for this damping are not obvious.
For a non-deforming body, the eigenvalues of the system depend directly on the drag and
torque associated with a small edgewise translation or a slow rotation about the major axis
perpendicular to the plane of motion (Fabre et al. 2011). We believe that, when the bubble
geometrical anisotropy is varied, small changes in the structure of the base flow, especially
in the near wake, make these loads vary in a non-monotonic manner with χ , hence with
Mo, which makes eventually the real part of the eigenvalues associated with the oscillatory
mode be positive in some ranges of the parameter space but slightly negative in others.

Last, for χ 	 2.25, Tchoufag et al. (2014b) found the first unstable mode to be
oscillatory again. Similar to what is noticed on the FSA neutral curve in figure 8, the
corresponding oscillations are much faster than those observed for 2.21 
 χ 
 2.23,
the two oscillatory modes predicted by FSA in the two subdomains being distinct (pale
and dark grey lines in figures 7 and 8). Deformation effects totally smooth out this
abrupt change by allowing the frequency to increase gradually throughout the intermediate
Mo-range discussed above. Increasing the Reynolds number at a given χ , i.e. the bubble
size in a given fluid, Tchoufag et al. (2014b) found that the next mode that becomes
unstable is the stationary mode associated with wake instability. The FSA prediction
obtained with the actual base flow confirms this conclusion. For instance, the dark
grey line in figure 7 shows that, for DMS-T05, the ‘high-frequency’ mode becomes
unstable at Bo ≈ 5.0. Then the stationary mode (pale grey line) becomes unstable in
turn at Bo = 5.85, i.e. for a bubble only 8 % larger than at the primary threshold. This
sequence subsists when the bubble deforms freely, but the gap between the two thresholds
increases considerably, with the oscillatory and stationary modes becoming unstable at
Bo = 3.4 and Bo = 5.95, respectively. Moreover, the influence of deformation manifests
itself through the emergence of the (2, 0) axisymmetric shape mode that becomes unstable
in between these two thresholds. The above comparisons establish that the role of bubble
deformations on the most unstable non-axisymmetric mode responsible for path instability
deeply differs among the three Mo-ranges identified by FSA. This role is limited to mere,
albeit significant, quantitative changes in the critical bubble size and oscillations frequency
in the low- and ‘high’-Mo regimes, whereas it induces a complete change in the nature of
the most unstable mode in the intermediate-Mo regime.

A weakly nonlinear approach inspired by those developed by Fabre, Tchoufag &
Magnaudet (2012) and Tchoufag, Fabre & Magnaudet (2015) for buoyancy/gravity-driven
rigid bodies is desirable to extend present predictions to slightly supercritical bubble
sizes. By incorporating nonlinear corrections to the base state resulting from the primary
non-axisymmetric unstable mode, this extension may in particular allow the disappearance
of the stationary mode at any Morton number to be rationalized. Such a weakly nonlinear
approach would also settle the question of the supercritical or subcritical nature of the
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primary bifurcation in each Morton-number range, which the present linear approach
cannot answer. Another more modest but much cheaper approach worth exploring is
the extension to bubbles (and more generally to rigid bodies with a moderate or low
body-to-fluid density ratio) of the ‘aerodynamic’ reduced-order model derived by Fabre
et al. (2011) for heavy freely falling two-dimensional bodies. This model should be able to
predict accurately the most unstable or least stable eigenvalues of the system for bubbles
with a frozen shape, provided that the drag and torque coefficients associated with a small
edgewise translation and a slow rotation of the bubble are computed in the relevant base
flow. This is the route to be followed to quantify the influence of base flow variations
resulting from slight changes in the interface geometry on the hydrodynamic reaction
experienced by bubbles close to the threshold of path instability.
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The linear stability analysis of fluid-structure interaction (FSI) systems, governed by7

inherently non-Hermitian operators, can exhibit spectral singularities known as exceptional8

points (EPs). This study demonstrates the existence and topological consequences of EPs9

across three canonical aeroelastic configurations: vortex-induced vibration of a spring-10

mounted cylinder, flutter of a thin plate, and transonic flutter of an OAT15a airfoil. A unified11

numerical framework is employed, coupling the compressible Navier–Stokes equations12

with structural dynamics. Stability is analysed via a characteristic equation constructed13

from fluid transfer functions, efficiently interpolated into the complex plane using the14

Loewner framework. Results reveal second-order EPs (EP2) where two eigenmodes15

coalesce, leading to characteristic eigenvalue veering and mode-swapping phenomena gov-16

erned by a half-integer winding number. In the transonic case, the interaction of three modes17

(fluid/buffet, pitching, heaving) is organised by a third-order EP (EP3), a codimension-four18

singularity where three eigenvalues and eigenvectors coalesce. These findings establish19

EPs as fundamental features in FSI, providing a novel topological perspective on stability20

transitions, with implications for predicting and controlling phenomena like flutter and the21

transonic dip.22
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1. Introduction26

The mathematical description of dissipative and open systems frequently necessitates a27

departure from the conservative, Hermitian framework that underpins much of classical28

physics. In fluid mechanics, this is the rule rather than the exception: the Navier-Stokes29

equations are inherently dissipative, and the linearised operators that arise in the study of30

stability, acoustics, and wave propagation are often non-normal (Trefethen et al. 1993).31

This non-normality leads to rich phenomena such as transient growth and sensitivity to32

perturbations, which are crucial for understanding the transition to turbulence (Schmid33
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2007) and the dynamics of coherent structures. A powerful and generalised framework34

for analysing such open systems has emerged from the study of non-Hermitian quantum35

mechanics and optics, where the spectrum of the governing non-self-adjoint operator is36

complex. Within this framework, a paramount feature is the existence of exceptional points37

(EPs)—spectral singularities where not only the eigenvalues but also the corresponding38

eigenvectors of the system coalesce (Heiss 2012; Bergholtz et al. 2021).39

The topology of the complex energy Riemann surface around an EP leads to a host of40

counter-intuitive phenomena with no direct analogue in Hermitian systems. These include41

the chiral behaviour of state populations when an EP is dynamically encircled (Doppler42

et al. 2016), that is, encircling an EP in a clockwise or a counter-clockwise direction43

results in different final states. We also find the breakdown of the conventional bulk-44

boundary correspondence (Bergholtz et al. 2021), and the non-Hermitian skin effect—a45

phenomenon where a macroscopic number of states localise at a system’s boundary, as first46

rigorously characterized in quantum systems (Yao & Wang 2018) and since explored in47

photonic (Zhou et al. 2018) and acoustic (Zhu et al. 2018) metamaterials. The implications48

of EPs are now being explored across a wide range of classical wave systems, including49

nanophotonics for light manipulation (Miri & Alu 2019), in single-mode lasers to decrease50

the fluctuating level of lasers Feng et al. (2014) or in augmenting the quality of sensors51

(Wiersig 2020) and in the design of electrical circuits (Helbig et al. 2020) where they have52

been shown to enable novel functionalities such as unidirectional invisibility, topological53

lasing, and enhanced sensing.54

The exploration of non-Hermitian physics and EPs has attracted some interest in55

acoustics and thermoacoustics. In acoustics, where the concepts of gain and loss can56

be engineered with some precision, we find the seminal work by Shi et al. (2016) who57

demonstrated the accessibility of EPs in parity-time (PT) symmetric acoustic systems,58

revealing phenomena like unidirectional transparency.The role of EPs has since been59

elucidated in sound absorption, with Achilleos et al. (2017) showing how they govern the60

behavior of non-Hermitian acoustic metamaterials, and Xiong et al. (2017) optimizing61

sound attenuation in metaporous materials by tuning them to an EP. The extension of these62

ideas to systems with background flow was established by Aurégan & Pagneux (2017), who63

explored PT-symmetric scattering in flow ducts. More recently, studies have continued to64

explore the implications of EPs in complex scattering scenarios (Matsushima & Yamada65

2025) and in achieving extreme wave phenomena like asymmetric absorption in elastic66

structures (Li et al. 2022).67

In the field of thermoacoustics Mensah et al. (2018) established the existence of EPs68

in a prototypical thermoacoustic system, demonstrating their signature infinite eigenvalue69

sensitivity. The interplay between different types of modes, such as those of pure acoustic70

origin and Intrinsic Thermoacoustic (ITA) modes, was further shown by Orchini et al.71

(2020) to generate EPs that govern the stability landscape by acting as spectral root loci.72

The profound implications for practical systems were highlighted by Ghani & Polifke73

(2021) who identified an EP in a combustion experiment, showing how its branch-74

switching characteristic can facilitate a sudden jump from strong instability to stable75

operation. This real-world impact underscores the critical need to understand EPs, as their76

presence can fundamentally affect the reliability of stability analyses, a point rigorously77

examined by Schaefer et al. (2021). The understanding of EPs is now being leveraged78

to develop innovative design methods for stable combustion systems. Recent research79

by Casel & Ghani (2024a,b) has introduced the Exceptional Point-based Thermoacoustic80

Design (EPTD) method. This conceptual framework, detailed in two parts, uses the relation81

between mode origins, encoded in the EP’s position and parameters, to strategically shift the82

entire thermoacoustic spectrum toward stability. The EPTD method has been successfully83
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demonstrated in lab-scale combustors, stabilizing originally unstable laminar and turbulent84

flame configurations. Concurrently, the role of system symmetries in organizing these85

non-Hermitian degeneracies has been advanced by Humbert & Orchini (2025), who86

demonstrated how symmetry-breaking induces EPs in the complex spectra of annular87

combustors. This collective body of work represents a paradigm shift from traditional88

stability analysis toward actively designing stability maps using the topological features of89

EPs.90

In hydrodynamics, the concepts underpinning non-Hermitian physics have long been91

in the analysis of linear stability and global modes (Chomaz 2005). However, EPs have92

scarcely been clearly identified and only recently their importance has been highlighted.93

Recently, Jouin et al. (2024) identified different types of EPs as the result of the interaction94

between cross-flow vortices with opposite spanwise wavenumber and different spanwise95

wavenumber. Kern et al. (2024) documented the formation of subharmonic eigenvalue96

orbits in the periodic spectrum of pulsating plane Poiseuille flow as the pulsation amplitude97

is increase, due to the coalescence of eigenvalues at exceptional points. Similarly, in the98

context of a rising bubble immersed in a liquid Bonnefis et al. (2024) identified a EP which99

results from the interaction of two symmetry breaking modes, the inclination-induced100

displacement and the lateral drift of the trajectory.101

A particularly fertile and complex domain for the application of this non-Hermitian102

framework is the field of fluid-structure interaction (FSI). FSI systems are open and103

dissipative, characterised by a strong, often non-linear, coupling between a deformable104

or moving structure and a surrounding fluid flow. The linearised operators governing the105

stability of these coupled systems—such as in flutter of airfoils, vortex-induced vibrations,106

or the dynamics of flags and membranes—are inherently non-Hermitian. The spectral107

properties of these coupled fluid-structure operators are known to give rise to complex108

phenomena like mode coalescence in flutter bifurcations, which bears the hallmark of an109

EP. We posit that the confluence of two distinct non-normal subsystems—the fluid and110

the structure—creates a rich environment for the emergence and manipulation of EPs.111

Understanding these points in FSI is not merely a formal exercise; it holds the potential to112

unravel the mechanisms behind hard-to-predict instabilities, to design novel strategies for113

their suppression, and to exploit the unique spectral properties of EPs for applications in114

energy harvesting and flow control. In this paper, we therefore seek to elucidate the role of115

exceptional points in fluid-structure interaction, exploring their manifestation, topological116

consequences, and the distinctive physical phenomena they govern in this fundamentally117

coupled context.118

We have selected three aeroelastic configurations in order to show the importance of119

EPs in fluid-structure interaction, these are: (a) the flow past a spring-mounted cylinder,120

which exhibits Vortex-Induced-Vibrations (VIV), (b) the flow past a thin plate at zero angle121

of attack, which exhibits flutter and (c) the transonic flow past an airfoil which exhibits122

transonic flutter. The last two configurations are the two-dimensional representation of the123

flutter dynamics of a wing-section, where the bending mode is represented as the heaving124

motion, while the torsion is modeled by the pitching motion. Both structural degrees of125

freedom are treated as a spring-mass-damper system: heaving is emulated by a vertical126

spring, and pitching by a torsional spring, as shown in fig. 1 (a).127

2. Methods128

We numerically integrate the conservative variables Q =

(
d,m, d�

))
, d the density field,

m ≡ du the momentum field with u the velocity field, and d� the total energy, according
to the compressible Navier–Stokes equations. The governing equations are written in the
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Figure 1. Diagram of the three aeroelastic configurations (a) Two-degrees of freedom spring-mounted plate.

(b) Two degrees of freedom OAT15a airfoil. (c) Spring-mounted cylinder.

moving frame of reference using the absolute velocity formulation (Mougen and Magnaudet
2002), which can be written in compact form as follows:

mCQ + ∇ · F2 (Q) − ∇ · FE (Q,∇Q) = S. (2.1)

In eq. (2.1) the convective flux F2 (Q) is the one written in the absolute frame of reference
but shifted with the relative velocity w, that is as follows,

F2 (Q) = ©­
«

d(u − w)
m ⊗ (u − w) + ?I
(u − w) (d�) + ?u

ª®
¬
, (2.2)

the source term includes the Coriolis force in the momentum equation

S(Q, S) = ©­
«

0
−dS × u

0

ª®
¬
, (2.3)

and finally the viscous flux

FE (Q) = ©­«
0

g(u)
^∇) + g(u) · u

ª®¬
, with g(u) = `

[
(∇u + ∇u) ) − 2

3
∇ · uI

]
. (2.4)

The control parameters of the flow system are the Reynolds number '4∞, which is the
ratio between inertia and viscous forces, the Prandtl number %A, which is the ratio between
kinematic viscosity a ≡ `/d and thermal diffusivity ^, and the Mach number "∞, which
is the ratio of the flow velocity and the speed of sound 2∞:

'4∞ =

d∞*∞!

`
, %A =

`

d^
, "∞ =

*∞
2∞

(2.5)

In the configuration of the flow past a cylinder, fig. 1 (a), the reference length ! is the129

diameter of the cylinder, while in the two others the reference length is the chord of the130

plate (fig. 1 (b)) and the airfoil (fig. 1 (c)) respectively. In the transonic flow past an airfoil131

the dynamic viscosity ` is replaced by the sum of the dynamic molecular viscosity and132

the dynamic turbulent viscosity ` + `C where `C is obtained using the Spalart–Allmaras133

turbulence model using the compressibility and Edwards correction.134

135

In order to model the aeroelastic motion of a wing, we simply consider a wing section.
The bending mode is represented as free movement in the perpendicular direction to the
incoming flow, labeled heaving, while torsion is modeled through a rotational degree of
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freedom, labeled pitching. Both structural degrees of freedom are treated as a spring-
mass-damper system: heaving is emulated by a vertical spring, and pitching by a torsional
spring, as shown in fig. 1. Here, the pitching angle is defined in the mathematically positive
direction, opposite to the commonly defined pitch-up angle of attack, with U = −\. Both
springs are mounted at the center of gravity, G26 = 0, that is, the elastic center coincides
with the center of gravity. We have made this choice to simplify the analysis, but it does not
change the main conclusions. The system of ordinary differential equations is as follows:

<
m2ℎ

mC2
+ �ℎ

mℎ

mC
+  ℎℎ = ! (Q) =

[ ∫
�5 B

(
− ?I + g(u)

)
n dx

]
· R) (\)eH

�40
m2\

mC2
+ �\

m\

mC
+  \ (\ − \B) = " (Q) =

[ ∫
�5 B

x ∧
(
− ?I + g(u)

)
n dx

]
· eI

(2.6)

Here, < is the mass of the structure, �40 is the moment of inertia around the elastic
center, and the coefficients  ℎ,  \ , �ℎ, and �\ are the stiffness and damping coefficients,
respectively. The angle \B is the pre-stress pitching angle, which represents the pre-stressed
state of the system when the angle of attack is not null, that is, \B = −U0 − " (Q0)/ \ .

m2ℎ

mC2
+ 2Zℎ

( S
*∗

) mℎ
mC

+
( S
*∗

)2
ℎ =

1

<

2

d∞*2
∞!

[ ∫
�5 B

(
− ?I + g(u)

)
n dx

]
· R) (\)eH

m2\

mC2
+ 2Z\

( 1

*∗
) m\
mC

+
( 1

*∗
)2(\ − \B) = 1

<A2
\

2

d∞*2
∞!2

[ ∫
�5 B

x ∧
(
− ?I + g(u)

)
n dx

]
· eI

(2.7)
where as in the VIV problem of the cylinder, we simply consider the heaving ℎ motion. In
eq. (2.2) we introduced the rigid-body velocity w which is defined as follows

w ≡ R(\))
(
− U∞, ¤ℎ

)
+ ¤\eI ∧ x, (2.8)

where the first term accounts for the relative translational velocity, the second term for136

the heaving motion and the last term accounts for the rotation of the body. Here R(\) is137

a rotation matrix used to project the translational velocity onto the rotating axes. Finally,138

the fluid system is complemented with the following boundary conditions. An adiabatic139

no-slip, that is, u = w, boundary condtion is imposed at the body wall. At the inlet we140

impose a constant density d∞ and null velocity field u = 0. Whereas at the outlet we141

impose a constant pressure ?∞ = Ad∞)∞, where A is the ideal gas constant of air and142

)∞ = 288.15 .143

In order to determine the onset of self-sustained oscillations, we consider the linearization
of eq. (2.1) and eq. (2.7), which can be written in a compact formulation as follows,(

R(_)
)−1

q̂ ≡
(
_B + �F|q0

)
q̂ = m\\ + m ¤\ ¤\ + m ¤ℎ ¤ℎ

_\ = ¤\, _ℎ =
¤ℎ

_ ¤\ + 2Z\
( 1

*∗
) ¤\ + ( 1

*∗
)2
\ =

1

<A2

\

�" (q̂) = 1

<A2

\

c)<q̂

_ ¤ℎ + 2Zℎ
( S
*∗

) ¤ℎ + ( S
*∗

)2
ℎ =

1

<
�! (q̂) =

1

<
c)
!
q̂

(2.9)

The operator �F|q0
is the linearised operator around the steady-state, which herein144

is obtained with algorithmic differentiation, so it corresponds to the discrete linearisa-145

tion. Similarly, operators m\ , m ¤\ and m ¤ℎ are the linearised operators with respect to146

the structural degrees of freedom. The expression of the moment and lift coefficients147

(�" (q̂), �! (q̂)) is provided in the RHS of eq. (2.9), and the operators c)
!

and c)< are the148

0 X0-5



J. Sierra-Ausin, O. Marquet

linear mappings between the perturbed state q̂ and the corresponding force or moment149

coefficient.150

An efficient method to determine the eigenvalues of eq. (2.9) consists in the factorisation151

of the fluid system with respect to the structural degrees of freedom and to use the152

superposition principle to reconstruct the RHS of the structural equations, that is,153

c)!q̂ = c)!

∑
8

R(_)m8 , c)<q̂ = c)<

∑
8

R(_)m8 for 8 = [\, ¤\, ¤ℎ]

where / 8! (_) = −c)!R(_)m8 , /
8
<(_) = −c)<R(_)m8 ,

(2.10)

which leads to the resolution of the following characteristic polynomial,

� (_) =

���������
_2 +

(
2Zℎ

(S∗

*∗
)
+ /

¤ℎ
!
(_)
<

)
_ +

(S∗

*∗
)2 / \

!
(_) + _/ ¤\

!
(_)

<
_/

¤ℎ
<(_)
A2

\
<

_2 +
(
2Z\

( 1

*∗
)
+ /

¤\
!
(_)
<

)
_ +

( 1

*∗
)2

���������
.

(2.11)
The zeros of � (_) correspond to the eigenvalues of eq. (2.9). However, this process is not154

significantly more efficient than the direct computation of the eigenvalues of eq. (2.9). In155

order to determine the zeros of � (_) one needs to solve as many as structural degrees of156

freedom, three in our case, for each _ ∈ C, as it was done by Sabino (2022).157

However, the procedure can be considerably improved if one determine the transfer158

functions / 8
!
(il) and / 8<(il) for 8 = [\, ¤\, ¤ℎ], also known as impedances, along the real159

axis, that is, for _ = il for l ∈ R. Then, we reconstruct the complex form of the transfer160

functions using rational interpolation within the Loewner framework (Benner et al. 2017,161

Ch. 8). The Loewner framework provides a rigorous mathematical foundation for analytical162

continuation from measured frequency response data into the complex plane, making it163

particularly suited for dynamical systems identification. Its theoretical justification stems164

from tangential interpolation theory and realization theory for linear time-invariant (LTI)165

systems, where the rank property of the structured Loewner matrix directly reveals the166

minimal system order (Mayo & Antoulas 2007). Such a procedure, offers very good results167

in a thin region around the real axis where the transfer functions have been computed.168

Another advantage of this approach is that now one not only has an expression of � (_) but169

also
3� (_)
3_

, which enables fast computations of the eigenvalues using the Newton method.170

Let us summarise the numerical procedure:171

r Compute the transfer functions / 8
!
(il) and / 8<(il) for 8 = [\, ¤\, ¤ℎ], for l ∈ R.172

r Perform a rational interpolation following the Loewner framework, that is, compute173

/̃ 8
!
(_), /̃ 8<(_) from / 8

!
(il) and / 8<(il) and determine � (_) using the rational inter-174

polators.175
r Determine the zeros of eq. (2.11) with the Newton method using the rational interpolators

of the transfer functions, that is,

X_=+1 = −
( 3� (_)
3_

)−1
� (_=) with _=+1 = _= + X_=+1 (2.12)

In addition, for the computation of EP= exceptional points, it is required that

3 9� (_)
3_ 9

= 0 for 9 = 1, . . . , = − 1 (2.13)
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Case *∗ S Zℎ Z\ A\ G\ <̃ Re "∞
*∞

!
√
 \ / �ca

√
 ℎ/<
 \ / �ca

�ℎ

2
√
< ℎ

�\

2
√
�ca \

√
�ca

<!2

Gcg

!
<

1/2d 5 !2

d 5*∞!
`

*∞
2∞

Configuration (a) 10
−2 − 1 1.0 �B

*∗

S
− − 0 2.0 50 0.1

Configuration (b) 10
−2 − 10

1
0.8 0 − 0.2 0.05 0.290 0 10

3
2900 0.1

Configuration (c) 0.5 − 10
1

0.8 0 − 0.2 0.0 − 0.2 0.6 0 10
3

3.2 · 10
6

0.73

Table 1. Values of dimensionless parameters and definition. For the cylinder the damping parameter �B is

varied between [0, 1].

In such a case the eigenvalue condition � (_) = 0 is complemented with the EP= condition176

eq. (2.13) and it can be solved using a Newton update as for eq. (2.12).177

3. Results178

3.1. Vortex-Induced-Vibrations for the flow past a circular179

We analyse the interplay between the fluid and VIV instabilities past a freely vertically
moving circular cylinder at a '4 = 50. The transfer function is represented in fig. 2 (a-b)
for several values of the growth rate f = [0,−0.02,−0.04]. The criterion for neutrality of
the eigenvalue, that is, _ = il is the following,

Re
(
/

¤ℎ
! (il)

)
︸        ︷︷        ︸

aerodynamic damping

= −2Zℎ
S

*★
= −�B,

(
< +

added mass︷         ︸︸         ︷
Im

(
/

¤ℎ
!
(il)

)
l

)
︸                   ︷︷                   ︸

effective mass

l2
=

( S
*∗

)2

. (3.1)

That is, the aerodynamic damping must counterbalance the effect of the structural damping180

whereas the effective inertia due to the added mass must match the structural stiffness181

( B =

( S
*∗

)2

). These two cases are represented in fig. 2 (a-b). The case �B = 0 is182

represented with a dark blue line, in this case we can observe two intersections, one at a183

low frequency (l!�) which corresponds to the critical frequency of the fluid mode and184

a second at a higher frequency (l��), which corresponds to the frequency where the185

heaving mode becomes unstable. In the second case, �B = 1 which is represented with186

a dark green line, we can also observe two intersections at two very close frequencies.187

However, in this case both intersections belong to the fluid mode, while the heaving mode188

always remains stable. These two cases exemplify the behaviour on two opposite sides of189

the EP. For the first case, �B = 0 which is represented in fig. 2 (c), the growth rate curves190

cross and the frequency curves are repelled. In contrast, for the second case where �B = 1191

and that is represented in fig. 2 (d), the growth rate curves are repelled and the frequency192

curves cross.193

This phenomenon is further explored in fig. 2 (e), which represents the path of both194

modes for several values of the structural damping parameter �B = {0, 0.8, 0.9, 1} as a195

function of the reduced velocity. Therein, we can clearly observe a saddle-node at around196

(l�% , f�%) ≈ (0.82,−0.02). For the values of the structural damping �B = {0, 0.8} the197

heaving mode becomes unstable and follows a trajectory to the right of the EP, while the198

fluid mode remains to the left of the EP and its growth rate decreases with *∗. For the199

highest values of the structural damping, �B = {0.9, 1}, the heaving mode remains stable200
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Figure 2. (a-b) Evolution of the transfer function /
¤ℎ
!

with respect to the pulsationl. The real part is represented

in black (a) and the imaginary in red (b). Three growth rates f are represented: f = 0 (solid), f = −0.02

(dashed) and f = −0.04 (dash-dotted). (c) Evolution of the growth rate for �B = Zℎ = 0 for the fluid mode

(black solid) and the heaving mode (red solid); the corresponding frequencies are shown with dashed lines.

(d) The same as the middle figure but for �B = 1. (e) Representation of path followed by the eigenvalues for

increasing *∗ for the fluid mode (black) and heaving mode (red) for �B = 0 (solid), �B = 0.8 (dash-dotted),

�B = 0.9 (dotted) and �B = 1.0 (dashed). The exceptional point is represented with a light blue marker.

all along its trajectory and the growth rate of the fluid mode increases with the reduced201

velocity. For frequencies smaller than the one of the EP (l < l�%), the fluid mode (resp.202

heaving mode) follows a similar trajectory to the heaving mode (resp. fluid mode) at lower203

structural damping.204

205

This exchange is further exemplified in fig. 3. It represents the trajectory of eigenvalues206

along closed loops in the parameter space, in particular, along ellipses: �B = �B,�% +207

A�B
cos(\) and *∗

= *∗ + A*∗ sin(\). It reveals the manifold structure of the exceptional208

point, in particular it shows that its winding number is half, that is, winding around the EP209

once induces a exchange of modes, while winding twice around the EP returns to the same210

eigenvalue branch. Thus, it is clear that the naming convention of heaving and fluid mode211

is just a convention, and it is arbitrary near a EP.212

3.2. Flutter instability for the flow past a thin plate213

In this section we explore the aeroelastic instabilities for the laminar flow past a thin plate214

(Moulin 2020). Figure 4 (a-b) shows the evolution of the two elastic modes as a function215

of the reduced velocity for Zℎ = 0 (solid) and Z� = 0.03 (dashed). The red lines represent216

the path of the heaving mode, and the black lines represent the evolution of the pitching217

mode. As it was the case for the VIV instability past the circular cylinder in section 3.1,218

the naming convention is somehow arbitrary in the region of the parameter space near the219

EP, that is when the two eigenvalue paths are attracted. Figure 4 displays the saddle-node220

structure that is observed around the EP. For values of the structural damping lower than221
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Figure 3. Manifold structure of the EP. It has been computed using individual trajectories along ellipses in the

parameter space: �B = �B,�% + A�B
cos(\) and*∗

= *∗
�%

+ A*∗ sin(\) for \ ∈ [0, 4c], A�B ∈ [0.001, 0.2] and

A*∗ ∈ [0.01, 0.1]. The manifold is parametetrised by \ which is colour-coded. The EP is represented by a red

circular marker.
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Figure 4. Evolution of the growth rate (a) and frequency (b) of the two elastic modes: heaving (red) and pitching

(black) as a function of the reduced velocity for Zℎ = 0 (solid) and Zℎ = 0.03 (dashed). (c) Representation of

path followed by the eigenvalues for increasing *∗ for the pitching mode (black) and heaving mode (red) for

Zℎ = 0 (solid), Zℎ = 0.0175 (dotted), Zℎ = 0.02 (dash-dotted) and Zℎ = 0.03 (dashed). The exceptional point is

represented with a light blue marker.

Zℎ,�% the branch of the heaving mode becomes unstable and the pitching mode remains222

stable for a wide range of the reduced velocity but it eventually becomes unstable at the223

divergence reduced velocity, around *∗
�

≈ 7.4. For Zℎ > Zℎ,�% the growth rate of the224

branch of the pitching mode increases for reduced velocities higher than the ones of the225

*∗
�%

and its frequency l*∗ ≈ 0.8, which corresponds to the one of the heaving mode, and226

in this the growth rate and frequency of the heaving branch decreases for a wide range of227

the reduced velocity until the divergence velocity *∗
�
≈ 7.4 where it is destabilised. Such228

a mode-exchange occurs in the neighbourhood of the EP.229

In order to demonstrate the mode-exchange, we represent the manifold structure of the230

EP in fig. 5. As in the VIV case discussed in section 3.1 it corresponds to a simple EP with231

a winding number equal to a half, that is, it takes two turns to return to the initial position.232

A single turn induces a mode-exchange. The important difference with the VIV case, it233

is the nature of the two modes. In this example, it corresponds to two aeroelastic modes,234

while in the case of the cylinder it is the coupling between a fluid and an aeroelastic mode.235

However, in both cases the underlying structure of the EP is the same.236
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Figure 5. Manifold structure of the EP. It has been computed using individual trajectories along ellipses in the

parameter space: Zℎ = Zℎ,�% + AZℎ cos(\) and *∗
= *∗

�%
+ A*∗ sin(\) for \ ∈ [0, 4c], A*∗ ∈ [0.01, 2] and

AZℎ ∈ [0.001, 0.05]. The manifold is parametetrised by \ which is colour-coded. The EP is represented by a

light blue circular marker.

3.3. Transonic flutter instability past a OAT-15a airfoil237

In this last example, we illustrate the phenomenon of flutter in the transonic regime and238

in particular how two exceptional points drive the phenomenon known as transonic dip in239

aeroelasticity (Plath 2024, Sec. 1.2.2). To illustrate this phenomenon, we have selected the240

flow past the OAT15a airfoil at " = 0.73, '4 = 3.2 · 10
6 and U = 3.5◦, which has been241

previously studied in the fixed configuration by Sartor et al. (2015); Paladini et al. (2019),242

among others.243

Figure 6 displays the spectrum for the structural values listed in table 1 (Conf. 3), Zℎ =244

0.04273, Z\ = 0.0159 and*∗
= 1. The naming convention follows their behaviour at small245

reduced velocity, in particular if the displacement (resp. vertical velocity) is dominantly246

due to heaving, pitching motion or if it is small in comparison to the flow perturbations.247

The displacement (resp. velocity is represented) by red (resp. black) arrows on the right248

panel, where the norm of the mode has been normalised such the Chu’s energy of the flow249

field is unitary. The left figure shows three leading eigenvalues, the fluid or buffet, the250

pitching and heaving modes represented with the blue, black and red markers respectively.251

252

This configuration is further explored in fig. 7, which follows the path of the three leading253

eigenvalues while increasing the reduced velocity *∗, represented with the grey arrows.254

On fig. 7 (a) displays the selected configuration of damping parameters, and it shows two255

exceptional points of second order (EP2). The first EP
5 ,ℎ

2
leads to the interaction / exchange256

between the fluid and heaving mode and the second EP
5 , ?

2
between the pitching and fluid257

mode. The other four panels show the eigenvalue loci while varying the reduced velocity258

but with perturbed damping parameters, Zℎ = 0.04273 + A cos(\), Z\ = 0.0159 + A sin(\)259

for A = 0.0159. On the panel (b) we can observe a mode exchange between the fluid and260

pitching mode around the exceptional point (EP
5 , ?

2
) and the heaving branch is weakly261

deflected around the first exceptional point (EP
5 ,ℎ

2
). The panel (c) is very similar to the262

original one (a) but the interaction between the pitching and fluid mode is weaker and263

they do not exchange. On the panel (d) there is a mode exchange between the fluid and264

heaving mode around EP
5 ,ℎ

2
, and a strong interaction between the heaving and the pitching265

branches. Finally, on the panel (e) we have two mode switchings: first the heaving and fluid266

modes are swapped in a region close to around EP
5 ,ℎ

2
and then there is a second mode267
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Figure 6. Spectrum for the configuration values listed in table 1 (Conf. 3) for Zℎ = 0.04273, Z\ = 0.0159 and

*∗
= 1. The blue squared marker highlights the fluid mode, displayed on the top figure of the right panel. The

pitching mode is represented with the black squared marker and on the middle figure of the right panel. The red

squared marker represents the heaving mode, which is displayed on the bottom figure of the right panel. The

red (resp. black) arrows of the right panel represent the vertical displacement (resp. velocity).
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Figure 7. Veering phenomenon of the three leading eigenvalues: black line (pitching mode), red line (heaving

mode) and blue line (fluid mode) around two exceptional points represented by two circle markers (blue and

orange). Subfigure (a) is computed for Zℎ = 0.04273, Z\ = 0.0159. Subfigures (b-e) are computed for damping

parameters Zℎ = 0.04273 + A cos(\), Z\ = 0.0159 + A sin(\) for A = 0.0159 and \ = 0 for (b), \ = c/2 for

(c), \ = c for (d) and \ = 3c/2 for (e). The remaining parameters are summarised in table 1. The grey arrows

indicate the the direction of increasing*∗.

exchange between the pitching and heaving branches; that is for large*∗ the fluid, heaving,268

and pitching branches behave as the heaving, pitching, and fluid mode, respectively.269

The existence of two EP2 nearby in the parameter space suggests the existence of a EP3,270

that is, a degenerate point where the three modes coalesce. This phenomenon is explored271

in figure fig. 8 (a), that shows the evolution of the two aforementioned exceptional points272

while varying S∗. It shows that the two branches of EP2 converge towards a point around273

S∗ ≈ 0.897. For larger values of S∗, while keeping A\ = 0.6 and< = 10
3 there are no EP2,274

so in a sense the EP3 is the organizing centre of the linear dynamics leading to the mode275

switching phenomena. We have partially tracked the evolution of the EP3 in the parameter276

space (A\ , <).277

In order to demonstrate the mode-exchange around the EP3, we represent the manifold278

structure of the EP in fig. 9. In contrast to the previous visualisations of EP2, which are279

codimension two, that is we can encircle EP2 with a circle, an EP3 is codimension four280

and it has to be encircled with a four-dimensional sphere ((3). In fig. 9 we show a partial281

view of this encircling and we evidence the fact that we need to encircle the EP3 three282

times in order to return to the initial position, while a turning around once or twice induces283
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Figure 8. (a) Evolution of the EP
ℎ, 5

2
(thin red) as a function of (S∗, Z\ ) and EP

?, 5

2
(thin black) as a function

of (S∗, Zℎ) with the upper computed limt of the damping parameter indicated with a thick line. The EP3 is

represented with a circle blue marker. (b) Represents the evolution of the EP3 for varying reduced mass or A\
while keeping the other constant. Evolution of the EP3 as a function of (A\ ,< = 10

3) (c) and as function of

(A\ = 0.6,<) (d).

a single or a double mode exchange. Encircling two EP2 induces a similar sequence of284

mode-swapping, which justifies the analysis of the EP3 in order to understand the sequence285

of mode exchanges and to label it as an organising centre.286

4. Conclusion287

This study has established exceptional points as a fundamental and organising feature in the288

linear stability spectrum of fluid-structure interaction systems. Through a consistent numer-289

ical and analytical framework applied to three archetypal configurations—vortex-induced290

vibration, incompressible plate flutter, and transonic airfoil flutter—we have demonstrated291

that the non-Hermitian nature of the coupled fluid-structure operator naturally gives rise292

to these spectral singularities.293

In the VIV and plate flutter cases, the interaction between modes (fluid/structural or294

between two structural modes) creates second-order exceptional points (EP2). These points295

act as topological pivots in parameter space, around which eigenvalue branches veer and296

exchange identities, a phenomenon characterised by a half-integer winding number. The297

stability landscape is thus fundamentally reshaped near an EP, where conventional modal298

labeling breaks down and the system exhibits enhanced sensitivity to parameters.299

The transonic flutter configuration reveals a richer structure, where the close interplay300

between fluid (buffet), pitching, and heaving modes leads to the formation of two nearby301

EP2s. These coalesce at a specific parameter set, giving rise to a third-order exceptional302

point (EP3), where three eigenvalues and their eigenvectors simultaneously degenerate.303

This EP3 acts as an organising centre for the complex mode-swapping patterns observed304

and is intrinsically linked to the pronounced loss of stability characteristic of the transonic305

dip.306

The presence of EPs underscores that linear stability analyses in FSI must account307

for the possibility of eigenvalue degeneracies beyond the standard diagonalisable case.308
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The associated extreme parameter sensitivity and mode-swapping phenomena have direct309

implications for predicting flutter boundaries and for designing robust control strategies.310

Future work should explore exploiting the topological properties of EPs for novel flow311

control and energy harvesting paradigms, and investigate their role in nonlinear FSI312

dynamics and larger-scale dynamical systems.313
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2Max Planck Institute for Dynamics and Self-Organization, 37077 Göttingen, Germany

3Institute for the Dynamics of Complex Systems, University of Göttingen,

Friedrich-Hund-Platz 1, Göttingen, D-37077 Germany
4Department of Physics, Gothenburg University, Gothenburg, SE-40530 Sweden

(Dated: January 11, 2026)

Fluid particles transported by incompressible turbulent flows become uniformly distributed in
space. In contrast, inertial particles can be unevenly distributed in the flow. Although in clouds,
small droplets have a very small inertia, we observe the presence of voids, i.e. small regions where
droplets are essentially absent. This is consistent with the results of numerical simulations, which
reveal the presence of voids even when the inertia of the particles is very small.We explain this
unexpected manifestation of fluid inertia by the effect of vortices of moderate intensity, which are
sufficiently persistent in time to expel droplets. Our results explain the extreme sensitivity of void
formation on the inertia of particles.

Dust particles in circumstellar accretion disks [1], respi-
ratory droplets in exhaled air [2], or small water droplets
in atmospheric clouds [3–5] are transported by a turbu-
lent fluid, although their weak inertia prevents them from
following exactly the flow. In incompressible turbulent
flows, tracer particles, in the absence of any inertial ef-
fects follow the flow, and their spatial distribution must
remain or become homogeneous. A remarkable effect of
particle inertia is that it could lead to inhomogeneous
spatial distribution, even if the flow is incompressible [6]:
particles heavier than the fluid are centrifuged out of vor-
tical regions in the turbulent fluid. This could lead to the
accumulation of particles in certain regions of the flow,
which may in turn facilitate collisions, a process that fa-
vors the formation of rain drops by aggregation of smaller
droplets [4, 7, 8]. In practice, however, the weakness of
the droplet inertia makes it questionable whether this ef-
fect could be play any role in for cloud microphysics [9].
However, recent experiments in cloudy conditions have
shown the sporadic appearance of voids in clouds [10],
and recent measurements in clouds also provided evi-
dence for weak clustering of small droplets [11, 12].
In a cloud physics context, it has been extensively doc-
umented that entrainment and mixing of dry air from
air outside the cloud can generate substantial inhomo-
geneities in the droplet distribution inside the cloud [13],
therefore providing a potential explanation for the ob-
servation of voids. More recently, numerical simulations
of suspensions of particles with low inertia have shown
the existence of void regions in the flow in an otherwise
completely homogeneous suspension [14, 15].
The ambiguous understanding of the inertial effects of
small particles largely stems from the lack of high-
resolution in-situdata needed to resolve cloud micro-
physics [5, 9] and from the limited attention given to
low-Stokes-number particles (St < 0.1) in both exper-
imental [16–19] and numerical [20–22] studies. Recent

advances in high-resolution airborne in-situ measurement
systems, however, now allow direct characterization of
cloud microphysics in real atmospheric conditions, in-
cluding the behavior of low-Stokes-number particles.
Here, we ask whether the effects of inertia could be the
reason for the formation of voids in clouds. To this end,
we used in-situ measurements of cloud droplets in tur-
bulent clouds, giving access to particle sizes and to the
properties of turbulence. Figure 1 shows representative
in situ PIV images from the EUREC4A campaign [23] at
increasing Stokes numbers. Void regions are frequently
observed within the cloud, particularly at larger Stokes
numbers.
Our observations indicate that small cloud droplets, of
radius of the order 5− 20µm, with a very inertia (quan-
tified by small Stokes numbers St ∼ 10−2) can exhibit
inhomogeneous spatial distributions, and that the pres-
ence of these inhomogeneities strongly depends on the
Stokes number itself. The sizes of these regions can be
as large as ∼ 2cm, which corresponds to approximately
∼ 30η, where η is the Kolmogorov size, i.e. the size of
the smallest eddies in the flow.
Numerically, we observe that voids can also form in a sus-
pension of weakly inertial particles in a direct numerical
simulation (DNS) of turbulent flow. In fact, we demon-
strate that the statistics of voids obtained from the field
campaign and from DNS, as measured by the probability
density function (PDF) of Voronoi sizes [18], agree very
well. Further analysis of the numerical results allow us to
explain the formation of voids by a cumulative expulsion
of weakly inertial particles by regions of strong vortic-
ity. Interestingly, we demonstrate that the mechanism
leading to the expulsion observed in clouds is not due to
the most intense vortices, which are too rare, but rather
to vortices of intermediate strength, which are persistent
enough in time to empty regions of size ∼ 30η. Our
analysis also explain the sensitivity of the void forma-



2

!"# !$# !%#

!&# !'# !(#

FIG. 1: Representative particle images with an increase in the Stokes number observed during the EUREC4A
campaign. 〈St〉: (a) 0.013 (0.97), (b) 0.025 (1.00), (c) 0.035 (1.03), (d) 0.045 (1.04), (e) 0.056 (1.11), (f) 0.085 (1.27).
〈St〉 is a time-averaged Stokes number; each image corresponds to the frame with median value of a each St range.
Values in parentheses are inhomogeneity indices from the Voronoi cell area distribution (see Figure 3). The Stokes
number and Voronoi cell area are calculated based on the square region shown in the (a) with red dashed lines. The

physical scale of the image is 13.6 × 9.8 cm2. The images were generated from the particle positions, each
represented with a radius of 0.3 mm, and a scale bar corresponding to 15η is provided.

tion process on particle inertia, measured by the Stokes
number.
In our study, we consider the motion of small particles
or radius a, located at a position xp and moving with
a velocity v in a turbulent fluid, with velocity u at the
location of the particles. In the limit of very small particle
Reynolds number, Rep = |u − v|a/ν ≪ 1, the equations
of motion reduce to:

dv

dt
=

1

τp
(u(xp)− v) ,

dxp

dt
= v , (1)

where τp = 2
9

ρp

ρf

a2

ν is the relaxation time of the particle.

In a turbulent flow, the time of the fastest eddies is the
Kolmogorov time, τK = (ν/ǫ)1/2, where ǫ is the rate of
turbulent energy dissipation per unit mass of the fluid.
The dimensionless ratio St = τp/τK compares the relax-
ation time of the particle τp and the time of the fastest
eddies, and measures the inertia of the particles. In at-
mospheric flows, the values of St are found to be of the
order of ∼ 0.01 for realistic values of a and of ǫ [9]. These
low values suggest that the velocity of the particle adjusts
in a short time to the velocity of the fluid when one con-
siders eddies of amplitude ∼ 1/τK . However, extremely
intense vorticity fluctuations develop in the flow, with
magnitudes orders of magnitude larger than the typical

fluctuation, an effect which could potentially play a role
in generating spatially inhomogeneous particle distribu-
tions.
Those observation results give us the idea that despite
od the small Stokes number, the Voronoi index increases
as the Stokes number. Method to calculate the stokes
number [? ]
Figure 2 presents two examples of in situ PIV mea-
surements obtained during cloud-kite observations in the
EUREC4A campaign [27]. The two measurements were
conducted at similar altitudes (approximately 1 km).
Compared to FL12, FL6 exhibits approximately twice the
droplet number concentration, consistent with a stronger
influence of continental aerosol sources. In contrast,
FL12 is characterized by a Stokes number approximately
four times larger than that of FL6. Moreover, the Stokes
number in FL12 shows substantial fluctuations, includ-
ing within the cloud-core region where entrainment and
mixing are expected to be minimal. These fluctuations
are associated with pronounced spatial inhomogeneity in
the droplet distribution.
To examine whether this sensitivity to the Stokes num-
ber is representative of the full dataset, all available PIV
measurements are grouped into six Stokes number bins,
as summarized in Table I. Only cloud-core regions, iden-
tified by approximately steady particle number density
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FIG. 2: Particle number concentration (Nc) and St
along the horizontal distance of the clouds from

EUREC4A campaign. (a) February 4 at 18:43 (FL6),
(b)) February 12 at 22:54 (FL12). In the St plot, the

red markers denote points corresponding to
inhomogeneity indices from the Voronoi cell area

distribution larger than 1.

(e.g., indicated by the dashed vertical lines in Fig. 2), are
included in the analysis in order to minimize the effects
of entrainment and mixing.
, processing curves for each bin.
voids depends mostly on the turbulence from the 4th bins
epsilon varies an order of 10 while the mean diameter still
remains in same. The Reynolds number not related to the
deviation of the right tails in Voronoi area distribution.
It is mostly come from the turbulence, not the droplet
size, unlikely reported
compare the exp with DNS. The probability density func-
tions of normalized Voronoi cell areas are shown in Fig-
ure 3. The distribution obtained for F4 (blue circles)
follows a Poisson-Voronoi distribution (shown as black
dashed lines). In comparison, the distribution for F12
(red triangles) exhibits heavy tails. The deviation be-
gins at 2.5 〈A〉, and corresponds to a probability level of
∼ 10−3. It reaches a maximum at ∼ 2.8 〈A〉 and then de-
creases until 14.1〈A〉 which corresponds to 7.5, 8.4, and
42.3η2, respectively.
The values of St and Sv are small, consistent with
Table 1 in [9]. The experiments shown here therefore
amply confirm that voids can form in clouds, with
droplets of very small inertia, and are also consistent
with recent DNS observations [15], and our own simula-
tions, which we will discuss later. The results also point
to a sensitivity on St. How to explain these observations,
given in particular the remark that the Stokes numbers
considered are small, and between St ≈ 0.01 (F4) and
St ≈ 0.033 (F12) is the question we consider in turn.

TABLE I: Parameter values for measurements.
Dissipation rate per unit mass ε. Droplet diameter d.
〈〉: time-averaged value. Rλ is range between 170 to
2110. The data are collected from nine independent
PIV measurements during the EUREC4A campaign,

including flights Flight 6 and Flight 12 [? ], comprising
a total of 1740 image sets.

Stmin Stmax 〈St〉 〈Sv〉 〈ε〉 [m2/s3] 〈Rλ〉 〈d〉 [µm]
0.005 0.020 0.013 0.253 0.011 1210 12.9
0.020 0.030 0.025 0.374 0.016 1180 16.4
0.030 0.040 0.035 0.399 0.022 1620 17.6
0.040 0.050 0.045 0.446 0.026 1720 19.2
0.050 0.068 0.056 0.414 0.040 1660 19.4
0.070 0.155 0.085 0.325 0.091 1590 19.2

Our analysis is based on the fact that inertia leads to
a difference between the velocities of the fluid, vp, and
of the particles, u [6]. Namely, for small Stokes num-
ber St= τp/τK ≪ 1, the equation for the dynamics of
particles, Eq. (1), can be simply approximated by advec-
tion in an effective particle-velocity field [6] ẋ = vp with
vp = u − τpDu/Dt. Effectively, vp differs from u by a
quantity proportional to St, and is a compressible field:
∇·vp = −τptrA

2 = −τp(trS
2−trOT

O), where we denote
by A the velocity gradient tensor, and S ≡ (A + A

T )/2
and O ≡ (A − A

T )/2 its symmetric and antisymmetric
components. Inertial droplets tend to avoid sinks of the
effective velocity field vp i.e. vortical regions with large
values of ω = |ω| [6, 28].
The number density n(xt, t) of droplets advected by vp,
evolves according to [7, 29]

n(xT , T ) = n0 exp
[

−

∫ 0

−T

dt′ ∇ · vp(t
′)
]

(2)

= n0 exp
[

IT (x0)
]

,

where:

IT (x0) = St× τK

∫ 0

−T

dt′ trA2(t′) = St× I ′

T (x0) , (3)

the integral in Eq. (3) being integrated along a particle
trajectory. Having in mind the limit of small St, we fo-
cus on tracer particles [7]. For typical fluctuations of the
velocity gradient, trA2 = (trS2 − ω2/2) is of order τ−2

K ,
which suggests that for a duration of order ∼ 10τK , the
integral I ′

T . 10. This estimate implies that the integral
IT (x0) remains small, so n(xT , T ) should remain close to
n0. For this reason, particles with St ∼ 0.01 are expected
to be almost uniformly distributed [9]. This makes it dif-
ficult to understand the origin of the inhomogeneities in
the distribution of droplets, clearly seen in Figs. (2,3).
The shortcoming of the argument above is that very
strong fluctuations of the velocity gradient tensor appear
in the flow [30], carried in particular by very intense vor-
tex tubes, where the values of tr(A2) are very negative.
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FIG. 3: PDF of the area of Voronoi cells from observations (symbols) and from DNS at Rλ = 170. The values of
〈St〉 are indicated in the legend. The dashed line corresponds to the PDF of Voronoi areas for a set of random

points [24–26]. The two pale horizontal lines correspond to probability, pSt, such that the distribution of A/〈A〉 in
the DNS differ, at the given value St by ∼ 8% from the random distribution.
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FIG. 4: Voids in the spatial distribution of particles in
a direct numerical simulation of a turbulent flow at

moderate Reynolds number (Rλ = 170), and St = 0.02,
Sv = 0. Shown are particle positions (black dots) in a
thin slice of the three-dimensional configuration space.
The highly depleted regions of the flow correspond to
large values of the the integral (3), indicated in red, see

the color bars.

These features invalidate the expectation that I is nec-
essarily small when St ∼ 0.01, although the most intense
vortex tubes are not the main reason why voids form.
To study the relation between void formation and the
value of the integral IT in a turbulent flow, we performed
DNS of homogeneous isotropic turbulence by solving the

Navier-Stokes equations at moderate Reynolds with the
code GHOST [31]. The simulations were run at moderate
resolution, up to 10243 grid points, and covered a range
of values of the Taylor-scale based Reynolds number [32]
up to Rλ ∼ 200. This is much smaller than in cloud
measurements (Fig. 2), where Reλ . 103, but sufficient
to analyze void at small St. Starting with a large num-
ber of inertial particles, at St ≈ 0.02, our visualization of
the particle distribution reveals the existence of regions
of low particle density, as shown in Fig. 4. The charac-
teristic scale of these voids is ∼ 25ηK , generally consis-
tent with the observations in clouds,shown in Fig. 2. To
characterize more precisely the statistics of voids, Fig. 3
shows the PDF of the areas of Voronoi cells through-
out all the flow. The results suggest that one observes
cells larger than expected from a random distribution of
points with a probability of order ∼ 10−4 for St = 0.02
(blue curve). On the other hand, the distribution of size
of Voronoi areas for St = 0.05 (red line) is very close to
the corresponding distribution for experimental data at
St = 0.047. Overall, there is a full consistency between
the experimental and the numerical results, strongly sug-
gesting that the origin of the voids can be attritbuted to
the expulsion of weakly inertial droplets from vorticies in
the flow.
One of the remarkable aspects is that the formation of
voids depends very sensitively on St for values of the or-
der of St & 10−2. Even for the value St = 0.02, it is
important to notice that the most intense events in the
flow, with a vorticity 10 times larger than the rms of vor-
ticity fluctuations, is less than 10−6. This leads to the
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FIG. 5: PDF of the integral I ′

T , defined by Eq. (3). The
PDFs are shown at values of T/τK equal to 1, and 2× n
for 1 ≤ n ≤ 8. As T increases, strong negative values of
I ′

T become more probable, although the distribution
tends to saturate at large times. The inset shows the

cumulative PDF for T/τK = 2× n, for 1 ≤ n ≤ 16. The
Reynolds number of the flow is Rλ = 170. Along with
the two probabilities pSt identified in Fig. 3, the two

pale vertical lines correspond to I ′

St = −2/St, for which
the integral in Eq. (3) is equal to -2.

conclusion that the voids are not formed by the intense
vortices in the flow, such that ω2τ2p ≈ 1, as those vortices
are much rarer than voids at the values of St considered.
Fig. 5 shows the PDF of I ′

T in a flow at Rλ = 170, as
one follows the motion of tracers at times T = 2nτK for
1 ≤ n ≤ 7, down to a probability ∼ 10−6. The figure
shows a very dramatic growth of the negative tail as the
time T = nτK increases. At short times, values of I ′

T

can reach values as large as ∼ −50 with a probability
& 10−4, reflecting the presence of very strong vortices –
stronger vortices also exist in the flow, although with a
much smaller probability. The positive side of the dis-
tribution of I ′

T reflects strong fluctuations of the strain,
trS2, which favor an increase in the density of heavy par-
ticles [6]. The growth of the positive tails is significantly
more limited than that of the negative tails, which im-
plies that the formation of regions of high density is lim-
ited. It is worth noting that for T/τK & 14, the distri-
bution of I ′

T does not change very much. We also com-
pare the distribution of the Voronoi cell areas between
the DNS and the experiments. We notice that the PDFs
remain essentially constant when integrating the equa-
tions of motion forward in time, for a time T & 15τK .
This time is of the order of 15τK ∼ 2.5λ−1

1 , where λ1 is
the largest Lyapunov exponents for the tracer advection
problem (dx/dt = u) [33]. In the following, we will keep
a value of T = 16τK .
The values of St×I ′

T at the grid points are indicated by
the color in Fig. 4. We observe that the regions with a low
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FIG. 6: Joint PDF of −I ′

T τK at T = 14τK (horizontal)
tr(A2)τ2K (horizontal). A strong value of the integral
−I ′

T , necessary to form a void, does not correlate very
strongly with regions of intense vorticity, which
correpond to negative values of Q. The Reynolds

number of the flow is Rλ = 170.

density of particles correlate with regions where St× I ′

T

is large, colored in red. In comparison, strong correlation
of St × I ′

T are very rare, and significantly less intense.
Fig. 4 suggests that voids are associated with values of
St×I ′

T . 2. In fact, we observe that the probability that
St×I ′

T is larger than ∼ 2 is comparable to the probability
of voids, as measured by the PDF of the area of Voronoi
cells shown in Fig. 3.
We notice that the picture we are drawing does not ex-
plicitly rely on the most intense vortices at the location
and time of the voids. The requirement for the integral
I ′

T to become large is that in the time interval [−T, 0],
the Lagrangian trajectory x(t) has experienced large fluc-
tuations of the vorticity, sufficient to integrate to a very
large value. As a consequence, the correlation between
the integral I ′

T (x) and the enstrophy, |ω|2, is not partic-
ularly strong, as soon as T/τK & 5, as revealed by Fig. 6
Again, we stress that very large values of ωiωi > 100τ−2

K ,
which occur with a probability . 10−8, cannot explain
the formation of the voids observed with a much higher
probability.
We have associated the observation of voids for values of
St as small as St ≈ 0.02 to the distribution of the inte-
gral IT , which can reach very negative values, ensuring
that particles can be expelled from regions of the flow.
In comparison, large values of I ′

T can also form, up to
I ′

T ≈ 50, see Fig. 5. The resulting values of IT ≡ StI ′

T

are much of the order of ≈ 50St, suggests a significant in-
crease of the density n(xT , T ), as predicted by Eq. (3). In
fact, our analysis of the pair correlation function, in the
spirit of [12], reveals clustering in the regions where IT is
appreciable. This aspect, which will be the subject of a
separate publication, indicates that our approach allows
us to describe weak, but measurable inhomogeneities in
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the distribution of particles transported by turbulence.
In this letter, we have shown that the presence of strong
vorticity fluctuations in a turbulent flow can explain the
formation of heterogeneities in a suspension of weakly in-
ertial particles, such as droplets in a cloud. In fact, our
DNS results reproduce quantitatively the distribution of
Voronoi areas observed in the flow, see Fig. 3, and in
particular the dependence on the Stokes numbers of the
particles. The formation of voids can be explained by ap-
proximating the velocity of inertial particles by the sim-
plified expression introduced in [6], and keeping track of
the expulsion experienced by particles as the flow evolves.
Importantly, the voids observed in the simulation are not
due to the most intense vortices in the flow, which are
too rare, but rather by intermediate vortices which are
persistent enough. The results also explain the strong de-
pendence of the expulsion mechanism on the Stokes num-
ber of the particles. Thus, turbulence itself may induce
heterogeneities of the distribution of small, very weakly
inertial droplets in a cloud. The interplay between these
effects and entrainment and mixing of outside air [13]
remains to be more fully explored.
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